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Abstract

Stochastic volatility models have been introduced in order to deal with the well-
known empirical deficiencies of the standard Black-Scholes model. These models are
incomplete which raises new questions for the pricing and the hedging of derivative
securities. In this paper we discuss the superreplication of derivatives in a stochastic
volatility model under the additional assumption that the volatility follows a bounded
process. We characterize the value process of our superhedging strategy by an op-
timal stopping problem in the context of the Black-Scholes model which is similar
to the optimal stopping problem that arises in the pricing of American-type deriva-
tives. Our proof is based on probabilistic arguments. We study the minimality of
these superhedging strategies. As most of the previous work on superheding under
stochastic volatility uses a PDE approach we discuss PDE-characterizations of the
value function of our superhedging strategy. We illustrate our approach by certain
examples and simulations.
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1 Introduction

The pricing and hedging of derivative securities is nowadays well-understood in the context
of the classical Black-Scholes model of geometric Brownian motion. However, recent
empirical research has produced a lot of statistical evidence that is difficult to reconcile
with the assumption of independent and normally distributed asset returns. Researchers
have therefore attempted to build models for asset price fluctuations that are flexible
enough to cope with these empirical deficiencies of the Black-Scholes model. In particular,
a lot of work has been devoted to relaxing the assumption of constant volatility in the
Black-Scholes model and there is a growing literature on stochastic volatility models (SV-
models); see e.g. Ball and Roma (1994) or Frey (1997) for surveys. In this class of models
the stochastic differential equation (SDE) that governs the asset price process is driven by
a Brownian motion, but the diffusion coefficient of this SDE is modelled as a stochastic
process which is only imperfectly correlated to the Brownian motion driving the asset
price process.

SV-models are able to capture the succession of periods with high and low activity
we observe in financial markets. However, this increase in realism raises new conceptual
problems for the pricing and the hedging of derivative securities: It is well-known that
SV-models are incomplete, i.e. one cannot replicate the payoff of a typical derivative by
dynamic trading in the underlying risky asset (“the stock”) and in some riskless money
market account. This reflects a real difficulty in the risk management of derivative secu-
rities and should therefore not be considered as a disadvantage of this class of models.
Today “the uncertain nature of forward volatility is recognized as one of the main factors
that drive market-making in options and custom-tailored derivatives”; see Avellaneda and
Paras (1996).

Of course, if there is a liquid market for certain standard derivative securities on the
stock, the use of dynamic trading strategies in the stock and in these securities might
restore market completeness. However, this approach is not always viable. To begin with,
there is not always trade in a sufficient number of derivative securities on a particular stock.
Even if there are derivative securities available for trading, running a dynamic hedging
strategy in these securities might prove impossible because of prohibitive transaction costs.
Moreover, this approach requires a precise parametric model for the volatility dynamics of
the underlying asset. As volatility is not directly observable, the determination of a good
model for the volatility dynamics and the estimation of the corresponding parameters
poses difficult problems. Hence there is a considerable risk of model misspecification
that might lead to “bad” hedges. This favours approaches to the risk-management of
derivative securities which require dynamic hedging only in the underlying risky asset
and in the money market account; static positions in liquidly traded derivatives can then
be used in a second step in order to improve the accuracy and reduce the cost of the
hedge. Results from the theory of superhedging imply that even in an incomplete market
it is possible to “stay on the safe side” by using a particular dynamic trading strategy
in the underlying stock and in the money market account; see e.g. Delbaen (1992) or
El Karoui and Quenez (1995) for results on continuous processes, and Kramkov (1996) or
Follmer and Kabanov (1998) for generalisations to a general semimartingale framework.
The cost of implementing such a superhedging strategy is given by the supremum of the
expected value of the terminal payoff over all equivalent local martingale measures for the
underlying asset.

Unfortunately the concept of superhedging often leads to prices that are too high
from a practical viewpoint. For instance Frey and Sin (1997) and Cvitanic, Pham, and
Touzi (1997) show that in a typical SV-model where volatility follows an unbounded



diffusion process the cost of establishing such a superhedge for a European call option is
no smaller than the current price of the underlying stock; hence in this class of models
the cheapest superhedging strategy for a European call option is to buy the underlying
asset. Additional assumptions are therefore called for if one wants to obtain superhedging
strategies which are at least potentially of some practical interest. In this paper we restrict
ourselves to SV-models where the range of the volatility is bounded. Under this additional
assumption we are able to obtain “nontrivial” superhedging strategies for a large class of
derivatives whose payoff may even be path-dependent. These strategies are universal in
the sense that they depend only on the bounds we impose on the volatility and not on a
particular parametric model for the volatility dynamics. We characterize the value process
of our superhedging strategy by an optimal stopping problem in the context of the Black-
Scholes model. Roughly speaking our result can be phrased as follows: the value of a
superhedging strategy for a Furopean type derivative under stochastic volatility equals
value of a corresponding American type derivative under constant volatility. In particular
one can draw on standard numerical methods for the pricing of American type securities
to implement our approach. The proof is based on probabilistic arguments. Our main
tools are the optional decomposition theorem of El Karoui and Quenez (1995) and the
results on time-change for continuous martingales.

In practice it may be impossible to determine finite bounds on asset price volatility
which hold true with certainty. In those cases we interprete our volatility band as confi-
dence interval for the range of the future volatility. By construction the success-set of our
strategy — the set where the terminal value of the hedge portfolio is no smaller than the
the payoff of the derivative — contains all asset price trajectories with volatility lying in
the volatility band. Moreover, our approach is relatively robust: if the actual volatility
exceeds one one of the volatility bounds by a small amont the resulting loss will typically
be small. Recently Follmer and Leukert (1998) have developed a general theory of super-
hedging with a given success probability. In their approach the success set is endogenously
determined; it minimizes the superhedging cost over all strategies with a given success
probability. This yields a very elegant theory. However, by construction the terminal
value of the hedge portfolio is zero on the complement of the success-set. Hence in the
approach of Follmer and Leukert the occurrence of an event belonging to the complement
of the success-set may immediately lead to large losses.

It is important to know, if for a given parametric SV-model superhedging strategies
can be constructed which are less expensive than our universal superhedging strategy.
In Section 3 we study this question for a particular class of SV-models where volatility
follows a one-dimensional diffusion. Most parametric models from the financial literature
belong to this class. We show that our universal superhedging strategy is in fact the
minimal superhedging strategy, provided that the bounds on volatility are sharp and that
the lower volatility bound is zero. This generalizes the main result of Frey and Sin (1997);
it extends also certain results of Cvitanic, Pham, and Touzi (1997) to path-dependent
derivatives.

