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1 Introduction

In recent years, stochastic volatility models have been a major issue in the econo-
metrics of financial markets. The purpose of all these models is to account for
empirical findings such as fat tailed distributions and volatility clustering.

The most prominent class of such models is provided by the ARCH-type models
(cf. Engle(1995), Bollerslev et al.(1992)). In these models, the conditional variance
of a financial time series is specified as a function of past observations of the series
as well as of its own past. At least in the parametric case, this amounts to specifying
a certain class of parametric functions (e. g. linear or logarithmic).

In this paper, we propose a completely different approach which is based on
probabilistic assumptions instead of functional specifications. In particular, we pick
up a simple model used in Duffie and Gray[1995] for the prediction of oil price
returns. In this model, the conditional variance is driven by a two-state homogeneous
Markov process. As a compensation for the lack of a functional specification, which is
essential for the calculation of the likelihood function, a certain type of noncausality
requirement for the return process in relation to the conditional variance has to
made.

The main purposes of this paper are to investigate the probabilistic properties of
the resulting return process, to present and to analyze an easy-to-handle estimation
procedure for the parameters of interest, and, finally, to construct forecasts for future
squared volatilities.

The paper is organized as follows. In section 2, we present the model and derive
some basic properties of the resulting return process. Section 3 introduces the
moment estimator the asymptotics of which are analyzed in section 4. The forecasts
are constructed in section 5. In the final section, we illustrate the finite-sample
properties of the estimators and the predictors by applying them to artificial data
in Monte-Carlo experiments as well as to some historical exchange rate data.

2 The model and some asymptotic properties
We assume that the returns are generated by a model of the form
Ry = p+ o€y, (1)

where the random shocks ¢; to the returns R; are normalized white noise. Under
the assumptions to be made below, it will make no difference whether we work
on a double sided time horizon (¢ € Z) or on a one sided horizon (¢ € N) with
an appropriate initial condition. In either case, however, we shall assume that
observations are available at times ¢ = 1,2,...,7T. In applications, we may take



either the relative price changes

or the logarithmic price changes
R, =log P, —log P,_4
as returns. The o; may be interpreted as random shocks to the variance, since

E{(Ri = u)’|F, 1} = E{0}|F, 1} (2)

if 7, denotes the o—field containing the information available at time ¢ and the ¢
satisfy the following assumption.

Assumption 1.

(i) The ¢, are i. i. d. , symmetric, normalized to variance one and possess an every-
where positive density w. r. to Lebesgue measure.

(ii) The €, possess moments up to order 12.

(iii) For each t, € is independent of F,_, V o{o.}.

Let us remark right here that, for the estimation procedure used below, the first
three even moments of ¢, are assumed to be known. Hence, as is common practice
in ARCH-related models, the standard normal distribution would be the canonical
choice.

Assumption 1 leaves open a wide range of specifications for o;. In the majority
of models treated in the literature, a functonal specification is made, which, in its
most general form, may be written as

Ot = Ft(Rt—laRt—Za cee3 041,025+ ;€t—17€t—27 e My M5 - - ')7 (3)

i. e. 0, is a function of the past returns, its own history, as well as the past of some
additional observable exogenous variables (e. g. prices of other assets), gathered in a
random vector &, plus unobservable random influences n,. The information o—field

F, would then be given by either F, = .7:;{’0’5 =o(Ry, Ry 1,...;00,00 1,...; &, &1,

..) if oy is itself observable or F, = ftR’E in case o, cannot be directly observed
(which should be the more realistic case). Note that, if the n,,1,_,, ..., are lacking in
(3), oy may be obtained as a function of the (infinite) past of the observed processes
(R;) and (&) under certain technical assumptions about the functions F; which
ensure that infinite substitution for o;_,..., is possible (cf. Cron(1997)). In this

3

: R
o is F,_, = F,_T —measur n m
case, oy 1s F,_ = F, 7 easurable and (2) becomes

E{(R — p)*|F, | = o},



i. e. 0y is the conditional standard deviation of the return given the information up
to time ¢ — 1. This approach is in the spirit of the (parametric or nonparametric)
(G)ARCH-models (cf. Engle(1995)).

Instead of specifying a class of functions F}, we shall assume the following simple
regime-switching model considered in Duffie and Gray(1995).

Assumption 2.
oy may take two different levels v, and vy, and evolves as a homogeneous Markov
process w. r. to its own history with transition probabilities given by the matrix

P = ( Paa Pab > )
Pba  Pob
Here, e. g. , pg is the conditional probability for oy = v, given that o,y = v,. Note
that Pab = 1- Paas Pba = 1- Pob-

This approach of modelling regime switches by means of homogeneous Markov
chains has been made popular by Hamilton (e.g. Hamilton (1989) and Hamilton
(1994)). There, however, it is used to describe changes in the regime of a trend
component or of parameters of an autoregression, whereas the noise is not subject
to regime changes.

