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Pr✐❝✐♥❣ ❍❡t❡r♦❣❡♥❡♦✉s ●♦♦❞s ✉♥❞❡r

❊① P♦st Pr✐✈❛t❡ ■♥❢♦r♠❛t✐♦♥

❍♦❧❣❡r ❍❡r❜st∗

❉❡❝❡♠❜❡r ✷✽✱ ✷✵✶✹

❚❤✐s ♣❛♣❡r st✉❞✐❡s t❤❡ r♦❧❡ ♦❢ ❡①❝❤❛♥❣❡ ♣♦❧✐❝✐❡s ❛s ❛ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛✲

t✐♦♥ ❞❡✈✐❝❡ ✐♥ ❛ s❡q✉❡♥t✐❛❧ s❝r❡❡♥✐♥❣ ♠♦❞❡❧ ✇✐t❤ ❤❡t❡r♦❣❡♥❡♦✉s ❣♦♦❞s✳ ■♥

t❤❡ ✜rst ♣❡r✐♦❞✱ ❛❣❡♥ts ❛r❡ ✉♥❝❡rt❛✐♥ ❛❜♦✉t t❤❡✐r ♦r❞✐♥❛❧ ♣r❡❢❡r❡♥❝❡s ♦✈❡r ❛

s❡t ♦❢ ❤♦r✐③♦♥t❛❧❧② ❞✐✛❡r❡♥t✐❛t❡❞ ❣♦♦❞s✱ ❜✉t ❤❛✈❡ ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t

t❤❡✐r ✐♥t❡♥s✐t② ♦❢ ♣r❡❢❡r❡♥❝❡s✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞✱ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ♣r✐✈❛t❡❧②

❧❡❛r♥s ❤✐s ♣r❡❢❡r❡♥❝❡s ❛♥❞ ❝♦♥s✉♠♣t✐♦♥ t❛❦❡s ♣❧❛❝❡✳ ❘❡✈❡♥✉❡ ♠❛①✐♠✐③✐♥❣

♠❡❝❤❛♥✐s♠s ❛r❡ ❝♦♠♣❧❡t❡❧② ❝❤❛r❛❝t❡r✐③❡❞✳ ❚❤❡② ♣❛rt✐❛❧❧② r❡str✐❝t t❤❡ ✢❡①✐✲

❜✐❧✐t② ❜❡t✇❡❡♥ t❤❡ ❣♦♦❞s ✐♥ t❤❡ s❡❝♦♥❞ st❛❣❡ ❢♦r ❝♦♥s✉♠❡rs t❤❛t ❝❛r❡ ❧✐tt❧❡

❛❜♦✉t ✇❤✐❝❤ ✈❛r✐❡t② t❤❡② ♦❜t❛✐♥ ✇❤✐❧❡ ❣r❛♥t✐♥❣ ❛❧✇❛②s t❤❡ ❢❛✈♦r✐t❡ ❣♦♦❞ t♦

❝♦♥s✉♠❡rs t❤❛t ❝❛r❡ ♠✉❝❤✳ ❚❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥ ♦❢ t❤❡ ♣❛rt✐❛❧ r❡str✐❝t✐♦♥ ♦❢

✢❡①✐❜✐❧✐t② ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ❜② ♦✛❡r✐♥❣ ▲✐♠✐t❡❞ ❊①❝❤❛♥❣❡ ❈♦♥tr❛❝ts✳ ❆

▲✐♠✐t❡❞ ❊①❝❤❛♥❣❡ ❈♦♥tr❛❝t ❝♦♥s✐sts ♦❢ ❛♥ ✐♥✐t✐❛❧ ♣r♦❞✉❝t ❝❤♦✐❝❡ ❛♥❞ ❛ s✉❜s❡t

♦❢ ♣r♦❞✉❝ts t♦ ✇❤✐❝❤ ❢r❡❡ ❡①❝❤❛♥❣❡ ✐s ♣♦ss✐❜❧❡ ✐♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞✳ ❚❤❡ ✉s❡

♦❢ ❡①❝❤❛♥❣❡ ❢❡❡s ✐♥ ❝♦♥tr❛❝ts ✐s ♥♦t ♦♣t✐♠❛❧ ❢♦r t❤❡ ♣✉r♣♦s❡ ♦❢ ♣r✐❝❡ ❞✐s❝r✐♠✲

✐♥❛t✐♦♥✳

❑❡②✇♦r❞s✿ ❙❡q✉❡♥t✐❛❧ s❝r❡❡♥✐♥❣✱ ❞②♥❛♠✐❝ ♠❡❝❤❛♥✐s♠ ❞❡s✐❣♥✱ ❤❡t❡r♦❣❡♥❡♦✉s

❣♦♦❞s

❏❊▲ ❝♦❞❡s✿ ❉✹✷✱ ❉✽✷✱ ▲✶✷

∗❇♦♥♥ ●r❛❞✉❛t❡ ❙❝❤♦♦❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ❉❡♣❛rt♠❡♥t ♦❢ ❊❝♦♥♦♠✐❝s✱ ❯♥✐✈❡rs✐t② ♦❢ ❇♦♥♥✱ ❑❛✐s❡rstr❛ÿ❡
✶✱ ✺✸✶✶✸ ❇♦♥♥✱ ●❡r♠❛♥②✱ ❤♦❧❣❡r✳❤❡r❜st❅✉♥✐✲❜♦♥♥✳❞❡✳ ■ ✇✐s❤ t♦ t❤❛♥❦ ●✐❛❝♦♠♦ ❈❛❧③♦❧❛r✐✱ ❆♥❞r❡❛s
❑❧❡✐♥❡r✱ ❉❛♥✐❡❧ ❑rä❤♠❡r✱ ▼❛rt✐♥ P♦❧❧r✐❝❤✱ ❇❡♥❥❛♠✐♥ ❙❝❤✐❝❦♥❡r✱ ❱❛s✐❧✐❦✐ ❙❦r❡t❛ ❛♥❞ s❡♠✐♥❛r ♣❛rt✐❝✐✲
♣❛♥ts ❛t ❇♦♥♥✱ t❤❡ ❙♣r✐♥❣ ▼❡❡t✐♥❣ ♦❢ ❨♦✉♥❣ ❊❝♦♥♦♠✐sts ✭❱✐❡♥♥❛✮✱ t❤❡ ❊❊❆✲❊❙❊▼ ✭❚♦✉❧♦✉s❡✮✱ ❛♥❞
t❤❡ ❇■●❙❊▼ ❲♦r❦s❤♦♣ ♦♥ ❊❝♦♥♦♠✐❝ ❚❤❡♦r② ✭❇✐❡❧❡❢❡❧❞✮ ❢♦r ❤❡❧♣❢✉❧ ❝♦♠♠❡♥ts ❛♥❞ s✉❣❣❡st✐♦♥s✳

✶



✶ ■♥tr♦❞✉❝t✐♦♥

■♥ ♠❛♥② s✐t✉❛t✐♦♥s✱ ✜r♠s ❝♦♥tr❛❝t ✇✐t❤ ❝♦♥s✉♠❡rs t❤❛t ❦♥♦✇ ❛❜♦✉t t❤❡✐r ❞❡s✐r❡ t♦ ❜✉②

❛ ❝❡rt❛✐♥ ❦✐♥❞ ♦❢ ❣♦♦❞✱ ❜✉t ❧❡❛r♥ ✇❤✐❝❤ ✈❛r✐❡t② t❤❡② ❢❛✈♦r ♦♥❧② ❧❛t❡r✳ ❆♥ ❡①❛♠♣❧❡ ✐s

t❤❡ s❛❧❡ ♦❢ t✐❝❦❡ts ❢♦r tr❛♥s♣♦rt❛t✐♦♥ ♠❡❛♥s ❧✐❦❡ ♣❧❛♥❡s✱ ❜✉s❡s✱ tr❛✐♥s✱ ♦r s❤✐♣s ✇❤❡♥ t❤❡

❝✉st♦♠❡r✬s ❢❛✈♦r✐t❡ ❞❡♣❛rt✉r❡ t✐♠❡ ✐s ✉♥❝❧❡❛r✳ ❋✉rt❤❡r ✐♥st❛♥❝❡s ✐♥❝❧✉❞❡ t❤❡ s❛❧❡ ♦❢ ❡①✲

♣❡r✐❡♥❝❡ ❣♦♦❞s ✇❤❡♥ t❤❡r❡ ❛r❡ s❡✈❡r❛❧ ✈❛r✐❡t✐❡s t❤❛t ❞✐✛❡r ✐♥ ❛ ♣r♦❞✉❝t ❢❡❛t✉r❡ ❛s ✇❡❧❧

❛s ✈❛r✐♦✉s ♣r♦❝✉r❡♠❡♥t s❡tt✐♥❣s ✐♥ ✇❤✐❝❤ t❤❡ ❝♦♥tr❛❝t♦r✬s ❢❛✈♦r✐t❡ ❞❡❧✐✈❡r② t✐♠❡ ♦❢ t❤❡

❣♦♦❞ ♦r s❡r✈✐❝❡ ✐s ✉♥❝❡rt❛✐♥✳ ❋✐r♠s r❡❛❝t t♦ t❤✐s ✉♥❝❡rt❛✐♥t② ❜② ❞❡s✐❣♥✐♥❣ ❡①❝❤❛♥❣❡ ♣♦❧✐✲

❝✐❡s t❤❛t ❛r❡ ♣❛rt ♦❢ t❤❡ s❛❧❡s ❝♦♥tr❛❝t✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❛✐r❧✐♥❡ ✐♥❞✉str② ❝♦♥s✉♠❡rs

❛r❡ t②♣✐❝❛❧❧② ♦✛❡r❡❞ ❝♦♠♣❛r❛t✐✈❡❧② ❝❤❡❛♣ t✐❝❦❡ts✱ ✇❤✐❝❤✱ ❤♦✇❡✈❡r✱ t✐❡ t❤❡ ❝✉st♦♠❡r t♦ ❛

s♣❡❝✐✜❝ ✢✐❣❤t ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡s❡ t✐❝❦❡ts ❡♥t❛✐❧ ❝❡rt❛✐♥ r❡str✐❝t✐♦♥s r❡❣❛r❞✐♥❣ r❡❢✉♥❞

❛♥❞ ❡①❝❤❛♥❣❡✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ♠♦r❡ ✢❡①✐❜❧❡ t✐❝❦❡ts ❢♦r t❤❡ s❛♠❡ ✢✐❣❤t ❛r❡ ♦✛❡r❡❞ ❛t ❛

❤✐❣❤❡r ♣r✐❝❡✳

❚❤✐s ♣❛♣❡r ✐❞❡♥t✐✜❡s ❛ ❝♦♠♠♦♥ str✉❝t✉r❡ ✐♥ t❤❡ s✐t✉❛t✐♦♥s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ❛♥❞ ✉s❡s ✐t

t♦ ♣r♦✈✐❞❡ ❛ t❤❡♦r② ♦❢ ❡①❝❤❛♥❣❡ ♣♦❧✐❝✐❡s ❜❛s❡❞ ♦♥ ✐♥t❡rt❡♠♣♦r❛❧ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥✳

❚❤❡r❡❜② ✐t ❝♦♥tr✐❜✉t❡s t♦ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ s❡q✉❡♥t✐❛❧ s❝r❡❡♥✐♥❣ t❤❛t t♦ t❤❡ ♣r❡s❡♥t ♣r✐✲

♠❛r✐❧② st✉❞✐❡s t❤❡ ❞❡s✐❣♥ ♦❢ r❡❢✉♥❞ ♣♦❧✐❝✐❡s✳✶ ❚②♣✐❝❛❧❧②✱ t❤❡s❡ ♣❛♣❡rs st✉❞② t❤❡ s❛❧❡ ♦❢

❤♦♠♦❣❡♥❡♦✉s ❣♦♦❞s t♦ ❝✉st♦♠❡rs t❤❛t ❧❡❛r♥ t❤❡✐r ✈❛❧✉❛t✐♦♥s ❢♦r t❤❡ ❣♦♦❞ ❣r❛❞✉❛❧❧② ♦✈❡r

t✐♠❡✳ ❚♦ ❝❛♣t✉r❡ t❤❡ ♠♦t✐✈❛t❡❞ t②♣❡ ♦❢ s✐t✉❛t✐♦♥✱ ■ ❝♦♥s✐❞❡r ❛ ✜r♠ ✇❤✐❝❤ ♠❛② ♦✛❡r ❛ s❡t

♦❢ ❤♦r✐③♦♥t❛❧❧② ❞✐✛❡r❡♥t✐❛t❡❞ ❣♦♦❞s✳ ❚❤✐s ✐♥tr♦❞✉❝❡s ❛ ♥❡✇ ❞✐♠❡♥s✐♦♥ ✐♥t♦ t❤❡ ♠♦♥♦♣✲