In most of the previous work on superreplication in SV-models with bounded volatil-
ity the superhedging cost is characterized by a terminal value problem involving a —
typically nonlinear — parabolic PDE. Important examples of this work are El Karoui,
Jeanblanc-Picqué, and Shreve (1998), Avellaneda, Levy, and Paras (1995) and Lyons
(1995). In Section 4 we therefore discuss under which conditions the value function of our
superhedging strategy can be characterized in terms of some nonlinear parabolic PDE.
This gives us also information on the minimality of our universal superhedging strategy
in models where the lower volatility bound is strictly positive.

In order to illustrate our approach to superhedging we compute in Section 5 for certain



example the value function of our strategy. We present simulations for the superreplication
cost of a call spread and compare our results to those of Avellaneda, Levy, and Paras
(1995). We give analytic results on the superhedging cost for a particular barrier option,
namely the down-and-out call option. Finally we present an example that shows how
static positions in traded derivatives can be used for a reduction of the superhedging cost,
an idea which is explored more systematically in Avellaneda and Paras (1996).

2 Superreplication strategies and optimal stopping

2.1 The general stochastic volatility model

We consider a frictionless financial market with continuous security trading where some
risky asset S (the stock) and a riskless money market account B are traded. In our
model the short rate of interest is given by some constant » > 0 such that B, = exp(rt).
Throughout our analysis we fix some filtered probability space (2, F, (F;), P) with (F;)
satisfying the usual conditions, with some Brownian motion W; defined on it. For the
purposes of this paper it is legitimate to assume that P is already a risk-neutral measure
for S.

Assumption 1. S follows a general stochastic volatility model, i.e. it solves the SDE
dSt = St(O'tth + ’)”dt) (21)
for a predictable process ;. We assume oy > 0 and fot o2ds < oo for all t > 0.

This class of SV-models is very general. In fact, it can be shown that in every arbitrage-
free asset price model where the price process follows continuous trajectories with abso-
lutely continuous quadratic variation the asset price dynamics are of the form (2.1); see
for instance Gallus (1996). Obviously Assumption 1 is satisfied by most SV-models from
the financial literature where volatility is assumed to follow a one-dimensional diffusion;
see Section 3 for examples.

Fix some maturity date 7. By Z; := ¢"(T~%S, we denote the price of the forward
contract on S with maturity 7. The following set of probability measures () equivalent to
P on (Q, Fr) will be important:

M :={Q|Q ~ P and (Z;)o<i<7 is a Q-local martingale} .

For further use we also define the process M; := f[f osdWs. M is a continuous local

martingale under all ) € M€ with quadratic variation (M), = fot o2ds. By Ito’s formula
S is given by S, = Sy exp(rt + M; — 1(M),).

2.2 Construction of Superreplication Strategies via Optimal Stopping

We start with some notation. For a process X which is cadlag we put

min ,__ : max ,__
X[O,t] = Orélslgt X and X[U,t} = Orgsa%(t X.
Let (F;) be a filtration on some probability space (2, F, P) and 7, and 79 be F-stopping
times such that 71 < 7 a.s.. We denote by F,, ., the set of all F-stopping times 7 with
71 <7 < 79 a.s.. By B we denote the canonical filtration on C[O,oo)'

We consider the following class of contingent claims:



Assumption 2. The payoff H of the contingent claim is of the form
H=f (ZT, Zin, zgﬁﬁ) (2.2)

; . T3 - min 77max :
for some function f : R — R such that the process f; := f (Zth[o,t}’Z[o,t] >0StST s

bounded below and cadlag.

REMARK 2.1. This class of payoffs comprises all path-independent options. Most common
path-dependent options also satisfy Assumption 2, if we assume that the payoff is defined
as a function of the forward price Z of the stock. For instance the payoff of barrier options
with barrier condition imposed on Z is of the form (2.2). Note that the payoff of a portfolio
of derivatives where each individual contract is of the form (2.2). is again of this form.
This facilitates the application of our method to portfolios of derivatives.

Definition 2.2. Consider a contingent claim with maturity date T and payoff H which
is bounded below. A dynamic trading strategy (&, m¢)o<i<r in stock and bond is a super-
replicating strategqy for H if

(i) The strategy is admissible, i.e. £ is predictable, n is adapted and the value process
Vi = &Sy + i By is bounded below.

(ii) The terminal value Vi of the strategy equals H. Moreover, the cost process associated
with the strategy is nonincreasing, i.e. we have for all 0 <t < T the representation

t t
Vi = Vp+ / nar Bds + / £,dS, + Cy (2.3)
0 0

for an non-increasing process C' = (Cy)o<i<T with Cy = 0.

We make the following assumption on th easset price dynamics.

Assumption 3. There are constants omin and omax such that 0 < omin < 0 < Omax < 00
for allt > 0.

REMARK 2.3. The numbers opin and omax reflect expectations about future volatility.
For instance one could use econometric techniques in order to obtain an estimate for the
distribution of historical volatility and choose omin and omax as some lower respectively
upper quantile of this distribution; in that case the interval [opin, Omax| can be interpreted
as confidence interval for the future volatility. If there is a liquid market for derivative
instruments on S, one could alternatively obtain o,in and oyax from extreme past values
of the implied volatilities of these contracts. In either case the volatility band should
be wide enough to ensure that current implied volatilities of liquidly traded derivatives
are contained in the band. Otherwise the use of static positions in these instruments as
additional hedging tool might lead to inconsistencies; cf Section 5.2.

Now we can state our main result. Consider a claim H satisfying Assumption 2.
Denote by R, the law of the solution of the SDE dU; = U,dW; with initial value Uy = z.
For two numbers 0 < 0 <7 < oo with o < co we define a function V* : [0,7T] x Ri —R
via

V*(t,z,m,m;0,7) = esssup {Ef“ {f(U,,, m A U[Om,i,fﬁ, mVUg,) |, vE BEQ(Tft)’Ez(Tft)} .
(2.4)



Theorem 2.4. Suppose that Assumptions 1 and 3 hold for S and that H satisfies As-
sumption 2. Then the process V* defined by

V) = e OOV (8 20, 2308, 28 O, O
15 the value process of a superreplicating strategy for H.

COMMENTS:

V* has an obvious interpretation as price of an American type derivative with partial
exercice feature in a standard Black-Scholes model with volatility equal to one and interest
rate equal to zero. Wider volatility bounds in Assumption 3 lead to a larger time window
for the exercice of this American-type security. In the special case omin = Omax = 0, 1.€. in
a model without volatility uncertainty, the exercice region contains only the deterministic
stopping time v = ¢%(T — t) and V}* equals the Black-Scholes price of the derivative.