In order to analyze the asymptotic behavior of this Markov chain, denote 7 =
Paa + Po» — 1 and assume that 0 < p,, < 1,0 < pp < 1, m # 1. Then it is easily
calculated (by induction) that the t—step transition matrix is given by

t L l_pbb+(1_paa)7rt (l_paa)(l_ﬂ-t)
P_1—7r<(1—pbb)(1—7rt) l—paa—i-(l—pbb)ﬁt)'

Consequently, as ¢t — o0,

Pt_> 1 <l_pbb l_paa>

l1—nx 1_pbb 1_paa

and
:1_pbb :1_paa
Pa 1—71', Py 11—

is the (unique) invariant distribution. In particular, the Markov chain (o) is ergodic.
Henceforth, we shall assume that the initial distribution of o, at ¢t = 0 is given
by the invariant distribution (pg,ps), i. e. that the process has been running long
enough to attain stationarity. Then (o;) is a (strictly) stationary ergodic process.
Unfortunately, with respect to the observable process (R;), which is of main concern
for our estimation procedure, assumptions 1 and 2 do not imply very much, except
that it is a martingale difference sequence w. r. to the observation o—field. In order
to get a tractable form of the first order autocorrelation of the squared returns or of



the likelihood function (cf. section 3), we impose the following strengthened version
of assumption 2 , which captures the notion that dependence of o, on the whole
past should only be through o;_;.

Assumption 3.
o, 1s conditionally independent of F,_,, given o,_;.

As pointed out in the introduction, assumptions 2 and 3 are meant as an alter-
native to popular functional specifications of the conditional variance. It is therefore
not surprising that the relationship between both kinds of models is rather intricate.
While assumption 2 in itself is rather harmless (apart form the binary structure of
o,) and is satisfied by a large class of specifications (3), assumption 3 is compatible
with (3) only under some rather restrictive additional conditions on the functional
specification, ruling out in particular the case of completely predictible o;. There-
fore, the functional and the probabilistic models should be considered as basically
different approaches, and it seems to make little sense to start out with a functional
model and try to fit it into the above framework.

Assumption 3 — or rather the somewhat stronger version in which conditional in-
dependence of o, of F;_4, given g,_; = (0y,04_1, - . .) is required — may be thought of
as a nonlinear version of Granger-noncausality of (R;) for (o;). Actually, assumption
3 implies that (R;) and (o;) are uncorrelated and hence (R;) is Granger-noncausal
for (0y) in the linear sense.

Assumptions 1-3 allow us to calculate the following moments of x; = R, — pu.
my, = B(zf) = B(o7€) = (pavy + pyvy)cur, (4)
my = E {xfflxwlt} = B(af_,01€) (5)
= [pavf (Paaly + Pavvs) + Povy (Pravy, + pbbvé)] Qg0
with ay, = E(eF).

Lemma 1.
Under assumptions 1-3, the (unconditional) likelihood function of the (xy)—
process is given by

L(B|zy,...,x7) = f(z1,...,27]|0) = tr{H I:IIP(I)(xt)} (6)
with

_ (o) 0 _ o e
@(x).-( ; ¢(x,vb)>, I = (pat, (1 — pa)t), (1,1),

d(x,v) = v1ig(x/v), g being the density of ¢, and @ = (u, V2, VE, Paa, Pow) the vector
of parameters to be determined.



Proof.

Let gi,...,gr be bounded Borel functions, and put I, = 1,3, Iy = 1, (indicator
functions on V' = {wv,,v,}). Then, since the conditional distribution of xy given
Fr_aVol(or)is ¢(&r,or),

E{gi(x1) ---gr(wr)l,(or)}
= E{gi(z1) - gr-a(zr_i)lo(or) E{gr(vr)|Fr_i,0r}}

= Bloi(w) - gr1(er )1alor) [ gr(&r)oér, va)dér)
= /QT(fT)E{m(fﬁ) o gr-1(@r—1)Plor = va| Fr—1,07-1) }$(&7, va)dr
= [or&)Blo(e) - gr s(er Dpalalor 1) + plslor 1)]}é(Er, va)dér.

In the fourth equality we have made use of assumption 3. Similarly,

E{gi(z1) - gr(zr) (o)}
= [ gr&)Blo@) - gro(wr)pada(r-) + pudlor-)]}o(Er, v)dér.

Hence

E{gi(@1) -+ grlar) (La(or). Io(or))}
= [ gr(&n)Bloi(e) - grs(wr)Lalor1), h(or-1)) } PO(Er)der.

Proceeding inductively, we find that

E{g:(z1) - gr(zr)}

— /gT(fST)/gT_l(gT_l)/_,_

[ (e B o) Lo, o) TT POy -tz (1)
But
E{gi@)Lio)} = [ 01(€)pas(,va)de,
E{gi@)h(@)} = [ gi(@mo(&.v)dé,
o E{g1(2) (L(0), T(00)} = [ 91(62) (pas po) O(61) 1.
In view of (7), the unconditional density of (z7,...,;) is therefore given by

(o) 1 Po(ee = n {n(e) T Pten .



which coincides with (6) since [IP =1II. m

From (6) it is easily calculated that the (unconditional) distribution of z; is a
mixture with density

f(24]0) = pad (x4, va) + ppdp(¢, vp).

Proposition 1.
(x1) is stationary and ¢—mizing.