♦❧✐st✬s ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ❡♥❛❜❧❡s ♠❡ t♦ ❛❞❞r❡ss ❛♠♦♥❣ ♦t❤❡rs t❤❡ ❢♦❧❧♦✇✐♥❣

q✉❡st✐♦♥s✿ ❲❤❛t ❞r✐✈❡s ✜r♠s t♦ s❡t ✉♣ ♠❡♥✉s ♦❢ ❝♦♥tr❛❝ts t❤❛t ❣✐✈❡ ❝♦♥s✉♠❡rs ❞✐✛❡r✲

✐♥❣ ✢❡①✐❜✐❧✐t② ❜❡t✇❡❡♥ t❤❡ ❣♦♦❞s❄ ❲❤② ❞♦ ✇❡ ♦❜s❡r✈❡ ❝♦♥tr❛❝ts t❤❛t ♣❛rt✐❛❧❧② r❡str✐❝t

❝❤❛♥❣❡s ❜❡t✇❡❡♥ ❣♦♦❞s❄ ❍♦✇ ✐s t❤❡ r❡str✐❝t✐♦♥ ♦❢ ✢❡①✐❜✐❧✐t② ♦♣t✐♠❛❧❧② ❞❡s✐❣♥❡❞ ✕ t❤r♦✉❣❤

❢❡❡s✱ ✐♥t❡r❞✐❝t✐♦♥ ♦r ♦t❤❡r ♠❡❛♥s❄ ❉♦ ✇❡ ♥❡❡❞ t♦ tr❡❛t ♣r♦❞✉❝t ❡①❝❤❛♥❣❡ s❡♣❛r❛t❡❧② ❢r♦♠

♣r♦❞✉❝t r❡t✉r♥ ♦r ❝❛♥ ♦♣t✐♠❛❧ ❡①❝❤❛♥❣❡ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ❜② r❡❢✉♥❞ ♣♦❧✐❝✐❡s❄

■ ❝♦♥s✐❞❡r ❛ r❡✈❡♥✉❡ ♠❛①✐♠✐③✐♥❣ ✜r♠ ✇❤✐❝❤ ♠❛② ♦✛❡r ❤♦r✐③♦♥t❛❧❧② ❞✐✛❡r❡♥t✐❛t❡❞ ❣♦♦❞s

t♦ ❝♦♥s✉♠❡rs ✇✐t❤ ✉♥✐t ❞❡♠❛♥❞ ❛♥❞ s✐♥❣❧❡✲♣❡❛❦❡❞ ♣r❡❢❡r❡♥❝❡s✳ ❈♦♥s✉♠❡rs ❧❡❛r♥ t❤❡✐r

✈❛❧✉❛t✐♦♥s ❢♦r t❤❡ ❣♦♦❞s ✐♥ t✇♦ st❛❣❡s✳ ■♥ t❤❡ ✜rst ♣❡r✐♦❞ ✲ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛❧❧❡❞ ❡①

❛♥t❡ st❛❣❡ ✲ ❛❣❡♥ts ❛r❡ ✉♥❝❡rt❛✐♥ ❛❜♦✉t t❤❡✐r ❢❛✈♦r✐t❡ ♣r♦❞✉❝t✱ ❜✉t ❞✐✛❡r ✐♥ t❤❡ ♣r✐✈❛t❡❧②

❦♥♦✇♥ ✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❢❛✈♦r✐t❡ ✈❛r✐❡t② ❛♥❞ t❤❡ r❡❧❛t✐✈❡ ✈❛❧✉❛t✐♦♥ ❧♦ss ♦❢ ♦❜t❛✐♥✐♥❣ ♥♦♥✲

❢❛✈♦r✐t❡ ♣r♦❞✉❝ts✳ ❚❤✐s ♠❡❛♥s t❤❡ ❝♦♥s✉♠❡rs ❛r❡ ✉♥❝❡rt❛✐♥ ❛❜♦✉t t❤❡✐r ♦r❞✐♥❛❧ ♣r❡❢❡r✲

❡♥❝❡s ❛♠♦♥❣ t❤❡ ❣♦♦❞s✱ ❜✉t ❤❛✈❡ ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡✐r ✐♥t❡♥s✐t② ♦❢ ♣r❡❢❡r❡♥❝❡s✳

✶❚❤❡ ❝❛♥♦♥✐❝❛❧ ❝♦♥tr✐❜✉t✐♦♥ ✐s ❈♦✉rt② ❛♥❞ ▲✐ ✭✷✵✵✵✮✳ ❋✉rt❤❡r r❡❢❡r❡♥❝❡s ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡
♣❛rt✳

✷



■♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞✱ t❤❡ ❛❣❡♥ts ♣r✐✈❛t❡❧② ❧❡❛r♥ ✇❤✐❝❤ ♣r♦❞✉❝t t❤❡② ♣r❡❢❡r ♠♦st✱ ✇❤✐❝❤

♠❡❛♥s ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ♣r✐✈❛t❡❧② ❧❡❛r♥s ❤✐s ❝♦♠♣❧❡t❡ ♣r❡❢❡r❡♥❝❡s✱ ❛♥❞ ❝♦♥s✉♠♣t✐♦♥ t❛❦❡s

♣❧❛❝❡✳

■♥ t❤❡ ❛✐r❧✐♥❡ ❡①❛♠♣❧❡✱ t✐❝❦❡ts ❛r❡ ❞✐✛❡r❡♥t✐❛t❡❞ ❜② t❤❡ ❞❡♣❛rt✉r❡ t✐♠❡ ♦❢ t❤❡ ✢✐❣❤t ❛♥❞

tr❛✈❡❧❡rs ✐♥✐t✐❛❧❧② ❞♦ ♥♦t ❦♥♦✇ t❤❡ ❞❡♣❛rt✉r❡ t✐♠❡ t❤❡② ✇✐❧❧ ❛❝t✉❛❧❧② ♥❡❡❞✳ ❆ tr❛✈❡❧❡r✬s

♣r❡❢❡r❡♥❝❡ ✐♥t❡♥s✐t② ✐s t❤❡ ❝♦st ❢r♦♠ ✢②✐♥❣ ♦✛ t❤❡ ❢❛✈♦r✐t❡ ❞❡♣❛rt✉r❡ t✐♠❡✱ ✇❤✐❝❤ ❝❛♥

♥❛t✉r❛❧❧② ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ❛ ♠❡❛s✉r❡ ♦❢ ✢❡①✐❜✐❧✐t② ✐♥ t❡r♠s ♦❢ t✐♠❡✳ ❖♥❧② s✉❜s❡q✉❡♥t❧②✱

❜✉t ❜❡❢♦r❡ ✢②✐♥❣✱ t❤❡ ❝✉st♦♠❡rs ❧❡❛r♥ t❤❡✐r ❢❛✈♦r✐t❡ ❞❡♣❛rt✉r❡ t✐♠❡✳ ■♥ t❤❡ ❢r❛♠❡✇♦r❦

♦❢ t❤❡ ♣✉r❝❤❛s❡ ♦❢ ❡①♣❡r✐❡♥❝❡ ❣♦♦❞s✱ ✈❛r✐❡t✐❡s ❛r❡ ❞✐✛❡r❡♥t✐❛t❡❞ ❜② s♦♠❡ ♣r♦❞✉❝t ❢❡❛t✉r❡

❧✐❦❡ ❝♦❧♦r ♦r s✐③❡✳ ❲❤❡♥ ❜✉②✐♥❣ ❛ ❣♦♦❞ ✐♥ ❛ st♦r❡ ✇❤✐❝❤ ♥❡❡❞s t♦ ❜❡ ❡①♣❡r✐❡♥❝❡❞ ❛t

❤♦♠❡✱ t❤❡ ❢❛✈♦r✐t❡ ✈❛r✐❡t② ✐s ✉♥❝❡rt❛✐♥ t♦ t❤❡ ❝♦♥s✉♠❡r✱ ❜✉t ❤❡ ❧❡❛r♥s ❛❜♦✉t ✐t ❜❡❢♦r❡

✉s❛❣❡✳ ❉❡s♣✐t❡ t❤✐s ✉♥❝❡rt❛✐♥t②✱ ❝♦♥s✉♠❡rs ❛❧r❡❛❞② ❦♥♦✇ ❤♦✇ ✢❡①✐❜❧❡ t❤❡② ❛r❡ ❜❡t✇❡❡♥

t❤❡ ❣♦♦❞s✱ ❢♦r ❡①❛♠♣❧❡ ❤♦✇ ✐♠♣♦rt❛♥t ✐t ✐s t♦ t❤❡♠ t❤❛t ❝♦❧♦rs ✜t ✇❡❧❧✳ ■♥ ❛ ♣r♦❝✉r❡♠❡♥t

s❡tt✐♥❣✱ ❛♥② ♦r❞❡r s♣❡❝✐✜❡s ❛ t✐♠❡ ✇❤❡♥ t♦ ❞❡❧✐✈❡r t❤❡ ❣♦♦❞ ♦r s❡r✈✐❝❡✳ ❯♣♦♥ ❝♦♥❝❧✉✲

s✐♦♥ ♦❢ t❤❡ ❝♦♥tr❛❝t✱ t❤❡ ❝♦♥tr❛❝t♦r ❤❛s ✉♥❝❡rt❛✐♥t② r❡❣❛r❞✐♥❣ ❤✐s ✐♥t❡r♥❛❧ ✇♦r❦✲✢♦✇ ❛♥❞

❤❡♥❝❡ ❛❜♦✉t ❤✐s ♣r❡❢❡rr❡❞ ❞❡❧✐✈❡r② t✐♠❡✳ ❍❡ ❦♥♦✇s✱ ❤♦✇❡✈❡r✱ ❤♦✇ t✐❣❤t❧② ♦♣❡r❛t✐♦♥❛❧

♣r♦❝❡❞✉r❡s ❛r❡ ♣❛❝❦❡❞ ✐♥ ❤✐s ❝♦♠♣❛♥② ✇❤✐❝❤ ✐♥✢✉❡♥❝❡s t❤❡ ❝♦st ♦❢ ❛♠❡♥❞✐♥❣ ❞❡❧✐✈❡r②

t✐♠❡s✳

❆ ❦❡② ❛ss✉♠♣t✐♦♥ ♦❢ ♠② ♠♦❞❡❧ ✐s ❛ ♣♦s✐t✐✈❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ ✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ♠♦st

♣r❡❢❡rr❡❞ ♣r♦❞✉❝t ✲ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛❧❧❡❞ t♦♣ ✈❛❧✉❛t✐♦♥ ✲ ❛♥❞ t❤❡ ♣r❡❢❡r❡♥❝❡ ✐♥t❡♥s✐t②✳

❚❤✐s ❢❡❛t✉r❡ ♦❢ t❤❡ ♠♦❞❡❧ r❡✢❡❝ts ❛♥ ♦❜s❡r✈❛t✐♦♥ t②♣✐❝❛❧❧② ♣r❡s❡♥t ✐♥ t❤❡ ❛❜♦✈❡ ❝✐t❡❞

❡①❛♠♣❧❡s✿ ❈♦♠♣❛r❡❞ t♦ ❧❡✐s✉r❡ tr❛✈❡❧❡rs✱ ❜✉s✐♥❡ss tr❛✈❡❧❡rs ✈❛❧✉❡ t❤❡ ✢✐❣❤t ❛t t❤❡✐r ❢❛✲

✈♦r✐t❡ t✐♠❡ ♠♦r❡✱ ❜✉t ❛r❡ ❧❡ss ✢❡①✐❜❧❡ ❝♦♥❝❡r♥✐♥❣ ❞❡♣❛rt✉r❡ t✐♠❡✳ ❙❤♦♣♣❡rs t❤❛t ❛tt❛❝❤

✐♠♣♦rt❛♥❝❡ t♦ ❝❧♦t❤✐♥❣ ❜♦t❤ ❡♥❥♦② ✇❡❛r✐♥❣ ♥✐❝❡ ❝❧♦t❤❡s ♠✉❝❤ ❛♥❞ ♣❛② s♣❡❝✐❛❧ ❛tt❡♥t✐♦♥

t♦ ✇❡❛r ❝♦❧♦rs t❤❛t ❞♦♥✬t ❝❧❛s❤✳ ❆♥❞ ❝♦♥tr❛❝t♦rs ✇✐t❤ ❛ t✐❣❤t❡r ♦♣❡r❛t✐♦♥❛❧ s❝❤❡❞✉❧❡s ✉s❡

❢❡✇❡r r❡s♦✉r❝❡s ❢♦r t❤❡ s❛♠❡ t❛s❦ ❛♥❞ ❤❡♥❝❡ ❣❡♥❡r❛t❡ ❤✐❣❤❡r r❡✈❡♥✉❡✱ ❜✉t r❡❛rr❛♥❣✐♥❣