Consider a payoff of the form H = f(Sr) for some convez function f. By Jensens
inequality we get for any stopping time v € By2 (p_y 2 (7

EF[f(U)] = EEF[f (BF U2 0 o|B))] < EF[f(Usz 7 4)]-

It follows that the sup in (2.4) is attained by taking v = 02, (T —t). Hence V;* equals the
price of a derivative with payoff f(S7) in a Black-Scholes model with volatility omax, a
result first obtained by El Karoui, Jeanblanc-Picqué and Shreve; see El Karoui, Jeanblanc-

Picqué, and Shreve (1998).

If H is of the form H = f(S7) the function V* can be computed using the standard
binomial model of Cox, Ross, and Rubinstein (1979). If one is dealing with path-dependent
payoffs some algorithm for the pricing of American path-dependent options such as the
forward shooting grid method of Barraquand and Pudet (1996) must be used.

Note that the superreplication cost V* is subadditive, i.e. the superhedging cost
corresponding to a portfolio of two payoffs is no larger than the sum of the superreplication
costs of the two individual payoffs. In order to keep the superreplication cost low the
method should therefore be applied to large portfolios rather than to individual derivatives.
Finally, we would like to mention that our approach can easily be adapted to accommodate
portfolios of claims with different maturity dates; see also Avellaneda, Levy, and Paras
(1995). Consider the case of two claims H' and H? with — for notational simplicity
path-independent — payoffs f!(S7,) and f?(S7,) and maturity dates 77 > T,. Denote
by V*!(Sr,) the value at time T, of the superreplicating strategy for H!. Define a new
claim H with maturity date T, and payoff given by H = f2(Sy,) + V*1(Sz,). Obviously,
a superreplicating strategy for H, which can be computed from Theorem 2.4, induces a
superreplicating strategy for the portfolio consisting of the claims H' and H?.

2.3 Proof of Theorem 2.4

We start by a short discussion of the main idea behind the result. It is well known from
the optional decomposition theorems of Delbaen (1992), El Karoui and Quenez (1995) or
Kramkov (1996) that after discounting the ask price of a contingent claim H (the value
of the cheapest superreplicating strategy for H) is given by H := sup{E®[H], Q € M*}.
Consider some — for notational simplicity path-independent — payoff H = f(S7) and
let moreover ¢ = 0. Then we have for every Q € M*:

EC[f(Sr)] = E°[f(Zr)] = E°[f(Zo exp(Mr — 1/2(M)7))].



By changing the volatility oy for ¢ > T if necessary we may assume that limy_, o (M); = 00
P-a.s. Now define the increasing process A; via

A= A(t) :==1inf{s >0: (M)s > t}.

Note that under our assumptions on the volatility the mapping ¢t — (M), is P-a.s. a bijec-
tion from [0, 00) onto itself with inverse mapping given by A. Now Levy’s characterization
of Brownian motion implies that the process B; := M4, is a Brownian motion relative
to the new filtration G, = Fa, and My = Byy,, see e.g. Chapter 3.4 of Karatzas and
Shreve (1988). Moreover (M) is a G-stopping time which takes its values in the interval
[02. T, 02,..T] by Assumption 3. Hence we get

min max

EC[f(S7)] = E°[f(Zy exp(Bny, — 1/2(M)1))]
< esssup { E[f (Zoexp(B, —1/2v))], v €G> 142 7} (2.5)

By the strong Markov property of Brownian motion the value function of the optimal
stopping problem (2.5) is independent of the particular filtered probability space on which
B is defined and equal to V*(0, Zy). Hence the ask price of H is no larger than V*(0, Sp).

REMARK 2.5. It is easily seen that the above argument extends to the case where oy =
oo and to path-dependent payoffs that satisfy Assumption 2. Hence for every such claim
and every 0 <t < T the ask price is no larger than

VE(t) = e (T-077 (t, Zy, 2388 235 01, oo) _

Theorem 2.4 would follow from the previous estimates if under Assumptions 3 and 2
H was actually equal to V*; in that case Theorem 2.1.1 of El Karoui and Quenez (1995)
would imply that V* was a ()-supermartingale for all () € M®. Theorem 2.3.1 of the same
paper or Theorem 2.1 of Kramkov (1996) then yields that V* has a decomposition of the
form

t
V(120 2555 Z) = Vi + /0 ¢sdZs + C, (2.6)

for an decreasing process C' with Cy = 0. Hence Ité’s formula implies that

t

t t
V*(t) :V*(0)+/ TV*(s)ds—l—/O £sasSSdWs+/0 exp(—r(T — s))dC,

0
which is easily seen to be of the form (2.3). Moreover, V*(T') is obviously equal to H such
that £ and V* form a superreplicating strategy.

As shown in Sections 3 and 4 below, the equality H = V* holds true for a large class
of general SV-models but is wrong in general. To complete the proof of Theorem 2.4 we
therefore need the following

Proposition 2.6. The process v* (t, Ly, 2P Zmax

[O’iﬂa [O’t])0<t<T’ is a @Q-supermartingale for
all Q) € M°. =r=

PROOF OF PROPOSITION 2.6: Define for every 0 < ¢ < T positive random variables
7—Il’lln(t) and Tmax(t) Via,

Tmin(t) == A(02,:, (T — t) + (M);) and Tmax(t) := A(02 (T —t) + (M),). (2.7)

max



Lemma 2.7 below shows that 7min(t) and Tmax(t) are F-stopping times. Moreover, ¢ <
Tmin(t) < Tmax(t) P-a.s. Now fix some @ € M€ and define a process JtQ via the following
optimal stopping problem

J2 := ess sup{ E9[f, | Fils T € Forpn(t)rman(t) } - (2.8)

The proof now consists of two steps:

STEP 1: JtQ is a ()-supermartingale.
To prove the supermartingale property note first that the set of stopping times
T rmin (£)ymmax (1) 18 shrinking as ¢ increases. We get that

Tmin

o Tuinlt) = (00T~ 1) + (M) (0%, + ) 2 0,
o Tnan(t) = A (T~ 1)+ (M)) (0% + 07) <

The inequalities follow as A’ > 0 and as (—o?2
Assumption 3. Now let £ > s. We get that

+02) > 0 and (—02,, +0?) <0 by

min

EQ[JtQ ‘ fs] = EQ [ess Sup{EQ[fT ‘ ‘7:tj| TE f

Tmm( Tma,x
©

:) ess sup{EQ [fr ‘ Fs], T € mem( t), Tmax(t)}

0} | 7l

()
< ess sup{EQ [fq- ‘ f , T € FTmln(s),Tma,x(s)}
=JO.