Proof.
Stationarity is immediately clear from the time invariance of the likelihood function
(6). As for the the mixing property, note first that, for every bounded Borel function

g(v,l‘),

E{g(ow, me)| Ry = E{E{g(0u1, 00r1€041)| F 001} Fi}
= E{g(ow1)|F}
= E{{glow)|F 00} 7}
= E{g(o)|F:}, (8)
where for the second equality we have used assumption 1(iii) and for the fourth

assumption 3. Note that the Borel functions g, g satisfy the same bound as g. By
induction it follows that, for every bounded Borel function g(z1, ..., z),

E{g(xt—l-n—l—la cee ;$t+n+m)|ft+n} = E{§(0t+n)|ft+n}7 (9)

with the function § satisfying the same bound as g. (Do it first for products of
indicator functions g = 1p, ...1p,, , using (8), and extend to all measurable bounded
functions, using a monotone class argument.) We shall show that

|E{G(004n)| 7} — E{G(014n) }] < ¢(n) (10)

for all Borel functions g(z1,...,x,,) bounded by 1, from which, by virtue of (9),

|E{9(@tsnt1s- o Tornim) [Fi} — E{9(Ttsnt1, - - o Trantm) H < 9(n),
implying the mixing property. As for (10), note that, by induction (using assumption
3)

E{g(014n) |7} = Py "8,

where we have put
g - (y(va)ag(vb))la

Py = (ptlt(va)7pt|t(vb))la
pt|t(“) = P(o, =v|F),



and
E{g(o14n} = P'P"g,
with p = (pa, 1 — p,)’. Hence the left hand side of (10) can be estimated by
|(py; — P)' P8l < 27" =: $(n),
since, for every initial distribution p = (ps, 1 — pa)’
(P —p)'P" = (Po — pa)7"(1,—1). =

As a consequence, the processes (zF) and (zF_,2%) are ergodic and we have the

following asymptotics.

Proposition 2.

Ler &
th:ﬂt—ﬂnk a.s.,
l T .k 1
i 1T 1Ty = My a. s.

(whenever the theoretical moments exist).

Define

Xi(k) =< a2 —my if k=1,2,3, (11)
xi o x? —mgy if k=4,

X; = (Xi(0),...,X;(4)). Then (X;) is ¢—mixing with the ¢(n)—sequence from
the proof of Proposition 1, and standard CLT’s for ¢—mixing processes show (cf.
Billingsley(1968))

Proposition 3.

1

ﬁ ?:1Xt £> N(Oa E)a (12)

where Y 1s given by
U= E(Xi X)) + Z,[E(XX)) + E(X(X)].

Actual, a functional central limit theorem is true, but we shall not need it. The
matrix X is calculated in appendix B.



3 The estimator

The model presented above contains five unknown parameters i, v2, v2, paa,

pey- For the estimation procedure to be chosen it turns out more convenient to work
with the equivalent parametrization @ = (u,v2, v, Da, Paa)- Since (v2, V2, Daas Pob)
and (vZ,v2, P, Paa) lead to observationally equivalent structures, we impose the
restriction v2 > vZ. As estimator of @, we take the moment estimator based on
the first three even central moments and the mean of the observed process (R;)
plus the first order autocorrelation of the squared deviations from the mean. I. e.
, 0 = (fi, 02,02, Pas Paa) is determined by solving the following system of nonlinear
equations

(pavgk +prgk)a2k - M2k7 k= 17 27 37 (13)
[pavﬁ (Paa¥ + Pav¥y) + Duv; (Poa v +pbbv§)] a3 = Moy, (14)
with the empirical moments
. S
po= R= th:IRb

1 _
My, = =¥ (R - R)*,
1 _ _
My = ﬁE?ZQ(Rt - R)Q(Rt—l - R)Z-

The left hand sides of (13) and (14) are the theoretical moments my, = E(R; — p)*
and moo = E{(R; — u)*(Ri—1 — p)?}, respectively. (13)-(14) has to be solved for
V2, VZ, Da, Paa (under the restriction v? > v2), using the definitorial equations of
section 2 to eliminate py, etc. :

Pall —p
Py =1—Day Pab=1—DPaa; DPba = a(l aa))
— Pa
1- (2 - paa)pa
Dob = . 15
T (15)

With these substitutions, (14) may be written
PaaPa(V2 — v7)? + 2pavvp + (1 — 2pa)vy = Mas.

As usual, the motivation behind this choice of estimation procedure is that, in view
Proposition 2, the empirical moments approach the theoretical ones as the sample
size increases and therefore the the solutions of (13) and (14) should be expected
to tend to the true parameter values. Indeed, if the system (13)-(14) possesses a
unique solution with probability one and if its Jacobian is nonzero for all admissible
parameter values, then strong consistency of the moment estimators can be shown.



Actually, as is shown in appendix A, we may obtain explicit formulas for the solution
of (13)-(14), namely

A Va+C?24+C
b2 = Ti+ \ m\ﬁé - T, (16)

Vid+C?2-C
2= Ty Y Y, T 17
v VeVl o

. = L|1- S (18)
pa - 2 \/m )
Tyo — 20,0207 — (1 — 2p,) 07
ﬁaa = 2.2 pAavaAgb_ A(2 2 pa)vb? (19)
Da (0 — 97)

with Fk = MQk/OéQk, FQ,Q = MQQ/O[%, C = [Fg — F:{) — 3F1(F2 - F%)]/(\/FQ — F%)?’

4 Asymptotics of the moment estimator

The asymptotic behavior of the (z;)—process transfers in a straightforward man-
ner to the empirical moments My, and Ms .

Proposition 4.
(i) With probability one, R—p, My —moy, k=123 Myy— myy.
(i5) VT (R — 1), VT ( Moy —mai), k = 1,2, 3, and VT (Moo —myy) are asymptotically

jointly normal with mean O and covariance matriz X (from Prop. 3).
This is an immediate consequence of the following (not surprising) lemma.

Lemma 2.
(i) My, = LT 2% + Ry (k) with Rp(k) — 0 a. s. and VT Rp(k) 5 0.
(ii) Map = 2ot a2 + Sp with Sp — 0 a. s. and VT Sr Lo.

