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Abstract

A model of money, credit, and banking is constructed in which the
differential pledgeability of collateral and the scarcity of collateralizable
wealth lead to a term premium — an upward-sloping nominal yield curve.
Purchases of long-maturity government debt by the central bank are al-
ways a good idea, but for unconventional reasons. A floor system is always
welfare improving, as it gives the central bank an extra degree of freedom.

1 Introduction

The Federal Reserve has recently become a world leader in the implementation of
unconventional monetary policy. Conventional monetary policy typically works
through open market operations in short-term government debt, with the central
bank buying and selling this short-maturity debt to hit some pre-set target for
the short-term nominal interest rate. This nominal interest rate target is set in
a way commensurate with views about the relationships among nominal interest
rates, inflation, and real economic activity. An increase in the nominal interest
rate target is seen as “tightening,” and a decrease is “easing.” But arbitrage
dictates that the short-term nominal interest rate cannot fall below zero. What
if the nominal interest rate hits the zero lower bound, and the central bank
thinks it has reasons to ease? Is there anything that the central bank can do?
The Fed’s answer to this question is: Yes, quantitative easing (QE). Typi-
cally the nominal yield curve is upward-sloping, i.e. yield to maturity tends to
increase with maturity for default-free debt. In the United States, the short-
maturity nominal yield on government debt has been essentially zero since late
2008, while long-maturity yields are well above the zero lower bound. For ex-
ample, on April 5, 2013, the one-month Treasury bill yield was 0.05%, while
the 10-year yield on U.S. Treasury bonds was 1.71%, and the 30-year yield was
2.88%. So, Fed officials reason, if easing typically works by lowering short-term
yields, why not ease by lowering long-term yields? And, if a central bank eases



conventionally by purchasing short-maturity debt so as to reduce short yields,
it seems it should ease unconventionally by purchasing long-maturity debt so as
to reduce long yields.

But why should QE work? A central bank is a financial intermediary, and
any power that it has to affect asset prices or real economic activity must stem
from special advantages it has as a financial intermediary, relative to its coun-
terparts in the private sector. For example, the reasons that conventional open
market operations matter must stem from its monopoly over the issue of partic-
ular types of liquid liabilities. In particular, central banks issue currency, and
they operate large-value payments systems that use outside money (reserve ac-
counts) for clearing and settlement. If a central bank purchases short-maturity
government debt by effectively issuing currency, then that should matter, as
private financial intermediaries cannot do the same thing.

But QE, conducted at the zero lower bound, is different. In a situation
where private financial intermediaries are holding excess reserves at the zero
lower bound, QE amounts to a purchase of long-maturity government debt fi-
nanced by the issue of reserves. In these circumstances, the central bank is
turning long-maturity government debt into short-maturity debt, as the re-
serves are not serving a transactions role, at the margin. But private sector
financial intermediaries can do exactly the same thing. Indeed, banks are in
the business of transforming long-maturity debt into short-maturity debt. In
situations like this, we would expect policy neutrality — QE should be irrelevant
at the zero lower bound with a positive stock of excess reserves held by private
financial intermediaries. Neutrality theorems — for example Wallace (1981) or
the Ricardian equivalence theorem — work in exactly this way.

But Fed officials, including Ben Bernanke (2010), think that QE works.
Bernanke in particular appeals to “preferred habitat,” or “portfolio balance”
theories of the term structure of interest rates, which at root seem to be based
on a similar financial friction — market segmentation. If asset markets are suf-
ficiently segmented, in that there are frictions to arbitrage across short and
long-maturity debt, then central bank manipulation of the relative supplies of
short and long-maturity debt will cause asset prices to change. But again, the
central bank is not the only financial intermediary that can change the relative
supplies of debt outstanding. Private financial institutions are perfectly capable
of intermediating across maturities in response to profit opportunities, arising
from market demands for assets of different maturities.

Since market segmentation seems a dubious rationale for QE, we take an-
other approach in this paper. In the model constructed here, private financial
intermediaries perform a liquidity /maturity transformation role, in line with
Diamond and Dybvig (1983), and with some details that come from Williamson
(2012). But these private financial intermediaries are inherently untrustworthy.
Intermediary liabilities are subject to limited commitment, and the assets of
the financial intermediary serve as collateral. Different assets have different de-
grees of “pledgeability,” however, as in the work of Kiyotaki and Moore (2005)
and Venkateswaran and Wright (2013) (see also Gertler and Kiyotaki 2011 and
Monnet and Sanches 2013). A term premium (an upward-sloping nominal yield



curve) will arise in equilibrium under two conditions: (i) short-maturity govern-
ment debt has a greater degree of pledgeability than long-maturity government
debt; (ii) collateral is collectively scarce, in that the total value of collateralizable
wealth is too low to support efficient exchange.

The basic structure of the model comes from Lagos and Wright (2005) and
Rocheteau and Wright (2005), with details of the coexistence of money, credit,
and banking from Sanches and Williamson (2010), Williamson and Wright
(2010), and Williamson (2012). In the model, there is a fundamental role for ex-
change using government-supplied currency, and exchange with secured credit,
as the result of limited commitment and limited recordkeeping/memory. Banks
act to efficiently allocate liquid assets — currency and collateralizable wealth —
to the appropriate transactions.