Here the equality (i) follows for instance from Theorem 2.5.1 in Wong (1996), inequality
(ii) follows as F. . (1) rmax(t) © Frumin(s),rmax(s) fOT > 5.

STEP 2: JtQ is independent of @) and given by v* (t, Zy, Zmin Zmax).

[0,¢]> ~[0,]

For notational simplicity we treat only the case ¢ = 0. We want to write J[? in a different
way using the time change introduced in the beginning of the proof. Define the process
U via Uy = Zp exp(B; — 1/2t), where By = M (4 is Q-Brownian motion. We have

Zi=Upry,> Ziog = Uiy, and Z5 = Ui, - (2.9)
By (2.9) we get that
Ef,]= B9 | (Uan, U Ui |

for every F-stopping time 7. The following Lemma shows that the mapping 7 — (M),
is a leeCtIOH from .7-}

mm( );Tmax

T):

(0) Onto Go2 1 52 7, the set of all G-stopping times taking
values in [02. T, o2

mln max
Lemma 2.7. Let 7 be an F-stopping time. Then v(1) := (M), is a G-stopping time.
Conversely, if v is a G-stopping time, T(v) := A, is an F-stopping time.
Using this Lemma we can write JUQ in a different way:

JUQ = ess sup {EQ {f(U,,, U[Om,i;j, Uﬁi’f)] ,VE g[,;zan fffnaxT} .

The equality JOQ = ‘N/U* now follows as U is a (Q-geometric Brownian motion with zero drift,

initial value Uy = Z; and volatility equal to one, compare the arguments after equation
(2.5).



PrROOF OF LEMMA 2.7: Let 7 be an F-stopping time. Then we have for any ¢y > 0

(@)
(M), <to} ={1 < Ay} C fAtO =Gy ,

where (i) follows as 7 and Ay, are F-stopping times. Conversely, as (M), is a G-stopping
time we have for any G-stopping time v

{4, <t} = {v < (M)} C Gy, = F

which proves that A, is an F-stopping time. [J

3 Minimality of our superhedging strategies

In this section we study under which conditions the superhedging strategy constructed in
Theorem 2.4 is actually the minimal superhedging strategy. To analyze this question we
have to introduce additional assumptions on the probabilistic structure of the volatility
process. We are particularly interested in the case where the volatility follows a one-
dimensional diffusion. We therefore make

Assumption 4. We assume that S satisfies the equations

dS; = Sy(jos|2awW V) + rdt) (3.1)
dvy = a(v)dt + 1 (v) AW, + o (0)dW 2 (3.2)

for Wy = (Wt(l), t(Q)) a standard twodimensional Wiener process on (2, F, P), (Ft)ier+-
We assume that the coefficients are such that the vector SDE (3.1), (3.2) has a non-
exploding and strictly positive solution.

Theorem 3.1. Suppose that S is given by a SV-model satisfying Assumption 4. Assume
moreover that there is some 0 < omax < 00 such that

(i) The real functions a,ni,n are locally Lipschitz on (0,02,.); b(z) :== \/n?(z) + n3(x)
belongs to C1((0, omax))-

(ii) m2(v) > 0 for all v € (0,02,,5)-

(1i1) 0 < 0y := \/v; < Omax, where the last inequality is of course strict for oymax = 00.
Then for every claim H = f (ZT, Z[%l,ijrl], ZE&%) satisfying Assumption 2 the value process

of the minimal superhedging strategy is given by

VE(t) = e T OV (4, 7, Z508, Z05 0, 0ma ), 0<E<T. (3.3)

COMMENTS:

The above class of volatility models contains the models considered by Wiggins (1987),
Hull and White (1987) or Heston (1993) as special cases. Note that we allow for nonzero
11 and hence for nonzero correlation between volatility innovations and asset returns.
Hypothesis (ii) ensures that volatility innovations and asset returns are not perfectly
correlated which in turn implies that the market is incomplete. Moreover, this hypothesis
ensures that for all ¢ > 0 and all 0 < Ky < K3 < omax we have that Plo; < Ki] > 0
and Plo; > K| > 0, i.e. the open interval (0, oax) is contained in the range of o, for all
t>0.



Consider models with unbounded volatility, i.e. omax = 00. Applying Theorem 3.1
to ordinary call options we get that in a large class of SV-models where the volatility
follows a one-dimensional diffusion the ask price of a call option is equal to Sy, the current
price of the stock. This is the main result of Frey and Sin (1997). For a large class of
Markovian SV-models with unbounded volatility and for payoffs of the form H = f(Sy)
the characterization of the ask price by the optimal stopping problem (2.4) has been
obtained previously by Cvitanic, Pham, and Touzi (1997). Their approach is based on
the characterization of the ask price as viscosity supersolution to the Bellman equation
corresponding to the infinitesimal generator of the process S. Using that characterization
they conclude that the ask price is given by the smallest concave majorant f* of f. In
Lemma 5.4 of their paper it is moreover shown that the solution to the optimal stopping
problem (2.4) is equal to f*. This result stems from two facts, first from the well-known
characterization of the solution to (2.4) as smallest superharmonic majorant of f and
second from the observation that concave functions are superharmonic for U by Jensen’s
inequality and the martingale property of U.

As shown below, Theorem 3.1 follows from combining results from Frey and Sin (1997)
with the following Proposition which applies to general Markovian SV-models.!
Proposition 3.2. Consider a model where S is given by a stochastic process satisfying

Assumption 1. Suppose that there is some 0 < @ < oo such that the following holds:

1. The process X = (S, 0) is a two-dimensional strong Markov family defined for all initial
values Xo = (S, 00) € R x (0,7). The corresponding family of measures will be denoted

by (Pr)zer+x(0,5)-

2. For every § > 0 and every x € RT x (0,7) there is a sequence of strictly positive density
martingales Gb" = (th’n)ogth with G(l)’n =1 such that

(i) GY" is adapted to the filtration generated by X.

(i) The process Zy = T8, 0<t<Tisalocal martingale under the probability
measures Q" defined by dQé’n/de = G;’n.

(iii) limy, 00 Qr"[(M)7 > 72(T — 8)] = 1.

3. For every compact set K CC Rt x (0,7) and every 6 > 0 there is a sequence G*" of
strictly positive density martingales G*™ = (G?’n)ogtST with G(Q)’n =1 such that

(i) G*" is adapted to the filtration generated by X .
(i) Z is a local martingale under the measures Q2™ defined by dQ%’n/de = G%’n.
(iii) limy_ye0 infrex Q2" [(M)p < 8] = 1.
Then for every claim H satisfying Assumption 2 the ask price is no smaller than
e (=] (t, Z,, 733, e, 0,6) .