Proof.
(i) Since

1 _
My, = thTﬂ(fL"t +pu—R)*,

binomial expansion yields

2k D\Vv 1 —v
re) = £ (3 ) - By gzt

14

2% 1 v ] »
= 25 () (-5 pula



Then the first assertion follows from the ergodic behavior of (z;) (cf. Prop. 2).
Moreover, for v > 1,

1 v 1 v
\/T <T221:11't> = ]ﬂ’_(y_l)/2 (ﬁzlext> 5) 0 (20)
by Prop. 3, while for v =1
1
VT

(since E(2z7*') = 0). This shows the second part of (i).
(ii) Note that

1
T T _2k—1 P
doi=1T¢ T t=1T¢ — 0

My = ; Falris + (4= B Lo+ (- )P
= TzzzleflewLST
with
Syt = (u— R) Et 1(5Ut T+ Ty 27
+(u— R)*= T

+(n— RPTZZ:l(xtq + ) + (= R)™

t= 1(35?—1 + 4wy + xf)

Ergodicity of (x;) yields Sy — 0 a. s. /TSy L 0 follows from VT(R — p)” 20 for
v >1 (cf. (20)) and

1 1
Th_}rn th TP = hm Zt Teori =0 a.s.

The moment estimator @7 has been determined as the (unique) solution of a
nonlinear equation of the form

£(6r) =T, (21)
where I' = F( ) (R FQ, Fg, FQ 2) with Fk = Mgk/agk, FQ,Z = MQ,Z (Cf section
3) and £(0) = (fo(0),..., f1(0) with fo(0) = p and fi(0) given by the left hand

side of (13)-(14) for k = 1, 2, 3,4, (without the a—factors) in conjunction with (15).
Since f has a continuous inverse on the whole parameter space (cf. (16)-(19)) and
the true parameter value 6 satisfies the same equation (21) with I" replaced by its
theoretical counterpart

Y= (/‘La Y15 725 V3, 72,2)17

10



Ve = Mak/Qak, Vo2 = Maz (cf. (4),(5)), it follows from Proposition 2 that
O, — 0 a.s. (22)
Next, the first derivatives of f w. r. to @ are easily calculated to be given by

9 — 1. 2 —¢ for 7 =1,2,3,4,

F) T

3;; -0 3fk — L, p2(k—1) 3fk k 2(k—1)

o =V guz = RPaVa T Gz = RPbUy
gf’“ vk — 2k %:0 for k=1,2,3
Da Y Y Y Y

8 —0, 55 = ulDaat’ +( — Paa)V3],
84 = 2[py(1 = paa)0? + (1= (2 = pua)pa) V3],
gf4 = paaU4 + vb[ (1 paa)v + (2 paa)vb]
3pf4 2

s = = pa(v2 — vE)?.

Hence the matrix F'(@) = Df(0) of first partial derivatives is of the form

100 00
0 0
F=F@)=|0 F 0
0 0
0 % x % fyu

with fiu > 0. The determinant of F is easily calculated as
|F| = 3papy(vg + vy) (v} — v;) >0

on the whole parameter space (note that we have imposed the constraint vZ > v?).
Hence F~! exists and is continuous on the whole parameter space. By first order
Taylor expansion

£(0r) —£(6) = F(6+ (6 —6))(0r - 6)
= I'(T)—~, 0<M<L
This together with (22) and Prop. 3 implies that
VT(6r — 6) 5 N(0,%))
with
Sy = F(8) 'ASAF(0) !, (23)
At = diag(1,1, a4, a5, 1). (24)

Proposition 5. X
(i) The moments estimator Or is strongly consistent.
(i) VT (O — 0) is asymptotically normal with asymptotic covariance Sy given by

(23)-(24)-

11



5 Forecasting

If the return process (R;) (or the centered process (x;)) is observed up to time
T, we are interested in forecasting the behavior of R at some future time 7'+ 7 or
over the time interval [T'+1,..., T 4 7|. This requires knowledge of the conditional
probabilities
psp(vlzy) = Plos = vlz,), s>t

with z, = (2,24 1,...). Maintaining our assumption of conditional independence
of oy and z, ;, given oy ; and assuming in addition that F, = F,% i. e. (R;) is
the only observable process (this is not essential, but makes the formulas look more
appealing), it is easy to see that

t

ps|t(£t) = pt|t(£t)P57 for s> 1,

where we have put
Py(z) = (Psie(valzy), pse(vplzy))
= (ps\t(va|£t)a 1- ps\t(va|£t))'
(For the sake of lean notation, we shall treat the p,, as row vectors in this section.)
So everything is reduced to the filter problem of calculating p,,(z,). As usual, this is
solved by deriving a recursive formula for p,,. To this end, let fy; (v, v|z,—;) and
fyi—1(z|z, ;) denote the conditional densities of (x;,0;) and x, resp. , given z, ;
(the first one with respect to A ® v). Then, by Bayes formula,
ft\t—l(xa vz, 4) = oz, U)pt|t—1(v|£t71)a (25)
ft|t—1(x|£t71) = /V o(x, U)pt|t—1(U|£t71)V(dU)
¢(33, 'Ua)pt\tfl ('Ua|£tfl) + ¢(5U, Ub)pt\tq (Ub|$t71)
= pt\t—l(it—l)q)(x)"
(with ®(z) as in section 3). Since (again by Bayes formula)