♣r♦❝❡ss❡s t♦ ❤♦❧❞ ❞❡❧✐✈❡r② t✐♠❡s ✐s ❝♦♠♣❛r❛t✐✈❡❧② ❝♦st❧②✳

■♥ t❤✐s ❢r❛♠❡✇♦r❦✱ ■ ♣r♦✈✐❞❡ ❛♥ ❡①♣❧❛♥❛t✐♦♥ ❢♦r t❤❡ ♦❜s❡r✈❛t✐♦♥ t❤❛t ✜r♠s ♦✛❡r ♠❡♥✉s

♦❢ ❝♦♥tr❛❝ts ✇✐t❤ ❞✐✛❡r❡♥t ❝❤❛♥❣❡ ♣♦❧✐❝✐❡s ❜❛s❡❞ ♦♥ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥✳ ❚❤❡ r❡✈❡♥✉❡✲

♠❛①✐♠✐③✐♥❣ ♠❡♥✉✱ ✇❤✐❝❤ ✐s ❢♦✉♥❞ ✉s✐♥❣ ❛ ♠❡❝❤❛♥✐s♠ ❞❡s✐❣♥ ❛♣♣r♦❛❝❤ ✇✐t❤♦✉t r❡str✐❝✲

t✐♦♥s ♦♥ ❝♦♥tr❛❝ts✱ ❝♦♥s✐sts ♦❢ t✇♦ ♦✛❡rs✳ ❆♥ ❡①♣❡♥s✐✈❡ ❝♦♥tr❛❝t t❤❛t ❛❧❧♦✇s ❢♦r ❝♦st❧❡ss

❡①❝❤❛♥❣❡ t♦ ❛♥② ♦t❤❡r ✈❛r✐❡t② ❛♥❞ ❛ ❝❤❡❛♣❡r ❝♦♥tr❛❝t t❤❛t r❡str✐❝ts t❤❡ ❝❤❛♥❣❡ ❜❡t✇❡❡♥

♣r♦❞✉❝ts ✐♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞✳ ❈♦♥s✉♠❡rs t❤❛t ❝❛r❡ ♠✉❝❤ ❛❜♦✉t ♦❜t❛✐♥✐♥❣ t❤❡ ❢❛✈♦r✐t❡

✈❛r✐❡t② ❝❤♦♦s❡ t❤❡ ❡①♣❡♥s✐✈❡ ❝♦♥tr❛❝t✱ ✇❤❡r❡❛s ❛❣❡♥ts ✇❤♦ ❞♦ ♥♦t ❛tt❛❝❤ ♠✉❝❤ ✐♠♣♦r✲

t❛♥❝❡ t♦ ✇❤❡t❤❡r t❤❡② ❝♦♥s✉♠❡ t❤❡ ❢❛✈♦r✐t❡ ✈❛r✐❡t② t❛❦❡ t❤❡ ❝❤❡❛♣❡r ♦♥❡✳ ❚❤✐s ♠❡♥✉

✸



❝♦rr❡s♣♦♥❞s t♦ ❝♦♠♠♦♥ ♦❜s❡r✈❛t✐♦♥s ✐♥ t❤❡ ❛✐r❧✐♥❡✱ tr❛✐♥ ♦r s❤✐♣ ✐♥❞✉str②✳ ❚❤❡ ❞r✐✈✐♥❣

❢♦r❝❡ ❜❡❤✐♥❞ t❤❡ ❡st❛❜❧✐s❤♠❡♥t ♦❢ t❤❡ ♠❡♥✉ ♦❢ ❝♦♥tr❛❝ts ✇✐t❤ ❞✐✛❡r✐♥❣ ❡①❝❤❛♥❣❡ ♣♦❧✐❝✐❡s

✐s ❛ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥ ♠♦t✐✈❡✳ ❊①❝❤❛♥❣❡ ♣♦❧✐❝✐❡s ❝❛♥ ❜❡ ✉s❡❞ ❛s ❛ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥

❞❡✈✐❝❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ ❚❤❡ ✉t✐❧✐t② ❝✉st♦♠❡rs ❞❡r✐✈❡ ❢r♦♠ ❛ ❝♦♥tr❛❝t ✇❤✐❝❤ ❛❧❧♦✇s

t❤❡♠ t♦ ❝❤❛♥❣❡ ✈❛r✐❡t② ❛r❜✐tr❛r✐❧② ❡q✉❛❧s t❤❡✐r t♦♣ ✈❛❧✉❛t✐♦♥✳ ■❢ ♦♥❧② t❤✐s ❝♦♥tr❛❝t ✐s

♦✛❡r❡❞✱ t❤❡ ✜r♠ ❤❛s t♦ tr❛❞❡ ♦✛ ❧❡❛✈✐♥❣ r❡♥t t♦ ❝♦♥s✉♠❡rs ✇✐t❤ ❤✐❣❤ t♦♣ ✈❛❧✉❛t✐♦♥s ❛♥❞

❡①❝❧✉❞✐♥❣ t❤♦s❡ ✇✐t❤ ❧♦✇ t♦♣ ✈❛❧✉❛t✐♦♥s✳ ❚❤❡ ✜r♠ ❝❛♥✱ ❤♦✇❡✈❡r✱ ❡①♣❧♦✐t ❛ s✐♥❣❧❡ ❝r♦ss✐♥❣

♣r♦♣❡rt② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♥s✉♠❡rs✬ ✢❡①✐❜✐❧✐t② ✐♥ ♣r♦❞✉❝t ❝❤♦✐❝❡ ✐♥ t❤❡ s❡❝♦♥❞ st❛❣❡✳

❚❤✐s ♠❛❦❡s ✐t ♣r♦✜t❛❜❧❡ t♦ ♦✛❡r ❛ s❡❝♦♥❞ ❝♦♥tr❛❝t ✇✐t❤ ❧✐tt❧❡ s✉❝❤ ✢❡①✐❜✐❧✐t② ✐♥ ♦r❞❡r t♦

❡①tr❛❝t ♠♦r❡ r❡♥t ❢r♦♠ ❝♦♥s✉♠❡rs ✇✐t❤ ❤✐❣❤ t♦♣ ✈❛❧✉❛t✐♦♥s✳

❚❤❡ ♣❛♣❡r ✐♥ ♣❛rt✐❝✉❧❛r ❡①♣❧❛✐♥s t❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ ❝♦♥tr❛❝ts t❤❛t ♣❛rt✐❛❧❧② r❡str✐❝t ❡①✲

❝❤❛♥❣❡s ✲ ❛♥ ♦❜s❡r✈❛t✐♦♥ t❤❛t ✐s ❝♦♠♠♦♥❧② ♠❛❞❡ ❢♦r ❡①❛♠♣❧❡ ✐♥ t✐❝❦❡t ♣r✐❝✐♥❣✳ ❇② t❤✐s ✐s

♠❡❛♥t t❤❛t t❤❡ ❝✉st♦♠❡r ✐s ♥❡✐t❤❡r ❣r❛♥t❡❞ ❢r❡❡ ❡①❝❤❛♥❣❡ t♦ ✇❤❛t❡✈❡r ✈❛r✐❡t② ❤❡ ♣r❡❢❡rs

♥♦r ✐s ❤❡ r❡str✐❝t❡❞ t♦ ❞❡✜♥✐t✐✈❡❧② st❛② ✇✐t❤ t❤❡ ✐♥✐t✐❛❧❧② ♣✉r❝❤❛s❡❞ ❣♦♦❞✳ ❚❤✐s ✐s ✉♥✲

✉s✉❛❧ ✐♥ ❡♥✈✐r♦♥♠❡♥ts t❤❛t ❣❡♥❡r❛t❡ st❡♣ s♦❧✉t✐♦♥s ❛s ♦♣t✐♠❛❧ ♠❡❝❤❛♥✐s♠s✳ ■♥ ♣❛rt✐❝✉❧❛r✱

t❤✐s r❡s✉❧t ❞❡♠♦♥str❛t❡s t❤❛t t❤❡ r❡str✐❝t✐♦♥ ♦♥ ❝♦♥tr❛❝ts ♠❛❞❡ ❜② ●❛❧❡ ✭✶✾✾✸✮ ✐♥ ❤✐s

♣✐♦♥❡❡r✐♥❣ ✇♦r❦ ♦♥ ❝♦♥tr❛❝t✐♥❣ ✐♥ s✐t✉❛t✐♦♥s ✇✐t❤ ❡① ♣♦st ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥✱ ✇❤✐❝❤

✐s ❢✉rt❤❡r s❦❡t❝❤❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ♣❛rt✱ ❡①❝❧✉❞❡s t❤❡ ♦♣t✐♠❛❧ s♦❧✉t✐♦♥✳ ❚❤❡ ❵♣❛rt✐❛❧

❞✐st♦rt✐♦♥✬ ♦❢ t❤❡ ❝❤❡❛♣❡r ❝♦♥tr❛❝t r❡s✉❧ts ❢r♦♠ t❤❡ ♣r❡s❡♥t s❡q✉❡♥t✐❛❧ s❝r❡❡♥✐♥❣ ♣r♦❜❧❡♠

❜❡✐♥❣ ❛ ♠❡❝❤❛♥✐s♠ ❞❡s✐❣♥ ♣r♦❜❧❡♠ ✇✐t❤ ❝♦✉♥t❡r✈❛✐❧✐♥❣ ✐♥❝❡♥t✐✈❡s ✐♥ t❤❡ s❡♥s❡ ♦❢ ▲❡✇✐s

❛♥❞ ❙❛♣♣✐♥❣t♦♥ ✭✶✾✽✾✮✳ ■♥ t❤✐s ❦✐♥❞ ♦❢ ♣r♦❜❧❡♠ ✐t ♠❛② ❞❡♣❡♥❞ ♦♥ t❤❡ ❛❧❧♦❝❛t✐♦♥ ✇❤❡t❤❡r

✉♣✇❛r❞ ♦r ❞♦✇♥✇❛r❞ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts ❛r❡ ❜✐♥❞✐♥❣✳ ■♥ ♠② ♠♦❞❡❧ t❤✐s ❣✐✈❡s r✐s❡ t♦

❛ ♥❡✇ s♦✉r❝❡ ♦❢ ♣♦♦❧✐♥❣ ❛r♦✉♥❞ t❤❡ t②♣❡ ✇❤❡r❡ t❤❡ ❜✐♥❞✐♥❣ ❝♦♥str❛✐♥ts t✉r♥✳ ❚❤❡ ❝♦r✲

r❡s♣♦♥❞✐♥❣ ♣♦♦❧✐♥❣ ❝♦♥tr❛❝t ✐s t❤❡ ♦♥❡ t♦ ❜❡ ❡①♣❧❛✐♥❡❞✳ ❚❤❡ ❡❝♦♥♦♠✐❝ ✐♥t✉✐t✐♦♥ ❢♦r t❤✐s

♥♦♥✲st❛♥❞❛r❞ s✐t✉❛t✐♦♥ ❡♠❡r❣❡s ❢r♦♠ t❤❡ ❝♦♠❜✐♥❛t✐♦♥ ♦❢ ❡① ♣♦st ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥ ❛♥❞

t❤❡ ❤♦r✐③♦♥t❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ❣♦♦❞s✳ ❲❤✐❧❡ ✐♥ ❛ ✉s✉❛❧ s❡tt✐♥❣ ✇✐t❤ ✈❡rt✐❝❛❧ ❞✐✛❡r❡♥t✐✲

❛t✐♦♥ t❤❡ ♦r❞❡r✐♥❣ ♦❢ ❛❣❡♥ts✬ t②♣❡s ✐♥❞✉❝❡❞ ❜② t❤❡ ✈❛❧✉❛t✐♦♥ ♦❢ ❛ ❣♦♦❞ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢

t❤❡ ✈❛r✐❡t② ❝♦♥s✐❞❡r❡❞✱ ✐♥ t❤❡ ❝❛s❡ ✇✐t❤ ❤♦r✐③♦♥t❛❧❧② ❞✐✛❡r❡♥t✐❛t❡❞ ❣♦♦❞s t❤❡r❡ ✐s ♥♦ s✉❝❤

♦r❞❡r✐♥❣✳ ❆ ❝♦♥s✉♠❡r ✇❤♦ ✈❛❧✉❡s ❣❡tt✐♥❣ t❤❡ r✐❣❤t ❣♦♦❞ ♠♦r❡ ❛❧s♦ s✉✛❡rs ♠♦r❡ ❢r♦♠

❡♥❞✐♥❣ ✉♣ ✇✐t❤ t❤❡ ✇r♦♥❣ ❣♦♦❞✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✐t ❞❡♣❡♥❞s ♦♥ t❤❡ s♣❡❝✐✜❝ ❝♦♥tr❛❝t

✇❤❡t❤❡r ✐t ✐s ✐♥ ❡①♣❡❝t❛t✐♦♥ ✈❛❧✉❡❞ ♠♦r❡ ♦r ❧❡ss ❜② ❝♦♥s✉♠❡rs ✇✐t❤ ❤✐❣❤❡r t♦♣ ✈❛❧✉❛t✐♦♥✳