In the model, the central bank holds a portfolio of short-maturity and long-
maturity government debt, and issues currency and reserves as liabilities. Part
of the message of Williamson (2012) was that the linkage between monetary
and fiscal policy is critical in examining monetary policy issues, particularly as
they relate to the recent financial crisis, and subsequent events. This is also
true in the context of this model. The fiscal authority in our model is assumed
to have access to lump-sum taxes, and manipulates taxes over time so that the
real value of outstanding government debt (the debt held by the private sector
and the central bank) is constant forever. This allows us to consider the scarcity
of collateralizable wealth in a clear-cut way. To keep things simple, we assume
there is no privately produced collateralizable wealth. Then, provided the value
of the outstanding government debt — determined by the fiscal authority — is
sufficiently small, collateralizable wealth is scarce, in a well-defined way.

Fiscal policy is treated as arbitrary in the model, and it may be suboptimal.
The central bank takes fiscal policy as given, and optimizes. We consider two
policy regimes: a channel system, under which no reserves are held by banks,
and a floor system under which interest is paid on reserves and reserves are
strictly positive in equilibrium. Under a channel system, open market purchases
of either short-maturity or long-maturity bonds reduces nominal and real bond
yields, in line with conventional wisdom. But these effects are permanent, which
is unconventional. Further, asset purchases expand the central bank’s balance
sheet, in real terms, reduce bank deposits, and reduce inflation, and those effects
are unconventional too. At the zero lower bound, QE indeed matters, but not
in the way that Ben Bernanke imagines it does. Purchases of long-maturity
government debt at the zero lower bound reduce the nominal yield on long-
maturity government bonds. But real bond yields increase, and inflation falls.

QE is a good thing, as purchases of long-maturity government debt by the
central bank will always increase the value of the stock of collateralizable wealth
— essentially, short-maturity debt is better collateral than long-maturity debt.
But a channel system limits the ability of the central bank to engage in long-
maturity asset purchases, since the size of the central bank’s asset portfolio
is limited by how much currency the private sector will hold under a channel
system. Floor systems are sometimes characterized as “big footprint” systems
with inherent dangers, but in the model a floor system gives the central bank an



extra degree of freedom. Central bank constraints which can bind in a channel
system do not bind in a floor system. Indeed, when those constraints bind in
the channel system, the nominal interest rate is too low, the inflation rate is too
low, and there is too little private financial intermediation.

In the second section, we construct the model. The third and fourth sections
contain analysis of a channel system and a floor system, respectively. The fifth
section concludes.

2 Model

The basic structure in the model is related to Lagos and Wright (2005), or
Rocheteau and Wright (2005). Time is indexed by ¢ = 0,1,2, ..., and in each
period there are two sub-periods — the centralized market (C M) followed by the
decentralized market (DM ). There is a continuum of buyers and a continuum
of sellers, each with unit mass. An individual buyer has preferences

Ey Y B'[—H;+u(x)],
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where H; is labor supply in the C'M, z; is consumption in the DM, and
0 < 8 < 1. Assume that u(-) is strictly increasing, strictly concave, and twice

continuously differentiable with «/(0) = oo, u/(00) = 0, and —=z Zl,/((f)) < 1. Each

seller has preferences
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where X; is consumption in the CM, and h; is labor supply in the DM. Buyers
can produce in the C'M, but not in the DM, and sellers can produce in the DM,
but not in the CM. One unit of labor input produces one unit of the perishable
consumption good, in either the CM or the DM.

Next, we add structure that permits the coexistence of money and credit,
and in which financial intermediation arises as an efficient equilibrium arrange-
ment. For simplicity, the only underlying assets in this economy are government-
issued currency, short-maturity government bonds, and long-maturity govern-
ment bonds. Allowing for “privately-produced” assets would potentially be more
interesting, but would complicate what we are trying to get across here. In the
CM, debts are first paid off, then a Walrasian market opens on which currency,
government bonds, and claims on banks are traded.

In the DM, there are random matches between buyers and sellers, with each
buyer matched with a seller. All DM matches have the property that there is no
memory — record-keeping is absent, so that a matched buyer and seller have no
knowledge of each others’ histories. A key assumption is limited commitment —
no one can be forced to work — and so lack of memory implies that there can be
no unsecured credit. If any seller were to extend an unsecured loan to a buyer,
the buyer would default.



In a manner similar to Sanches and Williamson (2010) (except that in that
paper unsecured credit is feasible), assume limitations on the information tech-
nology that imply that currency will be the means of payment in some DM
transactions, and some form of credit (here it will be financial intermediary
credit) will be used in other DM transactions. Suppose that, in a fraction p
of DM transactions — denoted currency transactions — there is no means for
verifying that the buyer possesses government debt or intermediary liabilities.
In these meetings, the seller can only verify the buyer’s currency holdings, and
so currency is the only means of payment accepted in exchange. However, in
a fraction 1 — p of DM meetings — denoted non-currency transactions — the
seller can verify the entire portfolio held by the buyer. Assume that, in any
DM meeting, the buyer makes a take-it-or-leave-it offer to the seller. At the
beginning of the CM, buyers do not know what type of match they will have in
the subsequent DM, but they learn this at the end of the CM, after consumption
and production have taken place.