Soe=1 (x4, 0|z o)
Pre(VILy) = ’
e (v]z,) foe—1(@e|z )

some elementary calculations lead to the fundamental recursion

pt71|t71(£t—1)Pq)(xt)
pt—1|t—1(£t71)Pq)(xt)[’

Pt|t(it) =

Hence, by induction,

D) PO(r11) ... PO(r)
Py (2) P (2441) - .. PO(a7)e

PT|T(£T) =

12



In particular, for t = 0 and with the stationary initial distribution Pojo = (Pay 1 —
pa) = elln (ell = (170))7

e T, P®(z,)
tr {II T, P® ()}

pT\T@T) =

(Note, however, that the latter expression tends to be numerically instable. For
actual calculations, it is therefore advisable to use the recursive formula, starting
at t = 0.) We are now in the position to calculate forecasts of future squared
volatilities.

i
dtr = Blatler) = Elotler) = prten)( 13 )

v
v

SN N

_ pT|T@T>PtT( ) (>T, (%)

or forecasts of average future squared volatilities

1 T+7
VQ%JFT‘T = — Z v;‘]T.

T =r+1
Of course, in calculating the right hand side, the estimated parameter values 9,
etc. have to be substituted for v,, etc., and R; — i for x;. Alternatively, one may
be interested in the most probable regime active in some period, i.e. in calculating
max{pyr(ve|Z7), Pyr(vs|zr)}. Also, in the same way as in the proof of Lemma 1,
one may obtain the joint conditional density

f(@e, . vrgalzy, arp; 0) = (Lu(or) Iy(or)) [ I[I Po(x)

L.
s=T+1
Integrating out o,
t
f(xh"'ax744|£T;0):: pTﬂ’ II fkb($s) L
s=T+1
is the joint conditional density of x4, ..., xr11, given the observations up to time 7.

In particular, since

/P@%M%:R
the marginal conditional distribution of xz; is
f(@ilzr; 0) = PT\TPt*Tq)(xt)%

a mixture. This may be used to construct prediction intervals for x;.

13



6 Finite-sample properties

In this section we demonstrate the finite-sample performance of the moment
estimator and the predictor by applying them both to artificial data sets and to
some historical exchange rate data.

The artificial data sets of size T'= 1000 (which corresponds with about the size
of daily observations available in financial markets) were generated (for different
parameter values ) by the following recursion.

Ry = Ot€t,
o = lu(or1) [Ual[o,paa}(ut) + Ubl[paa,l}(ut)]
+1y(0-1) [Ual[pb,,,u () + b 10 pyy) (Ut)] ;
w RTU0,1),
e “RYON(0,1). (27)

In order to minimize the effect of initial values on the trajectories, we eliminated
the first 200 observations. Any solution of (27) evidently satisfies assumptions 1-
3 of section 2. The number of Monte-Carlo runs was 500. For each of the 500
data sets, we tried (see below) to (a) estimate the parameters 6; using (16)-(19) (in
combination with (15)), (b) estimate the standard deviations &; of the resulting

estimates ; using the estimated main diagonal elements of (23), and (c) predict
the squared volatility one period ahead applying (26) (replacing the true parameter
values by its non-updated estimates) to each of the 50 observations following the
sample. However, for some artificial data sets the estimation method proposed here
failed (either because the nonnegativity constraint on the variances was violated or
since the procedure was numerically instable). In order to determine parameter sets
where the method is not operational, we report the share of runs where the method
failed (denoted Sy). We report the mean of the estimates, their standard deviation,
the mean of their estimated standard deviation, the standard deviation of their
estimated standard deviation and the mean of the average (over 50 periods) squared
prediction error (ASPE.) — all determined from the succesfully operated runs —
for different parameters in Tables 2-11. Additionally, we report the theoretical
kurtosis (k), the mean of the estimated kurtosis’(%), and, for sake of comparison
with the ASPE,, the mean of the average squared prediction errors (ASPE,) of the
unconditional predictions (i. e. the estimated stationary squared volatilities).

A first glance at the time series plots of the real data used here (see below)
indicated that regimes of high volatility are characterized by relatively short clus-
ters of deflections of either sign that are some times higher than the deflections in
“normal times”. On the other hand, Duffie and Gray(1995) found high transition
probabilities for returns on oil prices. In order to reproduce both findings, we chose
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the parameters as exhibited in Table 1 in our experiments (ordered according to
increasing relative persistence, see below).

Nr. Exp.
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Table 1: List of Experiments.

The main findings of the Monte-Carlo experiments can be summarized as follows.

The operationality of the estimation method proposed here seems to (be par-
tially) positively correlated with the ratio py/pe. (which may be interpreted
as relative persistence of the lower volatility).

The relative biases are reasonably small (clearly below 10% apart from few
exceptions), but ambiguous in sign.

With the exception of the estimates for p,, (and, less definite, the estimates
of 1), the means of the estimated (assuming limiting distribution) standard
deviations are higher than means of the actual (provided that the Monte-Carlo
approximation of the latter is sufficiently accurate) standard deviations. The
problem with the estimates for p,, is presumably caused by the small number
of observed regime transitions (with p,, = .5, the problem did not arise) and
by numerical instability (see (19)).

The relative improvement of using conditional predictions over the use of un-
conditional ones is (with one exception) is recognizable, but small in either
case (the maximal relative improvement amounts roughly 13% in Experiment
9). However, in financial market applications, these seemingly insignificant
improvements might mean considerable gains (or losses).