❚❤✐s ♣❛♣❡r ♣r♦✈✐❞❡s ❛ ♣❛rt✐❝✉❧❛r❧② tr❛❝t❛❜❧❡ ♠❡t❤♦❞ ❤♦✇ t♦ s♦❧✈❡ s✉❝❤ ♣r♦❜❧❡♠s ✇❤❡♥

❡q✉✐❧✐❜r✐✉♠ ✉t✐❧✐t✐❡s ❛r❡ ❝♦♥✈❡①✳

❋✐♥❛❧❧②✱ ■ ❛♥s✇❡r t❤❡ q✉❡st✐♦♥ ❤♦✇ t❤❡ ♣❛rt✐❛❧ r❡str✐❝t✐♦♥ ✐♥ ✢❡①✐❜✐❧✐t② ✐s ♦♣t✐♠❛❧❧② ❞❡✲

s✐❣♥❡❞✳ ■t ✐s s❤♦✇♥ t❤❛t ❛♥② ♦♣t✐♠❛❧ ♠❡❝❤❛♥✐s♠ ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ❜② ♦✛❡r✐♥❣ ❛ ♠❡♥✉

✹



♦❢ ▲✐♠✐t❡❞ ❊①❝❤❛♥❣❡ ❈♦♥tr❛❝ts✳ ❆ ❞❡t❡r♠✐♥✐st✐❝ ▲✐♠✐t❡❞ ❊①❝❤❛♥❣❡ ❈♦♥tr❛❝t ✜①❡s ❛

♣❛②♠❡♥t✱ ❛ s♣❡❝✐✜❝ ♣r♦❞✉❝t t❤❡ ❝✉st♦♠❡r ♦❜t❛✐♥s✱ ❛♥❞ ❛ ❜❛s❦❡t ♦❢ ✈❛r✐❡t✐❡s ✐♥ t❤❡ ✜rst

♣❡r✐♦❞✳ ■♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞✱ t❤❡ ❝♦♥s✉♠❡r ✐s ❣✐✈❡♥ t❤❡ ♣♦ss✐❜✐❧✐t② t♦ ❡①❝❤❛♥❣❡ ❤✐s ✈❛✲

r✐❡t② ✇✐t❤ ❛ ♣r♦❞✉❝t ❢r♦♠ t❤❡ ❜❛s❦❡t ❢r❡❡ ♦❢ ❝❤❛r❣❡✳ ❊①❝❤❛♥❣❡s ✇✐t❤ ♣r♦❞✉❝ts ♦✉ts✐❞❡

t❤✐s ❜❛s❦❡t ♦❢ ❣♦♦❞s ❛r❡ ♥♦t ♣♦ss✐❜❧❡ ❛t ❛❧❧✳✷ ■♥ ♣❛rt✐❝✉❧❛r✱ ❝♦♥tr❛❝ts t❤❛t ♠❛❦❡ ✉s❡

♦❢ ❡①❝❤❛♥❣❡ ❢❡❡s t♦ ❧✐♠✐t ♣r♦❞✉❝t ❝❤❛♥❣❡s ❛r❡ ♥♦t ♦♣t✐♠❛❧✳ ■♥ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ t♦ t❤❡

tr❛♥s♣♦rt❛t✐♦♥ ✐♥❞✉str②✱ ❛ ▲✐♠✐t❡❞ ❊①❝❤❛♥❣❡ ❈♦♥tr❛❝t ✇✐t❤ ♣❛rt✐❛❧ ✢❡①✐❜✐❧✐t② r❡str✐❝t✐♦♥

✇♦✉❧❞ ❢♦r ❡①❛♠♣❧❡ ❛❧❧♦✇ ❝♦♥s✉♠❡rs t♦ ❡①❝❤❛♥❣❡ t❤❡✐r ❞❡♣❛rt✉r❡ t✐♠❡ ✇✐t❤✐♥ ❛ ❝❡rt❛✐♥

✐♥t❡r✈❛❧ ♦❢ t✐♠❡ ❛r♦✉♥❞ t❤❡ ✐♥✐t✐❛❧❧② ❜♦✉❣❤t ❞❡♣❛rt✉r❡ t✐♠❡ ❢♦r ❢r❡❡✳ ▼❛♥② ❯❙ ❛✐r❧✐♥❡s

✐♠♣❧❡♠❡♥t t❤✐s ❜② ♦✛❡r✐♥❣ ✈❡r② ❝❤❡❛♣ ♦r ❝♦st❧❡ss s❛♠❡ ❞❛② ❡①❝❤❛♥❣❡s ❡✈❡♥ ❢♦r t❤❡✐r

❝❤❡❛♣❡st ❝❛t❡❣♦r② ♦❢ t✐❝❦❡ts✳ ❚❤❡ ✉s❡ ♦❢ ♠❡♥✉s ♦❢ ▲✐♠✐t❡❞ ❊①❝❤❛♥❣❡ ❈♦♥tr❛❝ts ✐s ❛❧s♦

✇✐❞❡s♣r❡❛❞ ❛♠♦♥❣ ❊✉r♦♣❡❛♥ ❢❡rr② ❝♦♠♣❛♥✐❡s❀ ❛♥ ❡①❛♠♣❧❡ ✐s P✫❖ ❢❡rr✐❡s✳

❚❤❡ r❡s✉❧t ♦♥ t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ ▲✐♠✐t❡❞ ❊①❝❤❛♥❣❡ ❈♦♥tr❛❝ts✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t ❡①✲

❝❤❛♥❣❡ ❢❡❡s ❛r❡ ♥♦t ✉s❡❞ ❛s ❛ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥ ❞❡✈✐❝❡✱ ❤❛s ❛♥ ✐♠♣♦rt❛♥t ✐♠♣❧✐❝❛t✐♦♥

❢♦r t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ s❡q✉❡♥t✐❛❧ s❝r❡❡♥✐♥❣✿ ❙✐♥❝❡ ❛ ❝❛♥♦♥✐❝❛❧ ❝♦♥tr✐❜✉t✐♦♥ ❜② ❈♦✉rt② ❛♥❞

▲✐ ✭✷✵✵✵✮✱ t❤❡r❡ ✐s ❛♥ ✐♥❝r❡❛s✐♥❣ ❛♠♦✉♥t ♦❢ ♣❛♣❡rs t❤❛t st✉❞② ❤♦✇ r❡✈❡♥✉❡ ♠❛①✐♠✐③✐♥❣

♠❡❝❤❛♥✐s♠s ❡♠♣❧♦② ❞✐✛❡r✐♥❣ r❡❢✉♥❞ ♣♦❧✐❝✐❡s ❛s ❛ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥ ❞❡✈✐❝❡✳ ❚❤✐s ♣❛✲

♣❡r ✐♥tr♦❞✉❝❡s ❛ ♥❡✇ ❦✐♥❞ ♦❢ ❡① ♣♦st ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ✈❛❧✉❛t✐♦♥ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s

❣♦♦❞s✳ ❚❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝ts ✐♥ t❤✐s ❜r♦❛❞❡r s❡tt✐♥❣ ❝❛♥ ♥♦t ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s r❡❢✉♥❞

❝♦♥tr❛❝ts✱ ✇❤❡r❡ t❤❡ ❝♦♥s✉♠❡r ❝❛♥ ❣✐✈❡ ❜❛❝❦ ♦♥❡ ♣r♦❞✉❝t ❢♦r ❛ ♣❛rt✐❛❧ r❡❢✉♥❞ ❛♥❞ ♣✉r✲

❝❤❛s❡ ❛♥♦t❤❡r ✈❛r✐❡t②✳ ■♥st❡❛❞✱ ✐t ✐s ♦♣t✐♠❛❧ t♦ ❞✐✛❡r❡♥t✐❛t❡ ❝♦♥tr❛❝ts ❜② ❞✐st♦rt✐♥❣ t❤❡

❛❧❧♦❝❛t✐♦♥ ❛♥❞ ♥♦t ❜② ❝r❡❛t✐♥❣ ✐♥❝❡♥t✐✈❡s t❤r♦✉❣❤ ❞✐✛❡r✐♥❣ ♠♦♥❡t❛r② ♣❛②♠❡♥ts✳

❘❡❧❛t❡❞ ▲✐t❡r❛t✉r❡✳ ❚❤❡r❡ ✐s s♠❛❧❧ ♥✉♠❜❡r ♦❢ ♣❛♣❡rs ✐♥ ✇❤✐❝❤ ❛❣❡♥ts✬ ♣r❡❢❡r❡♥❝❡s ♦✈❡r

❞✐✛❡r❡♥t✐❛t❡❞ ❣♦♦❞s ❛r❡ ❣r❛❞✉❛❧❧② ❧❡❛r♥❡❞ ♦✈❡r t✐♠❡✳ ●❛❧❡ ✭✶✾✾✸✮ st✉❞✐❡s ✐♥t❡rt❡♠♣♦r❛❧

♣r✐❝✐♥❣ ♣♦❧✐❝✐❡s ✐♥ ❛ s❡tt✐♥❣ s✐♠✐❧❛r t♦ t❤❡ t✇♦ ❣♦♦❞s ✈❡rs✐♦♥ ♦❢ ♠✐♥❡✳ ■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛

❢r✉✐t❢✉❧ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ♠♦♥♦♣♦❧✐st✐❝ ❛♥❞ ♦❧✐❣♦♣♦❧✐st✐❝ ♣r✐❝✐♥❣ ❜❡❤❛✈✐♦r✱ ●❛❧❡✱ ❤♦✇✲

❡✈❡r✱ r❡str✐❝ts ❤✐s ❝♦♥s✐❞❡r❛t✐♦♥s t♦ t✇♦ t②♣❡s ♦❢ ❝♦♥tr❛❝ts✿ ▲❛t❡ ♣✉r❝❤❛s❡s ✇✐t❤ ❛ s✐♥❣❧❡

♣r✐❝❡ ❢♦r ❜♦t❤ ❣♦♦❞s ❛♥❞ ❡❛r❧② ♣✉r❝❤❛s❡s ❛t ❛♥ ❛❞✈❛♥❝❡✲♣✉r❝❤❛s❡ ❞✐s❝♦✉♥t ❜✉t ✇✐t❤♦✉t

❛♥② ❡①❝❤❛♥❣❡ ♦r r❡❢✉♥❞ ♣♦ss✐❜✐❧✐t✐❡s✳ ❆s ■ ✇✐❧❧ s❤♦✇✱ ❛❧❧♦✇✐♥❣ ❢♦r t❤❡ ❢✉❧❧ r❛♥❣❡ ♦❢ ♣♦ss✐✲

❜❧❡ ❝♦♥tr❛❝ts ❢✉rt❤❡r r❛✐s❡s t❤❡ ♠♦♥♦♣♦❧✐st✬s r❡✈❡♥✉❡✳ ❆ ♠❛❥♦r ❝♦♥tr✐❜✉t✐♦♥ ♦❢ ♠② ♣❛♣❡r

✐s t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤✐s ♥❡✇ t②♣❡ ♦❢ ❝♦♥tr❛❝t✳ ❋✉rt❤❡r♠♦r❡✱ ●❛❧❡ ❝♦♥s✐❞❡rs ❛ t✇♦✲

♣r♦❞✉❝t ❝❛s❡ ✇✐t❤ s♣❡❝✐❛❧ ❛tt❡♥t✐♦♥ t♦ ❛❞✈❛♥❝❡✲♣✉r❝❤❛s❡ ❞✐s❝♦✉♥ts✳ ❍♦✇❡✈❡r✱ ✐t t✉r♥s

♦✉t t❤❛t ✐t ✐s s♣❡❝✐✜❝❛❧❧② t❤❡ r✐❝❤♥❡ss ♦❢ ♠② s❡tt✐♥❣ ✇❤✐❝❤ ❛❧❧♦✇s ❢♦r ❛♥ ✉♥❞❡rst❛♥❞✐♥❣

♦❢ t❤❡ ✉♥❞❡r❧②✐♥❣ ❡✛❡❝ts ❛♥❞ ❡♥❛❜❧❡s ❛ ♠♦❞❡❧✐♥❣ ♦❢ ❡①❝❤❛♥❣❡✲♣♦❧✐❝✐❡s ❛s s✉❝❤✳

✷❙t♦❝❤❛st✐❝ ▲✐♠✐t❡❞ ❊①❝❤❛♥❣❡ ❈♦♥tr❛❝ts ❛r❡ t❤❡ str❛✐❣❤t❢♦r✇❛r❞ ❡①t❡♥s✐♦♥ t♦ ❞✐str✐❜✉t✐♦♥s ♦✈❡r ❣♦♦❞s✳

✺



❚✇♦ ♣❛♣❡rs ❜② ●❛❧❡ ❛♥❞ ❍♦❧♠❡s ✭✶✾✾✷✱ ✶✾✾✸✮ st❛rt ✇✐t❤ t❤❡ s❛♠❡ ❜❛s✐❝ ❢r❛♠❡✇♦r❦ ❛s