Government debt takes two forms. A short-maturity government bond is
a promise to pay one unit of outside money in the C'M of period ¢ 4+ 1, and
this obligation sells in the CM of period ¢ at a price z; in units of money. A
long-maturity government bond is a promise to pay one unit of money in every
future period, and this obligation sells in period t at a price z!. These long-
maturity government bonds are Consols — indeed the British government once
issued Consols, and still has some of these bonds outstanding.

In DM non-currency transactions, one option open to a buyer is to sell his or
her holdings of currency and government debt in exchange for goods. But in the
model (as in reality) government debt is not a physical object but an account
balance with the government, and by assumption this account balance cannot
be transferred directly to the seller at the time the transaction takes place.
However, the seller can make a loan to the buyer, secured with the government
debt. The problem is that there is limited commitment — essentially limited
pledgeability of government debt as collateral. As in Kiyotaki and Moore (2005)
or Venkateswaran and Wright (2013), it is assumed that the buyer is always able
to abscond with some fraction of a particular asset that is pledged as collateral.
We assume that the buyer can abscond with fraction 6 of short-maturity debt,
and 0; of long-maturity government debt.

But credit transactions collateralized directly by government debt are in-
efficient. As in Williamson and Wright (2010) and Williamson (2012), there
is a banking arrangement that arises endogenously to efficiently allocate liquid
assets to the right types of transactions. This banking arrangement provides
insurance, along the lines of what is captured in Diamond and Dybvig (1983).
Without banks, individual buyers would acquire a portfolio of currency and gov-
ernment bonds in the C'M, before knowing whether they will be in an currency
transaction or non-currency transaction in the subsequent DM. Then, in a cur-
rency transaction, the buyer would be possess government debt which the seller
would not accept in exchange. As well, in a non-currency transaction, the buyer
would possess would possess some low-yield currency, and could have acquired
more consumption goods from the seller with higher-yielding government debt.



A banking arrangement essentially permits currency to be allocated only
to currency transactions, and government debt to non-currency transactions.
Any agent could run a bank, which opens in the CM. The bank issues claims
on currency at price ¢; in units of money, with each of these claims paying
off one unit of currency at the end of the C M, if the purchaser of the claim
will be in a non-currency transaction in the next DM. The bank also issues
claims to the period ¢t + 1 CM consumption good in the period ¢t CM, with a
claim to one unit of the period t +1 C'M consumption good exchanging for s;
consumption goods in the the period ¢t CM. These deposit claims are tradeable
only if the buyer will be in a non-currency transaction in the subsequent DM.
The deposit claims can be exchanged by the buyer with a seller in the DM
(in a non-currency transaction), as the buyer and seller can communicate with
the bank in such a transaction, and are then able to transfer the claim. Note
that we have assumed that the buyer’s type is observable, where type is the
type of transaction the buyer makes in the DM. We could make type private
information, and have a deposit contract with the bank under which the agent
must choose, in an incentive compatible fashion, whether to withdraw currency
or transfer a deposit claim in the DM. Those assumptions would give identical
results.

2.1 Optimization by Buyers

Let ¢, denote the price of money in terms of consumption goods in the C'M.
Each buyer solves

. 5 i1 . 5
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where ¢; denotes the contingent claims to currency (in units of the consumption
good in the CM) at the end of the CM, and d; denotes the quantity of de-
posit claims the buyer wants to be able to trade in the event of a non-currency
transaction in the DM. The price of outside money in terms of C'M goods is
denoted by ¢,. The first-order conditions for an optimum are:

/ ¢t+1 ~ ) _ qtd;
pu (5 6 ) = Bora @
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2.2 Optimization by Banks

A bank has the same limited commitment problem that any individual agent
has, in that the bank is borrowing from buyers in the C'M, and making promises
to deliver currency at the end of the period and consumption goods in the CM
of the next period. We will assume that buyers who purchase contingent claims
to currency can observe the bank’s currency holdings, and that the bank cannot



abscond with currency. Assume for example, that there is a commitment device
—an ATM. However, the bank’s deposit claims must be backed with collateral,
and the only available collateral in the model is government debt. As for any
individual, collateral held by the bank has limited pledgeability, in that the
bank can abscond in the next C M with fraction 6, of its holdings of short-term
government debt, and 6; fraction of its holdings of long-term government debt.
As well, we will allow for the bank to hold a reserve account at the central
bank. Reserve accounts can also serve as collateral for the bank, and the bank
can abscond with 6, fraction of its reserve account in the next CM. A bank
solves the following problem in the CM of period ¢ :

gect + sedy — z{"my — 27b7 — zib{g — pcy—
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All quantities in (3) and (4) are expressed in units of the CM consumption good
in period ¢. In (3) and (4), ¢; denotes contingent claims to currency at the end
of the C M, while m; denotes bank reserves purchased from the central bank at
the price z;", and paying off one unit of outside money in the CM in period
t+1. Thus, if 2® < 1, the central bank pays interest on reserves. The quantities
b$ and b are short-maturity and long-maturity government bonds, respectively,
acquired by the bank in the CM of period t. The objective function in (3) is the
present value of profits for the bank. Inequality (4) is an incentive constraint,
which must be satisfied in order for the bank to be willing to meet its deposit
obligations. The left-hand side of inequality (4) is the net revenue the bank
receives from paying off its deposit obligations, and the right-hand side consists
of what the bank can abscond with.