Eventually, in order to examplify the performance of the moment estimator in
practice, we applied it to daily compound returns (scaled to variance one by dividing
the original time series through their empirical standard deviations op) of four
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foreign exchange rates (FRF,GBP,ITL,USD). For each currency, we estimated the
parameters from samples of size 1200,1250 and 1300 and predicted the future squared
volatility from one day to another as before (again without updating the estimates,
however) for the 50 days following the respective samples. The samples start on
the second of January 1990 in either case and end, depending on their lenght, on
17.10.1994, 28.12.1994 or 8.3.1995. The results are reported in Tables 11-14. For
two selected cases, we additionally provide plots of the actual squared returns and
their conditional predictions in Figures 1 and 2. Some findings are

e The estimates indicate a high relative persistence (see above) for FRF,GBP
and ITL. Apart from the instability of the estimates 0;,,, the estimation pro-
cedure performed stable for all currencies.

e Due to the high estimated standard deviations 6;,, the estimates v, are highly
insignificant(ly different form zero) for FRF,GBP and ITL, whereas this in-
significance is less pronounced for USD. Though it did not come out in the
experiments, we suppose that the high relative persistence (which implies very
small stationary probabilities p, and consequently very few observations of the
high volatility regime) of FRF,GBP and ITL is to be made responsible for the
insignificance.

e The improvement in forecasting is more ambiguous than in the experiments,
but again small.

The economic interpretation of the results is left to the willing reader.
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Appendix A

Here we show how to obtain explicit formulas for the solution of (13), (14).
Denote 'y = Mo/, oo = Moo, v2 = 2,0} = Yy, Da = P, Paa = 7. We then have to
solve the four equations

pr+(1—-py = Ty,
pz® + (1 —p)y’ Ty,
pz’ + (1= p)y’
rp(x —y)? + 2pry + (1 — 2p)y® = T

I
—
g
o
sl

The first step consists in solving (A-1),(A-2) for z,y, given p.

T, —
y = IJH (with p = q) (A-5)
o 1 2
px” + g(Fl —px)° =T,. (A-6)

The last equation has the two roots

T1/2 = [y + \/g\/ Iy — F%,

with corresponding y values given by

=01 7F \/gv Iy —T7.

Note that there is no guarantee that the roots are real, since the discriminant may be-
come negative. If, however, the theoretical moments mo, = E(R;—u)?* = agp E(02F)
are substituted for the empirical moments My, then, with v, = moy /ag, = E(0;)?*,
it is trivially true that 75 — 7% > 0 so that two real roots do exist. Since, in view
of Proposition 2, the empirical moments approach the theoretical ones and hence
[’y — 7, for increasing sample size, it can be expected that in most cases 'y —T'? > 0

for large sample size. The correct choice (satisfying the restriction z > y) is then

l‘ZFl—i‘\/g\/FQ—F%, y:Fl_\/g\/FQ_F%.

These values are now inserted in (A-3).
q ’ p ’
D q

17



with d = /T’y — I'?, leading to

3 3
[y — I3 — 30 d?
p([L) =g ) =2— 1% ¢
P q d

and, after some straightforward algebraic manipulations, to

1—2p=/p(1 —p)C.

The solution is

1 C
=— |1 - —.
b 2[ \/4+02]

Since % = %ﬁg;fg, the formulas for x and y take the form
Vi+C?+C
r = [+ ,|—————/T2 —I?,
T\ vaycr-coV !
/1 2 _
y = Iy — MQ/FQ_F%
Va+C?+C

Finally, r is calculated from (A-4) in a straightforward way.

Appendix B

The entries of the asymptotic covariance matrix ¥ are as follows.

Yoo = mpy;
EOI{: = EkO = 07 k= ]-7 27 37 4’
S o= S =v(k) [a2(k+l)P0 - a%amppl] v(l)

T 1 -1
Fameman v (L 70, k=123

Spa = S = 2V(1)'P'V1[042(k+z)Po — QPP

T 1 -1
+a2kpapb—1 — ( 1 )]v(l), k=1,2,3;

Su = v(1) [ofViPPVi — P'Vipp'ViP| v(1)

1 -1
+2v(1)'P'Vy la4P0 —pp' + 2papb1 iﬂ ( 11 >] ViPv(1).
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Here
!
b

b= (paapb) PO - diag(paapb)a
v(k) = (75, %), Vi = diag(vZ®, vi®).

The calculations are somewhat tedious, but straightforward, making repeated use
of the following formulas.
(i) If € is symmetric,

E{g(itfl)x?kﬂ} = 0.

(i) E{z1g9(z)} =0 (for t>2).
(i) B{s e amatn

| agransaoman, v(r) PBpPVs P2V, Pv(n) for t> 3,
| Q2 Q(spm)y@an V(1) Py PV Vi Pv(n) for ¢t=2.

(iv) ma, = E(22") = ag,p'v(n).
(i)-(iv) can be shown by some cumbersome calculations making repeated use of as-

sumptions 1-3 as well as the telescoping property of conditional expectations.

-1
(v) P —pp' =papem' ™ |

(vi)<_11 _11>P:7r<_11 _11>
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0; 0; &5,
Name | True Mean | SD Mean | SD
7 0.000 || 0.000 (0.045) || 0.046 | (0.002)
Uqg 2.000 || 2.043 (0.157) || 0.880 | (0.367)
Up 0.500 || 0.499 (0.229) || 0.471 | (0.052)
Paa 0.500 || 0.472 (0.136) || 0.147 | (0.023)
Db 0.500 || 0.523 (0.127) || 0.953 | (0.205)
Da 0.500 || 0.475 (0.094) || 0.155 | (0.011)
Db 0.500 || 0.525 (0.094) || 0.155 | (0.011)
Sy 38.6% | & 533 [ & |5435 |
ASPE. | 0.163 || ASPE, | 0.163

Table 2: Experiment 1.