PROOF OF PROPOSITION 3.2:

While the following proof is rather technical, the underlying idea is simple. We want to
show that for every G-stopping time v with v < 72T and every d > 0 there is a sequence of
Q" € Qsuch that Q"[(M)r € [v, v+6]] = 1 asn — oco. Together with the right-continuity

!The author is grateful for interesting discussions with N. Touzi and H. Pham which were very helpful
in obtaining Proposition 3.2.



of our payoffs this implies the result. To construct such a sequence of martingale measures
we first choose a sequence Q'™ of local martingale measures that put most of the mass
on trajectories with “high” volatility. As soon as (M); = v we “drive the volatility down”
using another sequence Q%" € M®. The Markov property of X allows us to construct a
sequence of measures Q" € M that combines these properties.

We now give a formal proof. By the Markov property of X it is enough to consider
the case t = 0. As mentioned above, the crucial step is the following Lemma:

Lemma 3.3. For all G- stopping times v with v < @°T and for every €,0 > 0 there is
some ) € M€ such that

QIM)rev,v+46]] >1—c¢. (3.4)

To prove Lemma 3.3 define for a given G-stopping time v a random time 7 by 7 =
A(v). By Lemma 2.7 7 is an F-stopping time. Denote by ]DD[Q0 7] the twodimensional

Skorohod space. Hypothesis 2.(i) and 3.(i) implies that the densities G*™ can be written
as functions of the trajectories of X: G}" = G*"(t; X5,0 < s < t) for some function
G [0,T] x D?) 7 — RY with

y' Lyt €DY gy, vt =47 on [0,8] = G (k') = G5 YY)

Now define an equivalent martingale measure ) € M° by

dQ

—= .=@gm T: X)G*™ (T =17 AT; O pp(X i
dP‘}“T G (T/\ ) )G ( (A ) /\T( ))7 (35)

where 6 denotes the shift operator on D?. By definition 7 = inf{t > 0, (M); > v}. Hence

QUM)r € v, v + 8] = QUM)r > vi (M)r — (M), < 4] (3.6)
— Qlr < T; ((M)r—s 00, <5)]. (3.7)

Now by definition of @ it follows that (3.7) is given by

EF [I{TST}GI’RI(T ANT; X)l{(<M> )0 Onr < 5}G2’n2 (T —7AT; HT/\T(X)):| .

T—1NT

Conditioning on F 7 we get from the strong Markov property that this is equal to
EP [LieryGY™ (1 AT; X)EX_[G*™(T — 1 AT; X); (M)p_rnr < 6]]. (3.8)
Now using that G?"2 is a martingale and that (M), is increasing we get

BY_[G*™(T =1 AT; X); (M)r—rar < 6] = EX_[GH"(T; X); (M)r_rar < 6]
> By [G¥™(T; X); (M)r < 6] .

Moreover we may obviously replace GV (1 A T; X) by GY™ (T; X) in (3.8). Hence
QUM)r € [y, v +0]] 2 B [l GV (T: X)QYI [(M)r < 4] (39)

Fix some ¢ > 0. Choose nj large enough so that QY"[r > T] < ¢/3, and choose
K cC R* x [0, 7] with QU™ [X; & K for some t € [0,T]] < ¢/3. Now choose finally for
this set K some n9 such that

QX [(M)r <8 >1—¢/3forallz € K.

10



This is possible by hypothesises 2(iii) and 3(iii). We get that (3.9) is no smaller than

EY [1erylix.exy GM™ (T5 X)QY™ (M) < 0]
> (1 ¢/3)QY [(r < T) 1 (X, € K)]
> (1—¢/3) (1 - Q" [r >T] - Q" [X; & K for some t € [0,7]] )
>(1—¢/3)(1—-2¢/3) > (1—¢).

Hence we have proven Lemma 3.3. We now show that the Proposition follows from the
Lemma. As in the proof of Theorem 2.4 we define the process Uy := Z ;). We get

H = [ (Untyrs Uiy Uiy -

Now let v be some G-stopping time. By Lemma 3.3 there exists a sequence of local
martingale measures Q" € M€ such that Q"[(M)r € [v, v+ 6] > 1 —1/n. By Assumption

2 the process t — f (Zt, Zmm - zmax

0 iﬂ, [0, is right continuous such that

i 0" [ - 1 (v, U, )

n—o0

> 5} —0 (3.10)
for all 0 > 0. Consider first the case of bounded f. It follows from (3.10) that

s Q" R min max
lim inf E<"[H] > EJ, [ f (U,,, s, U[O,V])} .
As v was arbitrary we get that supgeye ER[H] > V*(0, Zy). For unbounded but positive
f the claim now follows by monotone integration. [

PROOF OF THEOREM 3.1:

We have to show that under the assumptions of Theorem 3.1 Conditions 2 and 3 of
Proposition 3.2 are satisfied. Our argument is based on results from Frey and Sin (1997)
for models with unbounded volatility. If omax < 00 we transform our problem to the case
Omax = 00 using some smooth and strictly increasing function 1 that maps the interval
(0,02,,.) onto (0,00). By It6’s formula y; := t(v;) solves the SDE

max
dye = a(yo)dt + i (y) AW, + i ()W,
where the coefficients a, 71, 7j» and b := V/1? + 73 satisfy hypothesis (i) and (ii) of Theorem
3.1 on (0,00).
As in Frey and Sin (1997) we consider measures Q*" € M® with densities given by

2,n

dP

dQl,n
dP

1 1
= exp(nWt(Z) - EnZT) and = exp(—nWt(Q) - §n2T)

for some n € N. As 0y = \/v; and 12(v;) are strictly positive, the filtration generated by
X = (S,v) coincides with the filtration generated by (W), W), see e.g. Harrison and
Kreps (1979). Hence our density martingales are adapted to the filtration generated by
X. By Girsanov’s theorem g, is under Q%" a solution to the SDE

dyp = a(y) £ i (yf)dt + b(yp)dBy™,  yo =y (3.11)

for a new Q“"-Brownian motion B*". Now we have the following two results from Frey
and Sin (1997):

Lemma 3.4. Assume that for n € N and fori = 1,2 the SDE (3.11) has a global solution
which is strictly positive. Then the following holds:

11



(i) For every L > 0, T > 0, every initial value y > 0 and every ¢ > 0 there exists
Ny € N such that

QY [y > L for some 0 <t < T]>1—¢ for all n > Ny.

(ii) For every L >0, T >0,y >0 and € > 0 there exists Ny € N such that
QQ’” [yf <Lt for some 0 <t < T] >1—¢ for alln > Ns.