It seems sensible to assume that 6,, = 0, as reserve accounts and short-term
government debt both pay off outside money in the C' M of period ¢t 4+ 1. We can
then rewrite the incentive constraint (4) as

Pit1
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2.3 The Government: Fiscal Authority and Central Bank

—(1 = p)d; + (b7 + my)

Specifying the relationship between fiscal and monetary policy will be critical to
how this model works. First, we will write the budget constraints of the central



bank and the fiscal authority separately, so as to make clear what assumptions
we are making. The central bank’s budget constraints are

o (C’o + 25" My — 25 B§ — zéB(l)) — T(J; =0 (6)

¢, [Co — Coy + 2" My — My_1 — 2, B + B;_, — 2{B} + (2 + 1) B} (7l
—f = 0,t=1,23,...

Here, we have assumed that there are no outstanding assets at the beginning of
period 0. In (6) and (7), Cy and M, denote the nominal quantities of reserves
and currency, respectively, at the beginning of period ¢, and B{ and B! denote,
respectively, the nominal quantities of short-term government debt and long-
term government debt held by the central bank. The quantity 7'1]: is the transfer
(in real terms) from the central bank to the fiscal authority in the CM of period
t.
The budget constraints of the fiscal authority are

o [28(Bs + BY) + 2b(BY + BY)] + 18 — 70 = 0, (8)

$[2] (B +B;) = Bi_y = Bi_, —2,(B{+B{) + (1+2{)(Bi_1 + B{_,)|+7{ =7 = 0.

(9)
In equations (8) and (9), By and B! denote, respectively, the nominal quantities
of government debt held in the private sector, and 7; denotes the real value of
the transfer to each buyer in the CM in period ¢.

We can then consolidate the accounts of the central bank and the fiscal
authority, and write consolidated government budget constraints, from (6)-(9),
as

¢o (Co + 25" Mo + 2By + 20 BY) — 79 = 0 (10)

¢ [Cr — Croq + 2" My — My + 2, B; — B;_, + 2,B} — (2 + 1) B{(1{])
—r = 0, t=1,2,3,..

We will define equilibrium somewhat differently, depending on what type
of monetary regime is under consideration in what follows. However, in any
equilibrium, asset markets will clear, i.e.

¢,Cy = pc, (12)
d)tMt = My, (13)
¢y Bf = by, (14)
¢ By = b, (15)

for t = 0,1,2,..., so (in terms of the CM consumption good) the supply of
currency, reserves, short-term government debt, and long-term government debt
are equal to the respective demands, coming from banks. As well, supplies
of claims to currency and deposits from banks must equal the demands from
buyers, or



3 A Channel System

If 2" < 2/, then it is optimal for banks to hold no reserves. We can think of
this regime as capturing how “channel systems” function. In a channel system,
the central bank targets a short-term nominal interest rate, and pays interest
on reserves at a rate below that target rate. In such systems, overnight reserves
are essentially zero (absent reserve requirements). The Canadian monetary
system is a channel system, and the European Monetary Union has elements
of a channel system. As well, the monetary system in the United States before
October 2008 was essentially a channel system, with z* = 1, i.e. there was no
interest paid on reserves. The bank solves

ct(qr — p) + sedy — 2507 — 2Lbl—
max
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Let A; denote the multiplier associated with the incentive constraint (19).
Then, assuming the incentive constraint (19) binds, the following must hold in
equilibrium

@—p=0 (20)
si—(L=p)B—M(l—p)=0 (21)
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The binding incentive constraint is very important. If the constraint binds, then
the bank must receive a payoff greater than zero in the CM of period t+1 (from
equation 24) to keep it from absconding. But from (20)-(24) the present value
payoff to the bank in the CM of period t is zero in equilibrium, so what the
bank receives from selling claims to currency and deposit claims in the CM
of period t exceeds the value of the assets it acquires. The difference is bank
capital, i.e. the bank must acquire capital to keep itself honest. Bank capital
also plays an important role in the context of limited commitment in models

constructed by Gertler and Kiyotaki (2011) and Monnet and Sanches (2013).

Prpr _ 1
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for all ¢, where p is the gross inflation rate. Then, from (20)-(23), the stationary

We will confine attention to stationary equilibria, in which case



equilibrium asset prices ¢, s, 2°, and 2! (prices of claims to currency, deposits,
short-term and long-term government debt) satisfy

qg=p (25)
syl g -
—2° + . L_p(l 95)+505] 0 (26)
1 s
—2 p (1+2") [Tp(l —0) +591} =0 (27)

Let pc, m, b°, and b' denote the real quantities of currency, reserves, and
short and long-term government debt, respectively, held in the private sector in a
stationary equilibrium. Then, assume that the fiscal authority fixes exogenously
the transfer at t = 0, i.e. from (10),

To =V = pc+ 2™m + 2°b° + 2'b!, (28)

where V' > 0 is a constant. This then implies that the total value of the outstand-
ing consolidated government debt will be a constant, V, forever. Further, let V;
and V; denote, respectively, the values of government long-term and short-term
debt held collectively by the private sector and the central bank. This implies
that, in a stationary equilibrium,

1 1
Te=V(1—=)+—=[(="—Dm+ (z* — 1)b° +b'],
M 2
for t =1,2,3,... . Thus, we are assuming that, under this fiscal policy regime,

taxes respond passively after period 0 to central bank policy, in a manner that
holds constant the value of the consolidated government debt outstanding.
In a stationary equilibrium, from (1), (2), (16), (17), (24), and (25)-(28), we
obtain
B