Name | True | Mean | SD Mean | SD
1 0.000 || -0.000 | (0.031) || 0.032 | (0.002)
Ug 2.000 || 2.048 (0.000) || 1.243 | (0.726)
Up 0.500 || 0.451 (0.103) || 0.192 | (0.029)
Paa 0.800 || 0.789 (0.036) || 0.052 | (0.018)
Db 0.950 || 0.972 (0.000) || 0.492 | (0.286)
Da 0.200 || 0.232 (0.058) || 0.109 | (0.021)
Db 0.800 || 0.805 (0.000) || 0.109 | (0.021)
Sy 20.0% || & 9.750 [ & | 11.723 |
ASPE, | 0.016 | ASPE, | 0.017

Table 3: Experiment 2.
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0; 0; o,
Name | True || Mean | SD Mean | SD
7 0.000 || 0.000 (0.024) || 0.024 | (0.002)
Uqg 2.000 || 1.894 (0.288) || 1.591 | (1.003)
Up 0.500 || 0.449 (0.060) || 0.115 | (0.018)
Paa 0.500 || 0.523 (0.199) || 0.082 | (0.025)
Db 0.950 || 0.939 (0.000) || 0.160 | (0.062)
Da 0.091 || 0.123 (0.047) || 0.079 | (0.017)
Db 0.909 || 0.879 (0.026) || 0.079 | (0.017)
Sy 22% | 12985 [ & [12.952 |
ASPE,. | 0.009 || ASPE, | 0.008

Table 4: Experiment 3.

Name | True || Mean | SD Mean | SD
1 0.000 || -0.000 | (0.025) || 0.026 | (0.001)
Ug 2.000 || 1.920 (0.295) || 1.522 | (0.967)
Up 0.500 || 0.449 (0.072) || 0.129 | (0.017)
Paa 0.200 || 0.221 (0.129) || 0.091 | (0.016)
Db 0.900 || 0.873 (0.048) || 0.145 | (0.041)
Da 0.111 || 0.140 (0.049) || 0.082 | (0.015)
Db 0.889 || 0.860 (0.049) || 0.082 | (0.015)
Sy 0.0% | & 12375 [ & [12.221 |
ASPE, | 0.005 || ASPE, | 0.005

Table 5: Experiment 4.
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0; 0; o,
Name | True || Mean | SD Mean | SD
7 0.000 || -0.001 | (0.021) || 0.021 | (0.001)
Uqg 2.000 || 1.829 (0.333) || 1.866 | (1.138)
Up 0.500 || 0.462 (0.039) || 0.085 | (0.015)
Paa 0.100 || 0.135 (0.151) || 0.113 | (0.035)
Db 0.950 || 0.923 (0.034) || 0.085 | (0.027)
Da 0.053 || 0.082 (0.034) || 0.065 | (0.016)
Db 0.947 || 0.918 (0.034) || 0.065 | (0.016)
Sy 0.0% | & 13520 || &+  [12.936 |
ASPE,. | 0.000 || ASPE, | 0.000

Table 6: Experiment 5.

Name | True | Mean | SD Mean | SD
1 0.000 || 0.005 (0.069) || 0.068 | (0.003)
Ug 3.000 || 3.126 (0.208) || 2.055 | (0.650)
Up 0.500 || 0.704 (0.311) || 0.988 | (0.103)
Paa 0.500 || 0.438 (0.118) || 0.136 | (0.019)
Db 0.500 || 0.552 (0.102) || 3.859 | (0.907)
Da 0.500 || 0.445 (0.077) || 0.147 | (0.009)
Db 0.500 || 0.555 (0.077) || 0.147 | (0.009)
Sy 53.0% | 5684 [ & |5.863 |
ASPE, | 0.135 | ASPE, | 0.135

Table 7: Experiment 6.
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92' 92 O'éi
Name | True Mean | SD Mean | SD
I 0.000 || 0.003 (0.046) || 0.044 | (0.004)
Uq 3.000 || 3.083 (0.000) || 2.916 | (1.323)
Up 0.500 || 0.465 (0.176) || 0.401 | (0.063)
Paa 0.800 || 0.765 (0.116) || 0.033 | (0.014)
Db 0.950 || 0.956 (0.000) || 2.431 | (1.886)
Da 0.200 || 0.198 (0.045) || 0.098 | (0.024)
Db 0.800 || 0.814 (0.000) || 0.098 | (0.024)
Sy 35.6% | 12187 [ & [14.138 |
ASPE,. | 0.124 || ASPE, | 0.130

Table 8: Experiment 7.