Lemma 3.5. Assume again that for n € N and for i = 1,2 the SDE (3.11) has a global
solution which is strictly positive. Then the following holds:

(i) For every L >0, T >0, and € > 0 there ezists Ny € N such that for yo = 2L

Q" [yp > L for all0 <t <T]>1—¢ for all n> No.

(ii) For every L >0, T >0 and ¢ > 0 there exist No € N such that for yo = L/2

Q> [yP < L for all0 <t <T]>1—¢ for alln > Ny.

To verify that Conditions 2.(iii) and 3.(iii) of Proposition 3.2 are implied by Lemmas
3.4 and 3.5 one now uses exactly the same arguments as in the proof of Theorem 3.1 in
Frey and Sin (1997). O

4 PDE-Characterisation of the value function V*

4.1 Previous results

In most of the previous work on superreplication in stochastic volatility models the value
process of superhedging strategies is characterized by a terminal value problem involving
some — often nonlinear — parabolic PDE. Important examples of this work are the
independent papers Avellaneda, Levy, and Paras (1995), Lyons (1995) and El Karoui,
Jeanblanc-Picqué, and Shreve (1998). These papers consider mainly path-independent
derivatives. Therefore we will concentrate on payoffs of the form H = f(Sr) for some
continuous function f. Moreover, we assume without loss of generality that r = 0 such
that V* = V*.

The main result of Avellaneda, Levy and Paras and Lyons can be stated as follows.
Suppose that S satisfies Assumptions 1 and 3 and that the terminal value problem

RV 4 242 (—oin (Y] + 02 Y] T) =0, BV(T0) = f(2) (A1)

2 min
has a solution in C'2([0,#) x RT). Then hAV(t, S;) is the value at time # of a superhedging
strategy for H. The proof is a simple application of It6’s formula: We get

T
f(Sr) = ™ (T, St) = K™V (0, Sp) + / haV(t, Sp)dS
0

T
1
+ [0+ Gt s e,

<0 by (4.1)

such that the strategy with value process hAV(t,S;) and stockholdings 2V (¢, S;) has a
representation of the form (2.3).

12



REMARK 4.1. Lyons (1995) has developed an extension of this result to markets with
more than one risky asset. Cvitanic, Pham, and Touzi (1997) prove that the terminal
value problem (4.1) admits a classical solution if o, > 0 and if the payoff is sufficiently
smooth. Moreover, they show that in a large class of SV-models of the form (3.1), (3.2)
with n2(v) > 0 for all v € (02,,,02,,) the ask price of a claim with payoff f(S7) is no
smaller than A2V (¢, S;), provided of course that a solution to (4.1) exists.

REMARK 4.2. Note that the above argument also works for functions hAY € C11([0,1) x
R™), if the space derivative hﬁv(t, +) is moreover absolutely continuous in z for every ¢. For
an extension of It6’s formula to such situations see e.g. (Krylov 1980, Theorem 2.10.1).

We now discuss the relation between V* and the nonlinear PDE (4.1). For this we
have to distinguish the cases oy, = 0 and oy > 0.

4.2 The case oy, =0

In this case the value function V* of our superhedging strategy will typically not belong
to C12([0,T) x R™), as the second derivative V¥, is usually discontinuous at the optimal
stopping boundary of the optimal stopping problem defining XN/*, see also Section 5.1
below. We therefore contend ourselves with a local result.

Proposition 4.3. Assume that omin = 0.

(i) If the value function IN/*(E, S1;0, 0max) defined in (2.4) is of class CY2 in some open
set B CC ([0,T) x RT), V* solves in B the following version of the PDE (4.1).

- 1 -
Vir(t,x) + 5(1,‘202 [VE(z)]" =0 for all (t,z) € B. (4.2)

max

(ii) Suppose that there is a solution h™Y of the terminal value problem (4.2), which
belongs to C1([0,) xRT) and whose space derivative hAV (t,-) is moreover absolutely
continuous. Then V* = hAV.,

PROOF: We start with (i). From the characterization of solutions to the optimal stopping
problem (2.4) via variational inequalities we get for all (¢,z) € B

i (4.0) & 58Vt 7) < 0 (4.3
V¥(t0) > () and V*(T,0) = f(x) (4.4

where at least one of the two inequalities must holds with equality. For a proof see e.g.
Jaillet, Lamberton, and Lapeyre (1990) or Myeni (1992). Moreover, V* is decreasing in
t, i.e. we have V;* < 0 in B(tg,z0). Choose some (ty,z9) € B. Now we distinguish two
cases.

(a) V*,(to, z9) > 0: We shall show that this implies V*(to,z0) > f(to, zo); hence equality
must hold in (4.3) which shows that (4.2) holds in this case. Assume to the contrary that
V*(to, zo) = f(to,70); in that case we must have V;*(to, 7o) = 0, as V;*(to, z9) < 0 would
yield a contradiction to (4.4). However, together with V7 (fo, o) > 0 this implies that
Vi (to, z0) + Vi (to, z0) > 0 which contradicts (4.3).

(b) Vi, (to, z0) < 0: We show that in that case V;*(to, z0) = 0, which implies the result.
Assume to the contrary that V;*(to, 7o) < 0. Hence strict inequality holds in (4.3) such
that (4.4) must hold with equality. However, together with V;*(to, 79) < 0 this contradicts
(4.4) which proves that we must have V;*(¢p,z9) = 0.
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Let us now turn to (ii). As shown before AV induces a superhedging strategy in all
SV-models satisfying Assumptions 1 and 3, hence in all models satisfying the hypothesis
of Theorem 3.1. As V* is minimal in these models we have the inequality h2V > V*. The
converse inequality is proved in (Cvitanic, Pham, and Touzi 1997, Remark 6.1).

4.3 The case oy, >0

To study the relation between V* and solutions to the nonlinear PDE (4.1) we define the
function u: RT™ x RT™ x R™ — R by

u(ty, ta, ) := esssup{ EX[f(U,)], v € By, 4,415} » (4.5)

where B denotes the canonical filtration on Cjy ). The function V* is related to u via

V*(t, % Omin, Omax) = w(025, (T — 1), (02 — 025,) (T — 1), 2) . (4.6)

min max min

Now we may express u as follows:
u(ty, to, x) = EX [esssup { EX[f(U,)|Fr]s v € Biy sty 1o} = EX[h(t2, Ury)],
where h is defined via the following standard optimal stopping problem
h(t,z) = esssup{ EX[f(U,)], v € Bo,} . (4.7)
We make the following regularity assumption on h.