= [ (Bd)(1 — 05) + 0] (29)

l ST/ (Bd)(1 = 61) + 0]
ST T (a6 £ 6] 30
guf (g) S1-0 (31)
_(l_p)d+b8(1u—es) +bl (1+2")(1-6y) . (32)
pe+ 2°0° 4+ 2 =V (33)

In equations (29)-(33), the variables we want to determine are 2°, 2!, d, ¢, p, b*,
and b'. What is exogenous and what is endogenous depends on how we want
to think about monetary policy. The solution must satisfy

0< 2% <V, (34)

10



0 <2 <, (35)

i.e. we are assuming that the government issues positive quantities of short and
long-term government debt, and the most the central bank can do in this regime
is to purchase government debt by issuing currency.

Equations (29) and (30) imply that the nominal yields on short-maturity
and long-maturity bonds, respectively, are

_ By _
e 2 L0000 6, )
m [u/(ﬂd)(l - 03) + 08]

L— 2 [/ (Bd)(1 — 0) +6,]

R' = 5 (37)
= [w(Bd)(1 —61) + 6]
Therefore, from (36) and (37), the nominal term premium is
, "(Bd) —1](6; — 04

Bl (Bd) (1 = 6:) + 0] [w (Bd)(1 = 05) + 03]

Two things are necessary for a strictly positive term premium. First, we re-
quire 0; > 6, i.e. long-maturity government debt must be less pledgeable than
short-maturity debt. Second, «/(8d) > 1, i.e. non-currency exchange is not
efficient in the DM. Note that exchange is inefficient in this sense if and only if
the bank’s incentive constraint (32) binds. Thus, to observe a strictly positive
term premium in this world, long-maturity government debt must perform more
poorly as collateral than does short-maturity government debt, and collateral
must be scarce in general. Note also that the nominal term premium increases
with the gross inflation rate pu.
From (29) and (30), real bond yields are given by

s _ 1= Bl(Bd)(1—0,) +04]

Bl (Bd) (1 —0.) + 6] (39)
;1= B/(Bd)(1—6;) 6]
"= B WA —0) + 0] (40)
so the real term premium is
s (B —05) +6,] — [W(BA)(1 ~ ) + 6] (41)

Blu'(Bd)(1 = 01) + 61] [u'(Bd)(1 — 0,) + 0]
[ (Bd) — 1](6: — 05)
Bl (Bd)(1 = 01) + 0] [u (Bd)(1 — 0.) + 6]

Therefore, a strictly positive real term premium, as with the nominal term
premium, exists if and only if long-maturity debt is relatively poor collateral
(0; > 05), and collateral is generally scarce (u'(8d) > 1). Further, the “funda-
mental” real bond yield is % — 1 for both short and long-maturity bonds, de-
termined by the present value real payoffs when collateral is not scarce. Thus,
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real bond yields reflect liquidity premia, in that these yields are less than the
fundamental real yield. We can measure real liquidity premia for short-maturity
and long-maturity bonds, respectively, as

[uw'(6d) —1] (1 — 05)

1 s

5T T BB - 0, 1 6, (42)
1 o WE)-1]0-6)

5T T BB o) 1o (43)

Therefore, from (42) and (43), liquidity premia increase with «'(8d), i.e. with
the scarcity of collateral. As well, the liquidity premium for short-maturity
bonds is larger than the premium for long-maturity bonds.

3.1 Away From the Zero Lower Bound

We will first consider the case where z; > 1 and 2" < z{, with no bank reserves
held in equilibrium. In the next section, we will examine the liquidity trap case
in which the short-term nominal interest rate is at the zero lower bound, with
zi =z"=1

Here, from equations (29), (30), (32), and (33), we obtain

18, _
bE(6 —6,)

~(1=p)Bd ' (Bd)(1 ~ 0) + 0:] -3 [/ (Bd)(1 — 0;) + 0]

+(V_pc)(]‘_98> =0

(44)
Then, letting =1 = %c and xzo = [d denote, respectively, consumption in cur-

rency transactions and in non-currency transactions in the DM, from (31) and
(44),

b (0,—0.)
—(1 = p)ag [t/ (z2)(1 — b5) + 05] — W (1) —[w (22)(1-0,)+61] =0 (45)
=V = prru/(z1)](1 = 05)

As well, from (29) and (30) we can solve for bond prices in terms of z; and x5 :

o [u/(acg)(ull(;ss) + 6] (46)

1 o (z2)(1 — 6;) + 6,
? = W) — W) 0) 1 0] 47)

As well, from (31) the gross inflation rate is

p= pu'(z1). (48)

In equilibrium, z® < 1, or

[u/(zQ)(l - 03) + 05’]

u'(z7)

<1 (49)
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As well, from (33), (34), and (35), the following must be satisfied in equilibrium:

b [/ (22) (1 — 0;) + 6]
W (wn) — [ (@) (0 =0 + 0] = (50)
b [u'(x2)(1 — 61) + 6]
u/(w1) — [u/(22)(1 = 0;) + 6]

IN

pru (1) +

3.1.1 Conventional Open Market Operations in Short-Maturity Debt

Consider an expansion in the central bank’s balance sheet, in real terms, holding
constant the value of the outstanding stock of long-maturity government debt,
so that