●❛❧❡ ✭✶✾✾✸✮ ❜✉t ❞❡♣❛rt ❢r♦♠ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥ ❛♥❞ ❢♦❝✉s ♦♥ ❤♦✇ ✐♥t❡rt❡♠♣♦r❛❧ ♣r✐❝✐♥❣

r✉❧❡s ❝❛♥ ♦♣t✐♠❛❧❧② r❡s♦❧✈❡ ❝❛♣❛❝✐t② ♣r♦❜❧❡♠s✳ ■♥ t❤❡✐r ♠♦❞❡❧✱ t❤❡② ❛ss✉♠❡ t❤❛t t❤❡r❡

✐s ❛ ♣❡❛❦✲❞❡♠❛♥❞ ✢✐❣❤t ❢♦r ✇❤✐❝❤ t❤❡ ❡①♦❣❡♥♦✉s❧② ❣✐✈❡♥ ❝❛♣❛❝✐t② ❞♦❡s ♥♦t s✉✣❝❡ ❛♥❞

❛♥ ♦✛✲♣❡❛❦ ✢✐❣❤t ✇✐t❤ ❝❛♣❛❝✐t② ❧❡❢t✳ ❉✐s❝♦✉♥ts ❢♦r ✜rst ♣❡r✐♦❞ ♣✉r❝❤❛s❡s ❛r❡ t❤❡♥ ✉s❡❞

✐♥ ♦r❞❡r t♦ ✐♥❝❡♥t✐✈✐③❡ ❛❣❡♥ts ✇✐t❤ s♠❛❧❧ ✈❛❧✉❛t✐♦♥ ❞✐✛❡r❡♥❝❡s t♦ t❛❦❡ t❤❡ ♦✛✲♣❡❛❦ ✢✐❣❤t

❡✈❡♥ ✐❢ ✐t t✉r♥s ♦✉t t❤❛t t❤❡② ♣r❡❢❡r t❤❡ ♣❡❛❦ ✢✐❣❤t✳ ■♥ ❝♦♥tr❛st t♦ t❤❛t✱ ♠② ❢♦❝✉s ✐s ♦♥

♣✉r❡ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥ ♠♦t✐✈❡s ✇✐t❤♦✉t ❛♥② ❝❛♣❛❝✐t② ❝♦♥str❛✐♥ts✳

❘❡❝❡♥t❧②✱ ▼ö❧❧❡r ❛♥❞ ❲❛t❛♥❛❜❡ ✭♠✐♠❡♦✱ ✷✵✶✸✮ r❡❞✐s❝♦✈❡r❡❞ t❤❡ ❡❛r❧② ♠♦❞❡❧ ♦♥ ❛❞✈❛♥❝❡✲

♣✉r❝❤❛s❡ ❞✐s❝♦✉♥ts ✇✐t❤ ❞✐✛❡r❡♥t✐❛t❡❞ ❣♦♦❞s ❛s ❛ ✇❛② t♦ ✐♥tr♦❞✉❝❡ ♦❧✐❣♦♣♦❧✐st✐❝ ❝♦♠♣❡✲

t✐t✐♦♥✳ ■♥ ♦r❞❡r t♦ ♦❜t❛✐♥ ❛ tr❛❝t❛❜❧❡ ❛♥❛❧②s✐s ♦❢ str❛t❡❣✐❝ ✐♥t❡r❛❝t✐♦♥✱ t❤❡② ✉s❡ ❛ st②❧✐③❡❞

t✇♦✲❣♦♦❞s ♠♦❞❡❧ ❛♥❞ r❡str✐❝t str❛t❡❣✐❡s t♦ ❛❞✈❛♥❝❡✲♣✉r❝❤❛s❡ ❞✐s❝♦✉♥ts ❛s ✇❡❧❧✳

❇❛s❡❞ ♦♥ t❤❡ ❝♦♥tr✐❜✉t✐♦♥s ❜② ●❛❧❡ ❛♥❞ ❍♦❧♠❡s ❛♥❞ ❡❛r❧✐❡r ✐♥s✐❣❤ts ❜② ❇❛r♦♥ ❛♥❞ ❇❡✲

s❛♥❦♦ ✭✶✾✽✹✮✱ ❛♥ ❡①t❡♥s✐✈❡ ❧✐t❡r❛t✉r❡ ♦♥ ❛❞✈❛♥❝❡✲♣✉r❝❤❛s❡ ❞✐s❝♦✉♥ts ✐♥ s❡tt✐♥❣s ✇✐t❤

❤♦♠♦❣❡♥❡♦✉s ❣♦♦❞s ❤❛s ❡✈♦❧✈❡❞✳ ❊①❛♠♣❧❡s ❛r❡ ❉❡●r❛❜❛ ✭✶✾✾✺✮✱ ❈♦✉rt② ✭✷✵✵✸❛✱ ❜✮✱

▼ö❧❧❡r ❛♥❞ ❲❛t❛♥❛❜❡ ✭✷✵✶✵✮ ❛♥❞ ◆♦❝❦❡✱ P❡✐t③ ❛♥❞ ❘♦s❛r ✭✷✵✶✶✮✳ ■♥ t❤❡s❡ ♣❛♣❡rs✱ t❤❡

♣♦ss✐❜✐❧✐t② t♦ ❜✉② ❛ ❝❡rt❛✐♥ ❣♦♦❞ ❛t ❛♥ ❡❛r❧② ♣♦✐♥t ✐♥ t✐♠❡ ❛t ❛ ❞✐s❝♦✉♥t ❜✉t ✇✐t❤♦✉t ❛♥②

r❡❢✉♥❞ ♣♦ss✐❜✐❧✐t② ✐s ♣r✐♠❛r✐❧② ✉s❡❞ ❛s ❛ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥ ❞❡✈✐❝❡✳

■♥ t❤❡ ❝❛♥♦♥✐❝❛❧ ♣❛♣❡r ❜② ❈♦✉rt② ❛♥❞ ▲✐ ✭✷✵✵✵✮✱ t❤❡ ❛✉t❤♦rs s❡t ✉♣ ❛ t❤❡♦r② ♦❢ ✐♥t❡rt❡♠✲

♣♦r❛❧ ♣r✐❝✐♥❣ t♦ ❡①♣❧❛✐♥ t❤❡ ♣r❡✈❛❧❡♥❝❡ ♦❢ ♣❛rt✐❛❧ r❡❢✉♥❞ ❝♦♥tr❛❝ts✳ ■♥ t❤❡✐r ♠♦❞❡❧ t❤❡r❡

✐s ♦♥❡ ❤♦♠♦❣❡♥❡♦✉s t②♣❡ ♦❢ t✐❝❦❡ts ❛♥❞ ❝✉st♦♠❡rs ✐♥✐t✐❛❧❧② ❤❛✈❡ ✐♥❞✐✈✐❞✉❛❧ ✉♥❝❡rt❛✐♥t②

❛❜♦✉t t❤❡✐r ✜♥❛❧ ✈❛❧✉❛t✐♦♥ ❢♦r ✐t✳ ❚❤✐s ✉♥❝❡rt❛✐♥t② ✐s t❤❡♥ r❡s♦❧✈❡❞ ✐♥ ❛ s❡❝♦♥❞ ♣❡r✐♦❞✱ ✐♥

✇❤✐❝❤ ❛❧s♦ ❝♦♥s✉♠♣t✐♦♥ t❛❦❡s ♣❧❛❝❡✳ ❆s ❜♦t❤ t❤❡ ✐♥✐t✐❛❧ ✈❛❧✉❛t✐♦♥ ❞✐str✐❜✉t✐♦♥s ❛♥❞ t❤❡

✜♥❛❧ ✈❛❧✉❛t✐♦♥s ❞✐✛❡r ❛♠♦♥❣ ❛❣❡♥ts ❛♥❞ ❛r❡ ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥✱ ❛ r❡✈❡♥✉❡ ♠❛①✐♠✐③✐♥❣

♠♦♥♦♣♦❧✐st s❡q✉❡♥t✐❛❧❧② s❝r❡❡♥s t❤❡ ❛❣❡♥ts✳ ❈♦✉rt② ❛♥❞ ▲✐ s❤♦✇ t❤❛t ❢♦r s♦♠❡ ❝❛s❡s

r❡✈❡♥✉❡ ♠❛①✐♠✐③❛t✐♦♥ ♦❝❝✉rs ❜② ♦✛❡r✐♥❣ ♠❡♥✉s ♦❢ ♣❛rt✐❛❧ r❡❢✉♥❞ ❝♦♥tr❛❝ts✳✸ ❆ ♣❛rt✐❛❧

r❡❢✉♥❞ ❝♦♥tr❛❝t ❝♦♥s✐sts ♦❢ ❛♥ ✐♥✐t✐❛❧ ♣❛②♠❡♥t ❢♦r r❡❝❡✐✈✐♥❣ t❤❡ ❣♦♦❞ ❛♥❞ ❛ ❧❛t❡r ♦♣t✐♦♥

t♦ r❡t✉r♥ ✐t ❛♥❞ r❡❝❡✐✈❡ ❛ ♣❛rt✐❛❧ r❡❢✉♥❞✳ ❙✐♥❝❡ t❤❡ ❝♦♥tr✐❜✉t✐♦♥ ❜② ❈♦✉rt② ❛♥❞ ▲✐ ✭✷✵✵✵✮✱

♣❛rt✐❛❧ r❡❢✉♥❞ ❝♦♥tr❛❝ts ❤❛✈❡ ❜❡❡♥ ❡①❛♠✐♥❡❞ ✐♥ ♠❛♥② ✈❛r✐❡t✐❡s ❛♥❞ ❡①t❡♥s✐♦♥s✳ ❉❡❜ ❛♥❞

✸■♥ t❤❡✐r ♠♦❞❡❧ r❡s✉❧ts ❜❡tt❡r ♠❛t❝❤ r❡❛❧✐t② ✇❤❡♥ ❛ ❜✉s✐♥❡ss tr❛✈❡❧❡r✬s ✈❛❧✉❛t✐♦♥ ❞✐str✐❜✉t✐♦♥ ❞✐✛❡rs
❢r♦♠ ❛ ❧❡✐s✉r❡ tr❛✈❡❧❡r✬s ❞✐str✐❜✉t✐♦♥ ❜② ❛ s♣r❡❛❞✱ r❛t❤❡r t❤❛♥ ❜② ✜rst ♦r❞❡r st♦❝❤❛st✐❝ ❞♦♠✐♥❛♥❝❡ ✲
✇❤✐❝❤ t❤❡② ✐♥✐t✐❛❧❧② ❝♦♥s✐❞❡r❡❞ t♦ ❜❡ ♥❛t✉r❛❧✳ ▼② ♠♦❞❡❧ ♣r♦✈✐❞❡s ❛ ❢♦✉♥❞❛t✐♦♥ t♦ t❤✐s ❛ss✉♠♣t✐♦♥
♠❛❞❡ ❜② ❈♦✉rt② ❛♥❞ ▲✐✳ P❛r❛❧❧❡❧✐♥❣ t❤❡✐r ✐♥✐t✐❛❧ ✐♥t✉✐t✐♦♥✱ ♠② ♠♦❞❡❧ ❡①❤✐❜✐ts ❛ ❤✐❣❤❡r t♦♣ ✈❛❧✉❛t✐♦♥
❢♦r ❜✉s✐♥❡ss tr❛✈❡❧❡rs✳ ❍♦✇❡✈❡r✱ t❤❡ r❡❧❛t✐✈❡ ✈❛❧✉❛t✐♦♥✲❧♦ss ❢r♦♠ ❝♦♥s✉♠✐♥❣ ✉♥❢❛✈♦r❛❜❧❡ ❣♦♦❞s ✐s
❛❧s♦ ❧❛r❣❡r ❢♦r t❤❡♠✳ ❲❤❡♥ t❤❡ ✈❛r✐❡t② t❤❛t ❝❛♥ ❜❡ ♦✛❡r❡❞ ✐s ✜①❡❞✱ ❛s ❝♦♥s✐❞❡r❡❞ ✐♥ ❈♦✉rt② ❛♥❞ ▲✐✱
❞✐st❛♥❝❡s t♦ t❤❡ ❢❛✈♦r✐t❡ ♣r♦❞✉❝t ✈❛r② ❛♥❞ t❤❡ st❡❡♣❡r ❧♦ss ❢✉♥❝t✐♦♥ ❢♦r ❜✉s✐♥❡ss tr❛✈❡❧❡rs ❧❡❛❞s t♦
❣r❡❛t❡r ✢✉❝t✉❛t✐♦♥s ✐♥ ✈❛❧✉❛t✐♦♥ ❢♦r t❤❡ ♦✛❡r❡❞ ✈❛r✐❡t②✳