Assumption 5. The function h defined in (4.7) is continuous on ([0,00) x RT) and
is of class CH1((0,00) x RT). Moreover, for every t there is a finite number of points
T1,... ,Tpp) Such that for all z € RT — {xq,... ,xn(t)} there is an open environment
B(t,z) C ((0,00) x RT) where h is twice continuously differentiable in x. Moreover the
functions hy, Thy, hye and 22he, are uniformly bounded on (0,00) x RT.

REMARK 4.4. These regularity assumptions typically hold for the value function of the
optimal stopping problem (4.7), provided that the terminal value f is sufficiently smooth;
see for instance the examples in Section 5.1.

Proposition 4.5. Suppose that oy, > 0. Under Assumption 5 we have the following
(i) u belongs to CH2((0,00) x (0,00) x RT).
(1) We have for all (t1,t2,z) € (0,00) x (0,00) x RT
ug, (t1,t2,z) = %w2um(t1,t2,$), (4.8)
wey(t1, t,0) = EF [0 U2 gy (t2, Uny)] > %xZ[um(tl,tg,x)]J“. (4.9)

Equality in (4.9) holds if and only if hyy(t2,-) is either everywhere nonnegative or
everywhere nonpositive.

(iii) IN/*(t,w;amin,amaX) satisfies the following differential inequality:
7% 1 71— 7%
Vt + §$2( - UIZnin[V:z::z:] + U?nax[vxx]—i—) <0. (4'10)

Equality holds if and only if equality holds in _(4.9), in particular for f conver on
Rt or f concave on RY. Moreover, we have V*(t,z) > bV (t,x); equality holds if
and only if (4.10) holds with equality.
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REMARK 4.6. The most important result here is (iii). This result implies that in a model
with strictly positive lower volatility bound the ask price of a derivative whose payoft is
neither everywhere convex nor everywhere concave may be smaller than V*. However, as
shown in Section 5.1, numerical values of V* and b2V are typically close to each other.

PRrOOF: Note that for ¢5 fixed u coincides with the solution of the initial value problem
. L5 ~
u(t,x) = 2% Ugs(t, ), w(0,-) = h(ta,").

Hence u is C' in ¢, C? in z and it satisfies (4.8). By Proposition 4.3 and Assumption 5
the function A solves for almost all  the PDE h; = %wQ[hm]+. Again by Assumption 5
we may exchange differentiation and expectation yielding

t(t2, Uy )]

Uty (tlv lo,x ) [
aI:{ [Utl [hl‘l‘ (t27 Utl )]+]

1
T2
% [EE (U2 hyy(t, Utl)]] , (4.11)

where the last estimate follows from Jensen’s inequality. Next we compute the derivatives
of h(te, Uy, ) with respect to x, the value of U at t = 0. We get for almost all Uy,

0? 3, U, U}
or Qh(tZaUtl) % <h (tZaUtl) ZU1> = (I;—t;hwx(tZaUtl)'

As the last expression is bounded by Assumption 5 we may exchange expectation and
differentiation and get
2

5zttt 8) = 2 B U b (t2, Un, )] -

Combining this with (4.11) we get uy, (t1,t2, z) >
equality holds if and only if equality holds in (4
to (iii). By (4.6) we get that

[tga (t1,t2,2)]T, ie. (4.9). Obviously

1.2
2%
.11), which proves (ii). Let us now turn

Ut,

* 2 2 2
‘/t = “OminWt; — (Umax - Umin)

a

~

1
22Uy — (0

/\ﬁ

+

1
S ~Oming 9 r2na.x - O—TQHiH) 5552 [’u’ﬂm]
)

1 N* — N*
= =50 (i [Vial ™+ omanl Vil )

—

which is (4.10). Here (a) follows from statement (ii) and (b) from the relation uz, = V.
The inequality V*(t z) > hAV(t, ) follows now from the maximum principle for viscosity
solutions of nonlinear parabolic PDE’s, see Remark 6.1 of Cvitanic, Pham, and Touzi

(1997). O

5 Examples and simulations

In order to illustrate our approach we now compute for certain examples the value function
V*. For simplicity we assume r = 0 throughout this section such that S = Z andV* = V*.
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5.1 Path-independent derivatives

In this section we consider path-independent derivatives whith payoff given by some func-
tion f(S7). As in Section 4 we distinguish between the cases opmin = 0 and opin > 0.

i) THE CASE Opmin = 0: In the case of unbounded volatility, i.e. omax = 00, V*is given by
the smallest concave majorant f* of f, see the comments following Theorem 3.1. Cvitanic,
Pham, and Touzi (1997) give the following description of f* as affine envelope of f:

[*(z) =inf {c > 0, 3A € R such that ¢ + A(z — z) > f(z) for all z > 0}. (5.1)

Let us now consider a call-spread with strike prices K; < K5 as more specific example;
the payoff of this derivative is given by f(z) := [z — K1]* — [z — K3|T. This payoff is
interesting in our context as it is neither everywhere convex nore everywhere concave.
Hence the superreplication price is not simply the Black-Scholes price corresponding to
one of the volatility bounds. Using the description (5.1) it is immediately seen that for
Omax = o0 the superreplicating cost is given by

Ko ?

* -
f(:E) Ko—Ky , > Ko

Ko—K; <
{ T 0<z< Ky (5.2)

For o2 < 0o we have to use numerical techniques to obtain values for V* Figure 1 shows
‘7*, the superreplication cost for a standard call-spread with K; = 90, Ko = 100, time
to maturity equal to 6 month and volatility bounds given by oy = 0 and opax = 0.4.
Observe that V* (t,2) = K9 — Ky whenever 2 > Ko, as for z > K, immediate exercice is
the optimal strategy in the stopping problem defining V.

Note that the left limit limx_ﬂ(; XN/;(t, ) must be larger than (K — K1)/Ky, as V* <

f*, the superreplicating cost for omax = 0. IN/x* is therefore discontinuous in z = Ko,
hence in particular not absolutely continuous with respect to x; compare also Figure
1. By Proposition 4.3 (ii) the terminal value problem (4.1) does therefore not admit a
classical solution.This shows that at least for oy, = 0 the PDE-approach to superhedging
is not always as straightforward as it seems at first sight.

In Figure 2 we have graphed the superhedging cost for a “call-spread” with smooth
terminal payoff f,2 time to maturity equal to 6 month and volatility bounds given by
Omin = 0 and omax = 0.4, together with the terminal payoff f. RecNall the definition of the
optimal stopping boundary B* for the stopping problem defining V*. Here B* is given by

B* = {(t,b*(t)), b*(t) = inf{z > 0, V*(t,z) = f(z)}.