2t =k,

where k > 0 is a constant. Then, we can write (45) as

k(el — 05)

(1= p)az [u'(z2)(1 — 05) + 0] + u(z2)(1 —6;) + 0,

= [V = pzau/(z1)](1 - 05)

(51)
Therefore, an increase in the real stock of currency outstanding, pc, implies
a one-for-one increase in the real quantity of short-maturity government bonds
held by the central bank, and a corresponding reduction in the quantity of short-
maturity government debt held in the private sector. As a result, x; increases
and, since the left-hand side of (51) is increasing in x5 and the right-hand side
is decreasing in x7, therefore x5 falls. From (48), the inflation rate falls, and
from (46) and (47) nominal bond prices rise and nominal bond yields fall. Then,
from (39) and (40), real bond yields fall.

In one sense, what happens in response to a conventional open market pur-
chase by the central bank is conventional, in that nominal bond yields fall -
both at the short and the long end of the yield curve. Real bond yields fall as
well. What is unconventional about this, in part, is that it is permanent. Fur-
ther, we might think of this as a monetary expansion — indeed, the size of the
central bank’s balance sheet has increased, in real terms. Yet the inflation rate
falls, and bank deposits fall as well, in real terms. The central bank asset pur-
chase has reduced the quantity of collateralizable wealth, and therefore caused
a contraction in the banking sector. The quantity of currency in circulation has
increased, and in order to hold that higher stock of currency, buyers must be
rewarded with a higher rate of return on currency, i.e. the inflation rate must
fall.

But what could seem more natural? This conventional open market purchase
has increased the quantity of financial intermediation done by the central bank,
and as a result reduced the quantity of private financial intermediation.

3.1.2 Quantitative Easing

Next, consider unconventional open market operations, i.e. expansion of the
central bank’s balance sheet through purchases of long-maturity government
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debt. In this case, fix the real value of short-maturity government debt out-
standing, or
2°0° =k,

In this case, we can write (45) as

V —k — pziv/ (x1)](1 — 0;) [u/(z2) (1 — 05) + 6]
[ (22)(1 —0;) + 6]
(52)
Then, as with conventional open market operations, equation (52) is strictly
decreasing in x2 and strictly decreasing in x;. Therefore, an expansion of the
central bank’s balance sheet — in real terms — with the expansion consisting of
purchases of long-maturity government debt will increase x1, reduce x2, reduce
the inflation rate, and reduce real and nominal bond yields.

=0.

—(1—p)s [t (22)(1 — 6,) + 0, +k(1-6,)+

3.2 Zero Short-Term Nominal Interest Rate

We want to consider the case in the channel system in which the target nominal
interest rate is zero, and so z;* = z; = 1. This implies that banks are willing to
hold a positive stock of reserves. The bank’s problem is

ci(qe — p) + sedy — (my + 07) — Zibi
max

. (53
W | (1 p)Bdy+ B (e +b) P g P (142t |0 Y

subject to
Ct, dta bfa bia my Z 0

¢ ¢
—(1 = p)ds + (ms + b) ;“ (1—0,) + bt ;“ (L+2,,)1—0)>0 (54)
t t
As in the previous section, let A; denote the multiplier associated with the
incentive constraint (54). Then, assuming the incentive constraint (19) binds,
the following must hold in equilibrium

@—p=0 (55)
st—(1=p)B—=X(l—p)=0 (56)
_ Gii1 RN _

145 4 0(1-0) 25— 0 (57)
zi+ﬂ%(l+zﬁ+l)+/\t(101) (1+2,1) ‘Z*l =0 (58)

t t
—(U e (e +6) P10 + B (L) (- 0) =0 (9

t ¢
In a stationary equilibrium, from equations (55)-(59),

q=p (60)
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= . 1
1—p (10, (61)
1—0,+2(6, 0,
2= 1 (6= 6.) (62)
(1-2) @ -0
Then, from (??) and (62), short and long nominal bond yields are
R*=0
1—2)0,-90,)
R ( “) (63)

10+ 206

Thus, from (63), there is a term premium even at the zero lower bound, provided
> 3, which will hold in equilibrium.
Next, from (28), (1), (59) and (60)-(62), we can determine equilibrium quan-

tities as the solution to:
o (—c> = — 64
M ﬁ ( )

— 30,
w(6d) = 5 —695)

(1=0,) [(m+b%) 2(0 = 0.) + (V = pe) (1 = 6))
u[l =01+ 2(6: - 0,)]

For convenience, we can rewrite (64)-(66) as in the previous subsection, in
terms of x; and zo. We get

(65)

—(1—p)d+

=0. (66)

uw'(x1) — 05

10, (67)

W (z2) =

(1= 6,) { SO0 [V — pyd ()] (1 - 01)}

. u/ (1)
(1 —p)l'Q = w(21)(1—6,) + 6, — 0, ) (68)

and from (62) the price of long-maturity bonds is

W (@n) (L= 00) + (61— 0s)
ST T W) 10— 6y) (69)

Therefore, from (68), conventional open market operations are irrelevant,
since this does not change m + b° and therefore has no effect on z; and x2 or
on prices. There is a liquidity trap. But note that the gross inflation rate is

n= ﬁul(‘rl)v

and so there need not be a deflation in this liquidity trap equilibrium, as in
general u'(x1) > 1 in equilibrium due to the scarcity of collateralizable wealth.
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3.2.1 Quantitative Easing

To consider quantitative easing, fix the real value of outstanding short-maturity
government debt, as in the previous section, with

b¥ = F,
and k > 0 a constant. Then, from (33), (59), and (62), we obtain

— 8
—<1—p)ﬁd+ ﬁ(V—pc) (1_95) _ /Bbl(l HS)M _o,
T

which, using (64) and (65), we can rewrite as

—(1=p)aafu/(x2)(1=05)+0:]+V(1—0.) — pryu/(21)(1—-05) -

(70)
Then (67) and (70), solve for z; and x5 given b’, with the price of long-maturity
bonds determined by (69).