Name | True || Mean | SD Mean | SD
1 0.000 || 0.000 (0.031) || 0.032 | (0.003)
Ug 3.000 || 2.840 (0.431) || 3.490 | (2.143)
Up 0.500 || 0.394 (0.124) || 0.234 | (0.044)
Paa 0.500 || 0.504 (0.179) || 0.045 | (0.015)
Db 0.950 || 0.940 (0.000) || 0.678 | (0.307)
Da 0.091 || 0.115 (0.036) || 0.070 | (0.012)
Db 0.909 || 0.887 (0.000) || 0.070 | (0.012)
Sy 72% | k 20.368 || & |20.279 |
ASPE, | 0.081 || ASPE, | 0.089

Table 9: Experiment 8.
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~

92' 92 Uéi
Name | True || Mean | SD Mean | SD
I 0.000 || -0.001 | (0.035) || 0.035 | (0.002)
Ug 3.000 || 2.922 (0.429) || 3.445 | (2.213)
Up 0.500 || 0.405 (0.148) || 0.270 | (0.041)
Daa 0.200 || 0.208 (0.121) || 0.065 | (0.013)
Dovb 0.900 || 0.883 (0.038) || 0.506 | (0.227)
Da 0.111 || 0.130 (0.039) || 0.072 | (0.010)
Db 0.889 || 0.870 (0.039) || 0.072 | (0.010)
Sy 9.2% | 18186 ||~  [18.185 |
ASPE, | 0.006 || ASPE, | 0.008

Table 10: Experiment 9.

Name | True || Mean | SD Mean | SD
1 0.000 || -0.002 | (0.028) || 0.027 | (0.002)
Uq 3.000 || 2.775 (0.515) || 4.236 | (3.019)
Up 0.500 || 0.417 (0.084) || 0.176 | (0.038)
Paa 0.100 || 0.118 (0.118) || 0.057 | (0.012)
Db 0.950 || 0.927 (0.028) || 0.220 | (0.160)
Da 0.053 || 0.077 (0.027) || 0.056 | (0.011)
Db 0.947 || 0.923 (0.027) || 0.056 | (0.011)
Sy 1.2% | & 25.685 || & | 24.510 |
ASPE,. | 0.006 || ASPE, | 0.006

Table 11: Experiment 10.
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A T = 1200 T = 1250 T = 1300
0; 0; &;, 0; &5, 0; &;,

p -0.002 [ 0.029 [[-0.006 [0.027 | -0.018 | 0.024
Vo 5088  |36.708 | 5.873 | 35.284 [ 5.229 [ 27.039
v 0.728 0297 [0.706 | 0.275 [0.658  [0.217
Paa 0406 | NA 0406 |NA  ][0.405 [NA
Do 0992 [2.915 [0.992 [2591 [[0.992 | 1.631
Pa 0.013  [0.021 [0.013 [0.020 [[0.013 [0.020
Py 0.987  [0.021 [0.987 [0.020 [[0.987 [0.020
op 0.000002 | - 0.000002 | - 0.000003 | -

B 52.149 |- 53.151 |- 48522 |-
ASPE, [ 0431 |- 31.846 |- 79.466 |-
ASPE, [ 0.645 |- 30.031 |- 85.019 |-

Table 12: Results A.
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B T =1200 T =1250 T = 1300
0; 0; &;, 0; &;, 0; &5,
" -0.021 0.029 -0.020 0.028 -0.030 0.026
Vg 3.688 10.188 || 3.670 10.067 || 3.544 9.216
Up 0.803 0.173 0.792 0.164 0.779 0.151
Paa 0.589 NA 0.590 NA 0.589 NA
DPob 0.989 0.691 0.989 0.650 0.989 0.557
Da 0.026 0.033 0.025 0.032 0.025 0.031
Db 0.974 0.033 0.975 0.032 0.975 0.031
op 0.000023 | - 0.000024 | - 0.000025 | -
i 16.265 | - 16.461 | - 15.790 | -
ASPE, | 0.466 _ 8.884 - 17.405 | -
ASPE, | 0.647 _ 6.449 - 13.999 |-
Table 13: Results B.
C T =1200 T =1250 T = 1300
0 0 &5, 0 &;, 0, &;,
1 -0.047 0.028 || -0.047 0.026 || -0.056 0.025
Vg 3.210 5.919 || 3.019 5.215 || 2.714 3.541
Up 0.721 0.175 || 0.688 0.149 || 0.645 0.142
Daa 0.323 NA [/ 0.327 NA  [0.366 NA
Dob 0.968 0.485 || 0.969 0.375 || 0.960 0.310
Da 0.045 0.043 || 0.044 0.041 || 0.060 0.048
Db 0.955 0.043 || 0.956 0.041 || 0.940 0.048
op 0.000030 | - 0.000033 | - 0.000038 | -
i 16.381 | - 15.906 | - 14.781 | -
ASPE, | 2.324 - 57.273 | - 50.147 | -
ASPE, || 2.484 _ 62.058 | - 53.310 |-

Table 14: Results C.
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D T = 1200 T = 1250 T = 1300
0, 0, 5 | 6 o5 | 0 5,
I -0.012 | 0.029 [-0.008 | 0.028 [ -0.018 | 0.027
Ve 1495 | 0.858 | 1490 | 0.837 | 1.521 | 0.842
v 0811  [0.163 [ 0.801 | 0.154 [ 0.789 | 0.145
Pa 0.386 | 0.222 [ 0.395 | 0.215 | 0.340 | 0.196
Poo 0.840 [ 0.140 [ 0.848 | 0.131 [ 0.842 | 0.135
P 0.206 | 0.188 [ 0.201 | 0.178 [ 0.193 | 0.159
P 0.794 [ 0.188 [ 0.799 | 0.178 [ 0.807 | 0.159
oD 0.000065 | - 0.000065 | - 0.000066 | -
B 1265 |- 4305 |- 4487 |-
ASPE, [ 0594 |- 7700 |- 5146 |-
ASPE, [ 0618 |- 7688 |- 5.160 |-

Table 15: Results D.
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