✻



❙❛✐❞ ✭♠✐♠❡♦✱ ✷✵✶✹✮ ❛❞❞ ❧✐♠✐t❡❞ ❝♦♠♠✐t♠❡♥t ♦❢ t❤❡ ♠♦♥♦♣♦❧✐st ❛♥❞ ■♥❞❡rst ❛♥❞ P❡✐t③

✭✷✵✶✷✮ ❛s ✇❡❧❧ ❛s ❆❦❛♥✱ ❆t❛ ❛♥❞ ❉❛♥❛ ✭♠✐♠❡♦✱ ✷✵✶✶✮ st✉❞② ❛ ♠♦❞❡❧ ✐♥ ✇❤✐❝❤ t❤❡ t✐♠❡

♦❢ r❡s♦❧✉t✐♦♥ ♦❢ ❛♥ ✐♥❞✐✈✐❞✉❛❧✬s ✉♥❝❡rt❛✐♥t② ✐s t②♣❡✲❞❡♣❡♥❞❡♥t✳ ❍♦✇❡✈❡r✱ ❛❧❧ ♦❢ t❤❡s❡ ❝♦♥✲

tr✐❜✉t✐♦♥s ❤❛✈❡ ✐♥ ❝♦♠♠♦♥ t❤❛t t❤❡r❡ ✐s ❥✉st ♦♥❡ ❤♦♠♦❣❡♥❡♦✉s ❣♦♦❞ ✐♥✈♦❧✈❡❞ ❛♥❞ ❤❡♥❝❡

♣r♦❞✉❝t ❝❤♦✐❝❡ ✐s ♥♦t ❛♥ ✐ss✉❡✳ ▼② ✇♦r❦ ❝♦♥tr✐❜✉t❡s t♦ t❤✐s ❧✐t❡r❛t✉r❡ ❜② ❡①♣❛♥❞✐♥❣ t❤❡

♣r♦❜❧❡♠ t♦ ♦♥❡ ✇✐t❤ ❞✐✛❡r❡♥t✐❛t❡❞ ❣♦♦❞s✳

❋✉rt❤❡r ❝♦♥tr✐❜✉t✐♦♥s t♦ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ s❡q✉❡♥t✐❛❧ s❝r❡❡♥✐♥❣ ❢♦❝✉s ♦♥ ✐♥❢♦r♠❛t✐♦♥ r❡♥ts

❛♥❞ t❤❡ q✉❡st✐♦♥ ♦❢ ✇❤❡t❤❡r ❞✐s❝❧♦s✉r❡ ♦❢ ❡① ♣♦st ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥ t♦ t❤❡ ❛❣❡♥ts ✐s

❜❡♥❡✜❝✐❛❧ ❢♦r t❤❡ ♠♦♥♦♣♦❧✐st✳ ❊①❛♠♣❧❡s ❛r❡ ❊sö ❛♥❞ ❙③❡♥t❡s ✭✷✵✵✼✮ ❛♥❞ ❑rä❤♠❡r ❛♥❞

❙tr❛✉s③ ✭♠✐♠❡♦✱ ✷✵✶✹✮✳ ■♠♣♦rt❛♥t ✐♥s✐❣❤ts ✐♥t♦ ✇❤② s❡q✉❡♥t✐❛❧❧② s❝r❡❡♥✐♥❣ ✐s ♦♣t✐♠❛❧

❛r❡ ♣r♦✈✐❞❡❞ ❜② ❑rä❤♠❡r ❛♥❞ ❙tr❛✉s③ ✭♠✐♠❡♦✱ ✷✵✶✹✮✱ ✇❤♦ ✐♥✈❡st✐❣❛t❡ t❤❡ r♦❧❡ ♦❢ ❡① ♣♦st

♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥ts ♦♥ ♣r♦✜ts✳

▼♦r❡ ❣❡♥❡r❛❧❧②✱ ♠② ♣❛♣❡r ❛❞❞s t♦ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ❞②♥❛♠✐❝ ♠❡❝❤❛♥✐s♠ ❞❡s✐❣♥ ✐♥ ❡♥✲

✈✐r♦♥♠❡♥ts ✇✐t❤ ❧♦♥❣✲❧✐✈❡❞ ❛❣❡♥ts✳ ❚❤❡ ❞❡s✐❣♥ ♦❢ ✐♥❝❡♥t✐✈❡✲❝♦♠♣❛t✐❜❧❡ ♠❡❝❤❛♥✐s♠s ✐♥

❞②♥❛♠✐❝ s❡tt✐♥❣s ✐♥ ✇❤✐❝❤ ✐♥❢♦r♠❛t✐♦♥ ❣r❛❞✉❛❧❧② ❛rr✐✈❡s ♦✈❡r t✐♠❡ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ❜②

P❛✈❛♥✱ ❙❡❣❛❧ ❛♥❞ ❚♦✐❦❦❛ ✭✷✵✶✹✮✳

❋✐♥❛❧❧②✱ ♠② ❛♥❛❧②s✐s r❡❧❛t❡s t♦ ♠❡❝❤❛♥✐s♠ ❞❡s✐❣♥ ♣r♦❜❧❡♠s ✇✐t❤ ❝♦♥t✐♥✉♦✉s t②♣❡s ❛♥❞

t②♣❡✲❞❡♣❡♥❞❡♥t ♦✉ts✐❞❡ ♦♣t✐♦♥s✳ ❚❤❡ ♣✐♦♥❡❡r✐♥❣ ❝♦♥tr✐❜✉t✐♦♥ ✐s ▲❡✇✐s ❛♥❞ ❙❛♣♣✐♥❣t♦♥

✭✶✾✽✾✮✳ ❆ ❝♦♥t✐♥✉❛t✐✈❡ ❛♥❛❧②s✐s ✐s ❞♦♥❡ ❜② ▼❛❣❣✐ ❛♥❞ ❘♦❞r✐❣✉❡③✲❈❧❛r❡ ✭✶✾✾✺✮ ❛♥❞ ❛

❣❡♥❡r❛❧ ❡①♣♦s✐t✐♦♥ ✐s ❏✉❧❧✐❡♥ ✭✷✵✵✵✮✳ ❲❤✐❧❡ t❤❡ ❧❛tt❡r t✇♦ r❡❢❡r❡♥❝❡s ❛♣♣❧② r❡s✉❧ts ❢r♦♠

♦♣t✐♠❛❧ ❝♦♥tr♦❧ t❤❡♦r② t♦ ♦❜t❛✐♥ ❛ s♦❧✉t✐♦♥✱ ❙❛♠✉❡❧s♦♥ ❛♥❞ ◆ö❧❞❡❦❡ ✭✷✵✵✼✮ ♣r♦✈✐❞❡ ❛♥

❛❧t❡r♥❛t✐✈❡ ❛♣♣r♦❛❝❤✳

■♥ ❙❡❝t✐♦♥ ✷✱ ■ ✐♥tr♦❞✉❝❡ ❛ s✐♠♣❧❡ ✈❡rs✐♦♥ ♦❢ ♠② ♠♦❞❡❧ t♦ ♦✉t❧✐♥❡ ❛ t❡❝❤♥✐❝❛❧ ❛s♣❡❝t t❤❛t

❛r✐s❡s ❢r♦♠ t❤❡ ❤♦r✐③♦♥t❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ❣♦♦❞s✱ t♦ s❤♦✇ ❜❛s✐❝ ♣r♦♣❡rt✐❡s ♦❢ ♦♣t✐♠❛❧

♠❡❝❤❛♥✐s♠s ❛♥❞ t♦ ❝❧❛r✐❢② t❤❡ r❡❧❛t✐♦♥ t♦ ●❛❧❡ ✭✶✾✾✸✮✳ ❆ ❦❡② ❢❡❛t✉r❡ ♦❢ ♦♣t✐♠❛❧ ❝♦♥tr❛❝ts

✐s t❤❛t s♦♠❡ ❝♦♥s✉♠❡rs ❛r❡ ♣❛rt✐❛❧❧② r❡str✐❝t❡❞ ✐♥ t❤❡✐r ✢❡①✐❜✐❧✐t② t♦ ❝❤❛♥❣❡ ✈❛r✐❡t✐❡s ✐♥

t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞✳ ■♥ ❙❡❝t✐♦♥ ✸✱ ❛ ♠♦r❡ ❣❡♥❡r❛❧ ♠♦❞❡❧ ✐s ✐♥tr♦❞✉❝❡❞ ✐♥ ♦r❞❡r t♦ st✉❞② t❤❡

♦♣t✐♠❛❧ ❞❡s✐❣♥ ♦❢ t❤✐s ♣❛rt✐❛❧ ❧✐♠✐t❛t✐♦♥ ♦❢ ✢❡①✐❜✐❧✐t② ❛♥❞ ✐ts ✐♠♣❧❡♠❡♥t❛t✐♦♥✳ ❋✐♥❛❧❧②✱

❙❡❝t✐♦♥ ✹ ❝♦♥❝❧✉❞❡s✳
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✷ ❚❤❡ t✇♦ ❣♦♦❞s ♠♦❞❡❧

✷✳✶ ▼♦❞❡❧

❈♦♥s✐❞❡r ❛ r❡✈❡♥✉❡ ♠❛①✐♠✐③✐♥❣ ♠♦♥♦♣♦❧✐st ✇✐t❤ ❢✉❧❧ ❝♦♠♠✐t♠❡♥t ✇❤♦ ❝❛♥ ♣r♦❞✉❝❡ ❛r✲

❜✐tr❛r② ❛♠♦✉♥ts ♦❢ ❣♦♦❞s ♦♥❡ ❛♥❞ t✇♦✳ Pr♦❞✉❝t✐♦♥ ❝♦sts ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❝♦♥st❛♥t

❛♥❞ ♥♦r♠❛❧✐③❡❞ t♦ ③❡r♦✳ ❚❤❡r❡ ✐s ❛ ✉♥✐t ♠❛ss ♦❢ ❝♦♥s✉♠❡rs ✇✐t❤ ✉♥✐t ❞❡♠❛♥❞✳ ❊❛❝❤

❛❣❡♥t ✐s ❝❤❛r❛❝t❡r✐③❡❞ ❜② ❛♥ ❡① ❛♥t❡ t②♣❡ r ❛♥❞ ❛♥ ❡① ♣♦st t②♣❡ a✳ ❚❤❡ ❡① ❛♥t❡ t②♣❡ r

❞❡t❡r♠✐♥❡s t❤❡ t✇♦ ✈❛❧✉❛t✐♦♥s ❢♦r t❤❡ ♣r❡❢❡rr❡❞ ❛♥❞ t❤❡ ❛❧t❡r♥❛t✐✈❡ ❣♦♦❞✳ ❚❤✐s ♠❡❛♥s

t❤❡ ❡① ❛♥t❡ t②♣❡ ❞❡t❡r♠✐♥❡s t❤❡ ✐♥t❡♥s✐t② ♦❢ ♣r❡❢❡r❡♥❝❡s ❛♥❞ t❤❡r❡❜② t❤❡ ❧♦ss ♦❢ ❡♥❞✐♥❣

✉♣ ✇✐t❤ t❤❡ ✇r♦♥❣ ♣r♦❞✉❝t✳ ❊① ♣♦st t②♣❡s a ❞❡t❡r♠✐♥❡ t❤❡ ♦r❞✐♥❛❧ ♣r❡❢❡r❡♥❝❡s ♦✈❡r t❤❡

❣♦♦❞s✳ ■ ❞❡♥♦t❡ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ❜② ❡① ♣♦st t②♣❡s ❡q✉❛❧ t♦ a1 ♦r a2 ❢♦r ♣r❡❢❡rr✐♥❣ ❣♦♦❞

♦♥❡ ❛♥❞ t✇♦ r❡s♣❡❝t✐✈❡❧②✳ ❋♦r t❤❡ s❛❦❡ ♦❢ s✐♠♣❧✐❝✐t②✱ ■ ❛ss✉♠❡ t❤❛t ✈❛❧✉❛t✐♦♥s ❛r❡ ❧✐♥❡❛r

✐♥ ❡① ❛♥t❡ t②♣❡s✳ ❆ ❝♦♥s✉♠❡r ♦❢ t②♣❡ r ✈❛❧✉❡s t❤❡ ❢❛✈♦r❡❞ ❣♦♦❞ ❜② v+(r) = v + βr ❛♥❞

t❤❡ ♦t❤❡r ❣♦♦❞ ❜② v−(r) = v+γr ✇✐t❤ β > 0 ❛♥❞ γ < β✳ β > 0 ♠❡❛♥s t❤❛t t❤❡ ✈❛❧✉❛t✐♦♥

♦❢ t❤❡ ❢❛✈♦r✐t❡ ❣♦♦❞ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ ❡① ❛♥t❡ t②♣❡s ❛♥❞ γ < β ♠❡❛♥s t❤❛t t❤❡ ❝♦♠♣❛r❛t✐✈❡