Quantitative easing consists of purchases of long-maturity bonds by the cen-
tral bank, which shows up as a decrease in b' in equation (70). This increases
x1 and x, and reduces the gross inflation rate p. Further, from (69), the price
of long-maturity bonds rises, the nominal long bond yield falls, and real bond
yields rise. Much as in the case with a strictly positive short-term nominal in-
terest rate, quantitative easing increases the value of the stock of collateralizable
wealth, bank deposits increase, and the quantity of exchange increases in both
currency and non-currency transactions. But this effect does not work through
a reduction in real bond yields but is reflected in an increase in real yields.

3.3 Optimal Monetary Policy Under a Channel System

If we add expected utilities across agents in a stationary equilibrium, our welfare
measure is
W =plu(z1) — 21] + (1 — p)[u(z2) — 22], (71)

or the sum of surpluses from exchange in the DM. Under the assumption that V'
is sufficiently small (liquid assets are sufficiently scarce), we must have z; < z*
and 2 < x*, where v/(x*) = 1. Thus, first-best efficiency in exchange in the
DM is not feasible — for currency transactions or non-currency transactions. As
a result, in terms of feasible allocations, W is strictly increasing in both z; and
Z9.

As discussed in Williamson (2012), it is important in evaluating the effects
of monetary policy to take account of the costs of operating a currency system.
These costs include direct costs of maintaining the stock of currency, and the in-
direct social costs associated with illegal transactions, theft, and counterfeiting.
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A simple approach to capturing some of these costs is to assume that a frac-
tion w of exchanges involving currency are socially useless. Then, our welfare
measure becomes

W = p(1 = w) [u(z1) = 21] + (1 = p)[u(z) — 2]

We will first show that it is optimal for the central bank to purchase the
entire stock of long-maturity debt. This simplifies the monetary policy problem
by making it a problem involving the choice of one policy instrument.

Proposition 1 Under a channel system, It is optimal for the central bank to
choose b' = 0.

Proof. In the case where 2! < 1, from equation (45), if (z1,z2) = (#1,%2) is
an equilibrium with o' = b* > 0, and a gross inflation rate i = Bu/(#), then
there is an alternative monetary policy with b' < b, w < [k, Ty = Zo, and
x1 > Zp that is also an equilibrium, and for which welfare is higher. Thus,
quantitative easing is welfare improving, and quantitative easing also increases
2%, Thus, it is possible that reducing b’ increases z° to 1 without the central
bank purchasing all the long-maturity debt. However, with z° = 1, quantitative
easing is unambiguously welfare-improving, from (67) and (70). Thus, b' = 0 is
optimal. m

Then, from (45), (67) and (70), we can write the monetary policy problem

as
max {p [u(@1) — 1] + (1 = p)[u(zz) — 2]} (72)
subject to
—(1 = p)wz [u'(22)(1 = 05) + 05] + [V — prru/(21)](1 = 05) =0,  (73)
[/ (z2)(1 — 0,) + 6] <1 (74)
w (1)
and
priu'(z1) = Vi (75)
[’u/(:p2>(1 — 95) + 95] -1 (76)

W (1)
In this problem, (73) describes the equilibrium relationship between z; and
To when there are no long-maturity government bonds outstanding. If the
zero lower bound on the short-term nominal interest rate does not bind, as in
(73), then the central bank must purchase the entire stock of long-maturity
government bonds with currency, which implies constraint (75). However, if
the zero lower bound binds, as in (76), then we no longer have to be concerned
about constraint (75), as the central bank can purchase long-maturity bonds at
the zero lower bound by issuing reserves.
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% = a < 1, it is straightforward to show that the
zero lower bound on the nominal interest rate does not bind at the optimum if

and only if

If we assume that —x

ab,

Y UGE) 0 —a) +aby’

(77)

and
pilu/(il) Z ‘/l (78)

where (z1,22) = (%1, Z2) is the solution to (73) and (74) with equality. Inequal-
ity (77) is satisfied so long as af; is sufficiently small, i.e. so long as the limited
commitment problem is not too severe with respect to bank holdings of short-
maturity government bonds, and buyers are not too risk averse. Note that, if
w = 0 and there are no costs associated with the use of currency, then z* = 1 at
the optimum as (77) is not satisfied. However, for the sake of argument, assume

now that
ab,
YT a0y
so that (77) is always satisfied. Then, we have three possibilities. First, if (78)
does not hold, then it is optimal for the short-term nominal interest rate to be
zero with (76) holding. Then, (z1,22) = (Z1,Z2) is optimal. Second, (78) holds,
but (75) binds at the optimum. Let Z; denote the solution to

piu/ (&1) =V,
Then, from (73), let &3 denote the solution to
(1 —p)aa [u'(&2)(1 — 0,) + 0,] = Vi(1 —6,). (79)