We see that in the example with smooth terminal payoff we have “smooth fit”, i.e. the
space derivative V' is continuous at b*. However, the second derivative V!, is discontin-
uous at b*: On the one hand we have

lim V*(t,z) = f (b*(t)) <0.

o—b*(t)+

On the other hand it follows from the characterization of V* via variational inequalities
that V* (¢,2) > 0 whenever V(t,z) > f(); see also the proof of Proposition 4.3. The
regularity properties of this example, which are typical for optimal stopping problems
with sufficiently smooth payoff, motivate some of the hypothesises in Assumption 5.

ii) THE CASE omin > 0: We know from Proposition 4.5 (iii) that V*is typically not equal
to the ask-price of a path-independent derivative whenever the terminal payoff is of mixed

2f is given by the Black-Scholes price of a standard call-spread with K; = 90, K» = 100, time to
maturity one week and volatility 0.2.
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Figure 1: Superreplication cost for a standard call-spread with K; = 90, Ko = 100, time to
maturity 6 month and volatility bounds oy;, = 0 and oyax = 0.4.
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Figure 2: Superreplication cost for a “smooth call-spread” with terminal payoff f(x), time to
maturity 6 month and volatility bounds oy;, = 0 and opax = 0.4.

convexity. To get a feeling for the numerical size of the difference between V* and the ask-
price, which is given by the solution 24V to the terminal value problem (4.1), we computed
V* for the standard call-spread considered above. In Table 1 we present for different values
of Sy our solution V* together with values for b2V taken from Avellaneda, Levy, and Paras
(1995), assuming that the volatility is bounded by o, = 0.1 and oy = 0.4. We see
that the difference between the two functions is relatively small.

5.2 Barrier options

We now consider a particular barrier option namely a down-and-out call on the forward
price with strike price K and barrier H as example of a derivative with path-dependent
payoff. In the notation introduced in Section 2.2 its payoff is given by

f (ZT, Z[I(I)l’linw]> = [ZT — K]+1{Zmin ZH} .

[0,T]

For this particular payoff we may give an analytic expression for the superhedging strategy
V*. For our analysis we have to distinguish if H > K or if H < K.

i) THE CASE H < K: It is well-known that in this case a rational investor will never
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So 7 80 85 90 95

v 271 1392 |5.09 | 6.53 | 7.78

hAY 2.69 | 3.73 | 4.90 | 6.15 | 7.44
VF—hA [0.02 | 0.19 | 0.19 | 0.38 | 0.34

Table 1: Superreplication price for a standard call-spread with K; = 90, Ko = 100, time to
maturity 6 month, and volatility bounds iy = 0.1 and opax = 0.4. V* gives the superreplication
cost according to our approach, A4V is the solution to the terminal value problem (4.1).

exercice an American down-and-out call before maturity; see e.g. Reimer and Sandmann
(1995) for the corresponding portfolio argument. Hence our superhedging cost v+ equals
the price of the down-and-out call in a Black-Scholes model with constant volatility equal
to the upper volatility bound omax and zero interest rate, independently of opi,. This
price is well known, see e.g. Reimer and Sandmann (1995) or Chapter 9 of Musiela and
Rutkowski (1997). By Theorem 3.1 this is the ask-price for the down-and out call in a
large class of SV-models with volatility range [0, opmax]. As the optimum in the stopping
problem for V* is attained at a deterministic stopping time, the proof of Theorem 3.1
shows that V* is the ask price for the barrier option even if o, > 0.

Le us now consider the case o,x = 0. Inspection of the formula for the Black-Scholes
price of our barrier call shows that in that case V* is given by

By Theorem 3.1 this is the ask-price of the down-and-out call in most of the standard
SV-models with unbounded volatility . The corresponding hedging strategy is a buy and
hold strategy. At t = 0 we buy one share of the stock and sell H zero-coupon bonds
with maturity 7T'. If the barrier is hit the value of our position is zero and we dissolve the
portfolio immediately, otherwise we hold our position until maturity.

ii) THE CASE H > K: An elementary argument shows that for o, = 0 the function &
equals

V*(t, Zy, 250y =1, Zi — K), 5.3
independently of opay. By Theorem 3.1 this is the ask-price for the down-and-out call
in a large class of SV-models with o, = 0. Let us now look what happens if oy, > 0.
Here we have

V*(t, Zt, Z358) =g gmin > iy BS |1 f s
(t, Ze, Ziy)) {Z[O,t} > H} Zt[ {U[()m:;? @-v) = H}

min

ess sup {E[’f(g;in@_t)) [f (v, U[omfu‘i)} sV € Bo,(aéax—a;in>(T—t>}]

= ElZ{t |:1 min (U(U?nin(T - t)) - K) :| ) (5-4)
(U0 2 H)
where the last equality follows from (5.3). Obviously (5.4) and hence V* is equal to the
price of the option in a Black-Scholes model with constant volatility equal to the lower
volatility bound opi,. For an explicit formula see again Reimer and Sandmann (1995)
or Chapter 9 of Musiela and Rutkowski (1997). It is not difficult to see that V* is the
ask-price of the option in a large class of SV-models with volatility range [omin, 00).
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iii) USING “VANILLA OPTIONS” TO REDUCE THE HEDGE COST: We now present a nu-
merical example that explains how traded “vanilla options” can be used to reduce the
superhedging cost. We want to hedge a down-and-out call with strike price K = 80, bar-
rier H = 100 and time to maturity 3 month, assuming that the volatility range is given by
Omin = 0.15 and opmax = 0.4. We moreover assume that we can take arbitrary positions in
a standard call option with K = 100 and time to maturity 3 month, trading at an implied
volatility of ojmp1 = 0.3. If we do not take any position in the vanilla call the superhedging
cost for the barrier option is given by the price of the option in a Black-Scholes model
with volatility ¢ = 0.15. If we add a position of A\ standard calls to our portfolio, the
hedge cost is given by the sum ‘N/)f + AC(Sp). Here ‘7/\* represents the superhedging cost
of the payoff

min o _ + _ _ +
A (ZT, Z[O,T]> = 121 =801 L gy — A = 100]"
and C(Sp) denotes the current markety price of the vanilla call. The following table gives
the superreplication cost for A = 0 and for A = —2.5.

Superhedging cost for A = 0O: 25.7
Superhedging cost for A = —2.5: 23.6
Black-Scholes price for o = 0.225:  21.8

We see that by using a static position in the vanilla call we can achieve a drastic reduction
of our hedge cost. Our superhedging price is now much closer to the Black-Scholes price
for a “reasonable” input volatility of o = 0.225. Of course in our situation one should
choose A so that the superhedging cost of the portfolio is minimized. This idea is developed
systematically in Avellaneda and Paras (1996).
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