❧♦ss ♦❢ ❡♥❞✐♥❣ ✉♣ ✇✐t❤ t❤❡ ❧❡ss❡r ✈❛❧✉❡❞ ♣r♦❞✉❝t ✐s ✐♥❝r❡❛s✐♥❣✳ ◆♦t❡ t❤❛t γ ♠❛② t❛❦❡

♥❡❣❛t✐✈❡ ✈❛❧✉❡s✱ ✇❤✐❝❤ ♠❡❛♥s ■ ❛❧❧♦✇ ❢♦r t❤❡ ✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❛❧t❡r♥❛t✐✈❡ ❣♦♦❞ t♦ ❜❡ ❧♦✇❡r

❢♦r ❤✐❣❤❡r ❡① ❛♥t❡ t②♣❡s✳ ▲❡t t❤❡ ❜❛s✐❝ ✈❛❧✉❛t✐♦♥ v ❜❡ ❤✐❣❤ ❡♥♦✉❣❤ s✉❝❤ t❤❛t v+(r) ❛♥❞

v−(r) ❛r❡ ♣♦s✐t✐✈❡✳ ❋♦r ❜♦t❤ t❤❡ ❛♥❛❧②t✐❝❛❧ ♣❛rt ❛♥❞ ✐♥t❡r♣r❡t❛t✐♦♥ ✐t t✉r♥s ♦✉t t♦ ❜❡

❤❡❧♣❢✉❧ t♦ r❡s❝❛❧❡ ❡① ❛♥t❡ t②♣❡s ✐♥ ❛ ✇❛② s✉❝❤ t❤❛t ✈❛❧✉❛t✐♦♥s ❛r❡ v+(r) = v − δr + r

❛♥❞ v−(r) = v− δr− r ✇✐t❤ δ < 1✹✳ ❚❤✐s ♥♦t❛t✐♦♥ ❞✐s❡♥t❛♥❣❧❡s t❤❡ s♣r❡❛❞ ✐♥ ✈❛❧✉❛t✐♦♥s

❛♥❞ ❛ ❝♦♠♠♦♥ tr❡♥❞ ✐♥ ❜♦t❤ ✈❛❧✉❛t✐♦♥s ❣✐✈❡♥ ❜② −δr✳ ❊① ❛♥t❡ t②♣❡s r ❛r❡ ❝♦♥t✐♥✉♦✉s❧②

❞✐str✐❜✉t❡❞ ♦✈❡r t❤❡ t②♣❡ s♣❛❝❡ R = [0, r]✳ ❚❤❡ ❡① ❛♥t❡ t②♣❡ s♣❛❝❡ r❛♥❣❡s ❢r♦♠ t❤❡ t②♣❡

t❤❛t ✐s ❝♦♠♣❧❡t❡❧② ✐♥❞✐✛❡r❡♥t ❛❜♦✉t ✇❤✐❝❤ ♣r♦❞✉❝t ❤❡ ♦❜t❛✐♥s t♦ t②♣❡s ✇✐t❤ str♦♥❣ ♣r❡❢✲

❡r❡♥❝❡ ✐♥t❡♥s✐t✐❡s✳ ❉❡♥♦t❡ t❤❡ ❞❡♥s✐t② ❢✉♥❝t✐♦♥ ❜② f(r) ❛♥❞ t❤❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥

❢✉♥❝t✐♦♥ ❜② F (r)✳ ▲❡t t❤❡ ❞✐str✐❜✉t✐♦♥ s❛t✐s❢② t❤❡ st❛♥❞❛r❞ ❛ss✉♠♣t✐♦♥ ♦❢ ✐♥❝r❡❛s✐♥❣

✈✐rt✉❛❧ ✈❛❧✉❡s r − 1−F (r)
f(r)

✳

❚❤❡r❡ ❛r❡ t✇♦ ♣❡r✐♦❞s✳ ■♥ t❤❡ ✜rst ♣❡r✐♦❞✱ ❡❛❝❤ ❛❣❡♥t ♣r✐✈❛t❡❧② ❧❡❛r♥s ❤✐s ❡① ❛♥t❡ t②♣❡✱

❜✉t ✐s ✉♥❝❡rt❛✐♥ ❛❜♦✉t ❤✐s ❡① ♣♦st t②♣❡✳ ❊① ♣♦st t②♣❡s ❛r❡ ❡q✉❛❧❧② ❧✐❦❡❧②✱ ✐♥❞❡♣❡♥❞❡♥t

♦❢ ❡① ❛♥t❡ t②♣❡s✺✳ ■♥ t❤❡ ✜rst ♣❡r✐♦❞✱ t❤❡r❡ ✐s ❛♥ ♦✉ts✐❞❡ ♦♣t✐♦♥ ♦❢ ③❡r♦✳ ■♥ t❤❡ s❡❝♦♥❞

✹❘❡s❝❛❧❡ ❜② ♠✉❧t✐♣❧②✐♥❣ ❡① ❛♥t❡ t②♣❡s ✇✐t❤ β−γ
2 ✳ ❚❤❡♥ ❞❡✜♥❡ δ = β+γ

γ−β
✳

✺❚❤❡ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ✐s ✐♠♣♦s❡❞ t♦ ✐s♦❧❛t❡ ✐♥❝❡♥t✐✈❡s ❢♦r ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥ ❝r❡❛t❡❞ ❜② t❤❡
s❡q✉❡♥t✐❛❧ s❡t✉♣ ❢r♦♠ ❦♥♦✇♥ ✐♥❝❡♥t✐✈❡s t❤❛t st❡♠ ❢r♦♠ ❛♥ ❡① ❛♥t❡ ✈❡rt✐❝❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ t❤❡
❣♦♦❞s✳ ❙✉❝❤ ❞✐✛❡r❡♥t✐❛t✐♦♥ ✇♦✉❧❞ ❡♠❡r❣❡ ✐❢ t❤❡r❡ ✇❛s ♦♥❡ ❣♦♦❞ t❤❛t ✐s ❡① ❛♥t❡ ♠♦r❡ ❧✐❦❡❧② t♦
❜❡ ❢❛✈♦r❡❞✳ ●✐✈❡♥ ✐♥❞❡♣❡♥❞❡♥❝❡✱ t❤❡ ❡①t❡♥s✐♦♥ t♦ ❛♥② ❞✐str✐❜✉t✐♦♥ ✐s t❡❝❤♥✐❝❛❧❧② ✇✐t❤♦✉t ❢✉rt❤❡r
❝♦♠♣❧✐❝❛t✐♦♥s✳

✽



♣❡r✐♦❞✱ ❡❛❝❤ ❝♦♥s✉♠❡r ♣r✐✈❛t❡❧② ❧❡❛r♥s ❤✐s ❡① ♣♦st t②♣❡ ❛♥❞ ❝♦♥s✉♠♣t✐♦♥ t❛❦❡s ♣❧❛❝❡✳

✷✳✷ ❋✐rst ❜❡st

■♥ ♦r❞❡r t♦ ❝♦♥✈❡② ❛ ❜❛s✐❝ ❡❝♦♥♦♠✐❝ ✐♥t✉✐t✐♦♥ ❢♦r t❤❡ ♠♦♥♦♣♦❧✐st✬s ♣r♦❜❧❡♠✱ t❤❡ ❛♥❛❧②s✐s

✐s st❛rt❡❞ ✇✐t❤ ❛ ❜r✐❡❢ ❞✐s❝✉ss✐♦♥ ♦❢ t❤❡ ✜r♠✬s ♦♣t✐♠❛❧ ❜❡❤❛✈✐♦r ✉♥❞❡r ❝♦♠♣❧❡t❡ ✐♥❢♦r♠❛✲

t✐♦♥✳ ■♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ♣r✐✈❛t❡ ✐♥❢♦r♠❛t✐♦♥✱ t❤❡ ✜r♠ ❝❛♥ ❡①tr❛❝t t❤❡ ❡♥t✐r❡ s✉r♣❧✉s✳ ❚❤✉s

t❤❡ r❡✈❡♥✉❡ ♠❛①✐♠✐③✐♥❣ ✜r♠ ♠❛①✐♠✐③❡s ✇❡❧❢❛r❡✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✜rst ❜❡st ♣r♦✈✐s✐♦♥

♦❢ ❣♦♦❞s ✐s t♦ ❛❧✇❛②s ❣✐✈❡ ❛♥② ❝✉st♦♠❡r ❤✐s ♣r❡❢❡rr❡❞ ❣♦♦❞✳ ❚❤✐s ✐s s✉r♣❧✉s ♠❛①✐♠✐③✐♥❣

❛s ❛❧❧ ✈❛❧✉❛t✐♦♥s ❜② ❛ss✉♠♣t✐♦♥ ❡①❝❡❡❞ ♣r♦❞✉❝t✐♦♥ ❝♦sts ❛♥❞ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ❛❧❧ ✈❛r✐❡t✐❡s

✐s ❡q✉❛❧❧② ❝♦st❧②✳ ❚❤❡ ✜r♠ ❛❝❤✐❡✈❡s ✜rst ❜❡st ♣r♦✜ts ✐❢ ❤❡ ✐♠♣❧❡♠❡♥ts t❤✐s ❛❧❧♦❝❛t✐♦♥

r✉❧❡ ❛♥❞ t❤❡♥ ❡①tr❛❝ts ❛❧❧ r❡♥ts ❜② ❝❤❛r❣✐♥❣ ❡❛❝❤ ❝♦♥s✉♠❡r ✇✐t❤ ❡① ❛♥t❡ t②♣❡ r ❤✐s t♦♣

✈❛❧✉❛t✐♦♥ v+(r)✳

◆❡①t✱ ❝♦♥s✐❞❡r ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤✐s ❛❧❧♦❝❛t✐♦♥ r✉❧❡ ✇❤❡♥ ❝♦♥s✉♠❡rs ❤❛✈❡ ♣r✐✈❛t❡ ✐♥❢♦r✲

♠❛t✐♦♥ ❛❜♦✉t ❡① ❛♥t❡ ❛♥❞ ❡① ♣♦st t②♣❡s✳ ■❢ t❤❡ ❝♦♥s✉♠❡r✬s t♦♣ ✈❛❧✉❛t✐♦♥ ✇❛s ✐♥❞❡♣❡♥❞❡♥t

♦❢ t❤❡ ❡① ❛♥t❡ t②♣❡ r✱ ✇❤✐❝❤ ✇♦✉❧❞ ❜❡ t❤❡ ❝❛s❡ ❢♦r δ = 1✱ t❤❡ ✜r♠ ❝♦✉❧❞ ✐♥❞❡❡❞ ❛❝❤✐❡✈❡

✜rst ❜❡st ♣r♦✜ts✳ ❆ s✐♠♣❧❡ ✇❛② t♦ r❡❝❡✐✈❡ t❤❡s❡ ♣r♦✜ts ✇♦✉❧❞ ❜❡ t♦ ♦✛❡r ♦♥❡ t②♣❡ ♦❢ ❝♦♥✲

tr❛❝t ✐♥ t❤❡ ✜rst ♣❡r✐♦❞ ❡①❝❧✉s✐✈❡❧②✳ ❚❤✐s ❝♦♥tr❛❝t ❡♥t❛✐❧s ❛♥ ✐♠♠❡❞✐❛t❡ ♣❛②♠❡♥t ❡q✉❛❧

t♦ t❤❡ t♦♣ ✈❛❧✉❛t✐♦♥ ❛♥❞ ❣❛r❛♥t✉❡❡s t❤❡ ❝✉st♦♠❡r t♦ ♦❜t❛✐♥ ❤✐s ❢❛✈♦r✐t❡ ✈❛r✐❡t② ✐♥ t❤❡

s❡❝♦♥❞ ♣❡r✐♦❞✳ ❊✈❡r② ❝♦♥s✉♠❡r ✇♦✉❧❞ s✐❣♥ t❤❛t ❝♦♥tr❛❝t ❛♥❞ t❤❡♥ ❝❤♦♦s❡ ❤✐s ❢❛✈♦r✐t❡

♣r♦❞✉❝t✳ ❍♦✇❡✈❡r✱ ❜② ❛ss✉♠♣t✐♦♥ t❤❡ t♦♣ ✈❛❧✉❛t✐♦♥ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ r✳ ❚♦ ❛❝❤✐❡✈❡ ✜rst

❜❡st ♣r♦✜ts✱ t❤❡ ✜r♠ ✇♦✉❧❞ ♥❡❡❞ t♦ ✐♥❞✉❝❡ t❤❡ ❝♦♥s✉♠❡rs t♦ s✐❣♥ ❝♦♥tr❛❝ts t❤❛t ♦♥❧②