In this second case, the optimum is (z1,22) = (#1,42), with £ < Z; and %o >
Z5. Thus, nominal and real bond yields are higher than at the zero lower bound.
In the third case, (75) does not bind at the optimum. Let (z1,z2) = (Z1,Z2)

denote the optimum in this case which, if —$Z/,/((;)) = a, solves

u'(Z1)(1 = a)(1 = 0s) (1 —w)[u'(z,) — 1]

' (Z2)(1—0,)(1 —a) +0, u/(Zg) — 1

and (73) with (z1,22) = (%1, Z2) . Further, for (75) to be satisfied, we require
pT1u (Z1) > V.
Thus, the optimal allocation is
(1, m2) = (T1,T2), if V| < pz1u/(Z1),

(.’1?1,.’1,'2) = (@17.’2‘1)7 if pg’clu'(fcl) <V < pilu'(il)

(z1,2) = (T1,21), if pEyu'(Z1) < V]
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It is always optimal for the central bank to purchase the entire stock of
long-maturity debt issued by the fiscal authority, as this maximizes the value
of the stock of collateralizable wealth. However, it may be infeasible for the
central bank to do this under a channel system with a strictly positive short-
term nominal interest rate. This is because, away from the zero lower bound,
there is a limitation on how much currency private sector economic agents will
hold, and the efficiency gain comes from the issue of currency to buy long-
maturity government debt. If the value of long-maturity government debt issued
by the fiscal authority is sufficiently large, then it is efficient for the short-term
nominal interest rate to be zero. Under this condition, banks are willing to hold
reserves, which can then be used to finance purchases of long-maturity bonds
by the central bank.

4 A Floor System

Under a floor system — the current monetary regime in place in the United
States — interest is paid on financial intermediary reserves, and a positive stock
of reserves is held. In this regime, z; = 2}, i.e. for reserves and short-maturity
bonds to be held, they must bear the same rate of return. When z; > 1 in
equilibrium, the bank’s problem is identical to the channel system, except that
we write the bank’s incentive constraint as

P )+ B2 (el ) (1-0) =0 (50)

Then, in a stationary equilibrium, from (80) and (28), we get

—(1 = p)d; + (b} +my)

[V —2%(m +b) — pc](1 + 2 (1 — 0;)
pzt

,(1,p)d+m

(1—0,)+ =0. (81)

The bond prices z° and 2! are determined by (29) and (30), just as in the channel
system with z° > 1. As well, (31) must hold.
Substituting using (29) and (30) in (81), we obtain

—(1-p)Bd [ (Bd)(L — 6)) + 0]+ (5° +m) §<olos>+[Vpc1<1el> ~0. (82)

Then, an equilibrium is determined by (82), (31), (29) and (30). The solution
must satisfy the zero lower bound constraint (49), but we replace (50) with

b [u'(:vg)(l — 91) + 91]
W (z1) — [u'(22)(1 = 6;) + 6]
m[u (x2)(1 — 0s) + 0] n b [/ (z2)(1 — 6;) + 0]
(1) W (z1) — [u'(22)(1 = 6) + 6]

0 <

<V (83)

< pxiu(x1) +

One way to think about policy is that the central bank effectively sets its
policy variable — z;, which by arbitrage is the price of reserves — and also chooses
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the composition of its portfolio, determined by m + b*. Then (82), (31), (29)
and (30) determine d, c, z' and p.

Note that conventional open market operations — swaps of reserves for short-
term government debt — are irrelevant, since this does not change m + b°. How-
ever, otherwise policy in this regime works in a similar fashion to the channel
system with z° < 1, but with some critical differences. If we write the equilib-
rium solution in terms of 7 and xo, we obtain (45), (46), and (47). The key
change reflected in (83) is that the central bank, under a floor system, can now
effectively convert long-maturity debt into short-maturity debt (reserves), and
is not dependent on currency to finance the entire central bank portfolio. As
a result, the optimal policy problem for the central bank is to maximize (72)
subject to (73) and the zero lower bound

[u' (z2)(1 — 05) + 0]
w' (1)

<1. (84)

Therefore, the solution to the policy problem is (x1,z2) = (Z1,Z2), and so the
nominal interest rate is always strictly positive at the optimum. The floor system
in general is welfare-improving. The floor system is no worse if the value of long-
maturity government debt issued is sufficiently small, and is strictly better if the
quantity of long-maturity debt is large. If the floor system improves welfare, it
does so with a higher nominal interest rate than in the channel system, a higher
real interest rate, a larger private banking system (more deposits), and a higher
inflation rate.

5 Conclusion

We can conclude that, when collateralizable wealth is scarce and asset prices
reflect liquidity premia on collateralizable wealth, then term premia can arise.
Such term premia represent an opportunity for monetary policy. Under these
circumstances, QE is welfare improving, and a floor system allows for efficient
asset purchases by the central bank. “Monetary” policy is about more than
money, and could in principle encompass management of the whole structure
of the outstanding consolidated government debt. But this raises fundamental
questions about the independence of central banks, and the appropriate roles
for the fiscal authority and the central bank.
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