❞✐✛❡r ✐♥ ♣r✐❝❡s✳ ❋♦r ♦❜✈✐♦✉s r❡❛s♦♥s t❤✐s ✐s ♥♦t ♣♦ss✐❜❧❡✳ ❍❡♥❝❡✱ ✇❤❡♥ ♦♥❧② ♦✛❡r✐♥❣ ❝♦♥✲

tr❛❝ts t❤❛t ❣❛r❛♥t✉❡❡ t❤❡ ❝✉st♦♠❡r t♦ ♦❜t❛✐♥ ❤✐s ❢❛✈♦r✐t❡ ✈❛r✐❡t②✱ t❤❡ ✜r♠ ❤❛s t♦ tr❛❞❡

♦✛ ❧❡❛✈✐♥❣ r❡♥ts t♦ ❤✐❣❤ t②♣❡s ❛♥❞ ❡①❝❧✉❞✐♥❣ ❧♦✇ t②♣❡s✳ ❆s s❤♦✇♥ ✐♥ t❤❡ ❢✉❧❧ ❛♥❛❧②s✐s

♦❢ t❤❡ ♣r♦❜❧❡♠✱ t❤❡ ♠♦♥♦♣♦❧✐st ❝❛♥✱ ❤♦✇❡✈❡r✱ ♣r♦✜t❛❜❧② ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t❡ ❜② ✉s✐♥❣ t❤❡

♣r♦♣❡rt② t❤❛t ✇✐t❤ ✐♥❝r❡❛s✐♥❣ r ❛❧s♦ t❤❡ ✈❛❧✉❛t✐♦♥ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ t✇♦ ❣♦♦❞s ✐s

✐♥❝r❡❛s✐♥❣✳

✷✳✸ ❆♥❛❧②s✐s

❆s t❤❡ ✜r♠ ❤❛s ❢✉❧❧ ❝♦♠♠✐t♠❡♥t ♣♦✇❡r✱ t❤❡ r❡✈❡❧❛t✐♦♥ ♣r✐♥❝✐♣❧❡ ❛♣♣❧✐❡s ✭s❡❡ ▼②❡rs♦♥✱

✶✾✽✻✮✱ ✇❤✐❝❤ ❛❧❧♦✇s ♠❡ t♦ ❝♦♥❝❡♥tr❛t❡ ♦♥ ❞✐r❡❝t ♠❡❝❤❛♥✐s♠s✳ ❆ ❞✐r❡❝t ♠❡❝❤❛♥✐s♠ s♣❡❝✐✲

✜❡s ❢♦r ❛♥② r❡♣♦rt❡❞ ♣❛✐r ♦❢ t②♣❡s (r̂, â) ❛ ♣r✐❝❡ p ♣❛✐❞ ❜② t❤❡ ❛❣❡♥t t♦ t❤❡ ❞❡s✐❣♥❡r ❛♥❞ ❛♥

❛❧❧♦❝❛t✐♦♥✳ ❆ ❣❡♥❡r❛❧ ❛❧❧♦❝❛t✐♦♥ ✐s ❛ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦✈❡r ❛❧❧ ♣♦ss✐❜❧❡ ♣r♦❞✉❝t s❡ts

t❤❛t t❤❡ ❛❣❡♥t ❝❛♥ ❡♥❞ ✉♣ ✇✐t❤✳ ❚❤❡s❡ ❛r❡ ✧♦♥❧② ❣♦♦❞ ♦♥❡✧✱ ✧♦♥❧② ❣♦♦❞ t✇♦✧✱ ✧❜♦t❤

✾



❣♦♦❞s✧ ❛♥❞ ✧♥♦ ❣♦♦❞✧✳ ❆♥ ❛❧❧♦❝❛t✐♦♥ ✐s ❝♦♠♣❧❡t❡❧② ❞❡s❝r✐❜❡❞ ❜② X = (x1, x2, x1&2)✱

✇❤❡r❡ t❤❡ t❤r❡❡ ❡♥tr✐❡s ❞❡♥♦t❡ t❤❡ ♣r♦❜❛❜✐❧✐t✐❡s ❢♦r t❤❡ ✜rst t❤r❡❡ ♣r♦❞✉❝t s❡ts✱ r❡s♣❡❝✲

t✐✈❡❧②✳ ■♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ■ ✇✐❧❧ ✐❞❡♥t✐❢② ❛ ❞✐r❡❝t ♠❡❝❤❛♥✐s♠ ❞✐r❡❝t❧② ✇✐t❤ ✐ts ♦✉t❝♦♠❡

❢✉♥❝t✐♦♥
(

X(r̂, â), p(r̂, â)
)

✳ ●✐✈❡♥ ❛ ❞✐r❡❝t ♠❡❝❤❛♥✐s♠ ❛♥❞ ❛ r❡♣♦rt ❛❜♦✉t t❤❡ ❡① ❛♥t❡

t②♣❡✱ ■ ❝❛❧❧ t❤❡ ❢✉♥❝t✐♦♥ t❤❛t ♠❛♣s ❡① ♣♦st t②♣❡ r❡♣♦rts ✐♥t♦ ❛❧❧♦❝❛t✐♦♥s ❛♥❞ ♣r✐❝❡s ❛

❝♦♥tr❛❝t✳ ❚❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❡① ❛♥t❡ r❡♣♦rt t❤❡♥ ❝♦rr❡s♦♥❞s t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛ ❝♦♥tr❛❝t

❛♥❞ t❤❡ ❝❤♦✐❝❡ ♦❢ ❛♥ ❡① ♣♦st r❡♣♦rt ❞❡t❡r♠✐♥❡s ❛♥ ♦♣t✐♦♥ ✇✐t❤✐♥ t❤❛t ❝♦♥tr❛❝t✳

●✐✈❡♥ ❛ ♣❛✐r ♦❢ t②♣❡s (r, ai)✱ i ∈ {1, 2}✱ ❛♥❞ ❛♥ ❛❧❧♦❝❛t✐♦♥ ❞❡t❡r♠✐♥❡❞ ❜② ❛ ♣❛✐r ♦❢ r❡♣♦rts

✭r̂, â✮ t❤❡ ❝♦♥s✉♠❡r✬s ✉t✐❧✐t② ✐s

u(r, r̂, ai, â) = v+(r) ·
(

xi(r̂, â) + x1&2(r̂, â)
)

+ v−(r) · x3−i(r̂, â)− p(r̂, â). ✭✶✮

❆♥ ❛❣❡♥t✬s s❡❝♦♥❞ ♣❡r✐♦❞ str❛t❡❣② ✐s ❞❡s❝r✐❜❡❞ ❜② ❛ ❢✉♥❝t✐♦♥ σ : A×R×R → A✱ ✇❤❡r❡

σ(a, r, r̂) ❞❡♥♦t❡s ❛ ❝✉st♦♠❡r✬s str❛t❡❣② ❢♦r ❛♥♥♦✉♥❝✐♥❣ ❛ s❡❝♦♥❞ ♣❡r✐♦❞ r❡♣♦rt✱ ✇❤✐❝❤

♠❛② ❞❡♣❡♥❞ ♦♥ ❤✐s ❡① ❛♥t❡ ❛♥❞ ❡① ♣♦st t②♣❡ ❛s ✇❡❧❧ ❛s ❤✐s ❡① ❛♥t❡ r❡♣♦rt✳ ❆♥ ❛❣❡♥t✬s

✜rst ♣❡r✐♦❞ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✐s t❤❡♥✻

U(r̂, r, σ) = Ea[u(r, r̂, a, σ(a, r, r̂))].

❋♦r tr✉t❤t❡❧❧✐♥❣ ❞❡♥♦t❡ σ(a, r, r̂) ≡ a ❜② t❤❡ ✐❞❡♥t✐t② ida✳ ❉❡✜♥❡ ❢✉rt❤❡r U(r, ida) :=

U(r, r, ida)✳ ◆♦✇ t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭P✮ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞✿

max
X,p

r
∫

0

f(r)Ea[p(r, a)]dr

s✳t✳

U(r, ida) ≥ U(r̂, r, σ) ∀r, r̂ 6= r, σ, ✭IC1✮

U(r, ida) ≥ 0 ∀r, ✭■❘✮

u(r, r, a, a) ≥ u(r, r, a, â) ∀r, a, â ✭IC2✮

x1(r̂, â), x2(r̂, â), x1&2(r̂, â) ≥ 0, x1(r̂, â) + x2(r̂, â) + x1&2(r̂, â) ≤ 1 ∀r̂, â. ✭❋✮

✻❙✐♥❝❡ a ✐s ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ♦♥ t❤❡ ❜✐♥❛r② s✉♣♣♦rt {a1, a2}✱

Ea[u(r, r̂, a, σ(a, r, r̂))] =
1

2
u(r, r̂, a1, σ(a1, r, r̂)) +

1

2
u(r, r̂, a2, σ(a2, r, r̂))

✶✵



■♥ t❤✐s ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❞②♥❛♠✐❝ r❡✈❡❧❛t✐♦♥ ♣r✐♥❝✐♣❧❡✱ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞ ✐♥❝❡♥t✐✈❡ ❝♦♥✲

str❛✐♥ts ✭IC2✮ ❡♥s✉r❡ t❤❛t ❛♥② ❛❣❡♥t ✇❤♦ ❤❛s tr✉t❤❢✉❧❧② r❡♣♦rt❡❞ ❤✐s ✜rst ♣❡r✐♦❞ t②♣❡

❛❧s♦ tr✉t❤❢✉❧❧② r❡♣♦rts ❤✐s ❡① ♣♦st t②♣❡✳ ❚❤❡ ✜rst ♣❡r✐♦❞ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts ✭IC1✮ s❛②

t❤❛t t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♦❢ t❡❧❧✐♥❣ t❤❡ tr✉t❤ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✱ ✇❤✐❝❤ ✐s t❤❡♥ ❢♦❧❧♦✇❡❞

❜② tr✉t❤t❡❧❧✐♥❣ ✐♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞ ❜② ✭IC2✮✱ ♠✉st ❜❡ ❜❡tt❡r t❤❛♥ ❛♥② ❝♦♠❜✐♥❛t✐♦♥ ♦❢

❧②✐♥❣ ❛❜♦✉t t❤❡ ❡① ❛♥t❡ t②♣❡ ♣♦t❡♥t✐❛❧❧② ❢♦❧❧♦✇❡❞ ❜② ❛♥♦t❤❡r ❧✐❡ ❛❜♦✉t t❤❡ ❡① ♣♦st t②♣❡✳

❚❤✐s ♠❡❛♥s t❤❡ ✜rst ♣❡r✐♦❞ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts ♠✉st ❡♥s✉r❡ ❛❣❛✐♥st ❞♦✉❜❧❡ ❞❡✈✐❛t✐♦♥s✳

❋✉rt❤❡r♠♦r❡✱ t❤❡ ✐♥❞✐✈✐❞✉❛❧ r❛t✐♦♥❛❧✐t② ❝♦♥str❛✐♥ts ✭■❘✮ ❤♦❧❞ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞ ❛♥❞ ✭❋✮

✐s t❤❡ ❢❡❛s✐❜✐❧✐t② ❝♦♥str❛✐♥t ❢♦r t❤❡ ❛❧❧♦❝❛t✐♦♥✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ s✐♠♣❧✐✜❡s t❤❡ ♣r♦❜❧❡♠✳ ■t st❛t❡s t❤❛t ❛s t❤❡r❡ ✐s ✉♥✐t ❞❡♠❛♥❞ ■

❝❛♥ r❡str✐❝t ❛tt❡♥t✐♦♥ t♦ ❛❧❧♦❝❛t✐♦♥s t❤❛t ❛ss✐❣♥ ❛t ♠❛①✐♠✉♠ ♦♥❡ ❣♦♦❞✳

▲❡♠♠❛ ✶✳ ❋♦r ❛♥② ❞✐r❡❝t ♠❡❝❤❛♥✐s♠ t❤❛t s❛t✐s✜❡s t❤❡ ❝♦♥str❛✐♥ts ♦❢ P✱ t❤❡r❡ ❡①✐sts ❛

❞✐r❡❝t ♠❡❝❤❛♥✐s♠ ✇✐t❤ t❤❡ s❛♠❡ ♣❛②♠❡♥ts t❤❛t ♥❡✈❡r ❛ss✐❣♥s ❜♦t❤ ❣♦♦❞s ❛♥❞ s❛t✐s✜❡s t❤❡

❝♦♥str❛✐♥ts ♦❢ P✳

❚❤❡ ♣r♦♦❢ ❢♦❧❧♦✇s ❜② ❛ s✐♠♣❧❡ r❡♣❧✐❝❛t✐♦♥ ❛r❣✉♠❡♥t✼✳ ❚❤❡ ❛ss✐❣♥♠❡♥t ♦❢ s❡✈❡r❛❧ ❣♦♦❞s

❛t ❛ t✐♠❡ ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ❜② ❛ss✐❣♥✐♥❣ t❤❡ s✐♥❣❧❡ ❣♦♦❞ ✇❤✐❝❤ ✐s ❝❧❛✐♠❡❞ t♦ ❜❡ ♣r❡❢❡rr❡❞

❛♠♦♥❣ t❤♦s❡✳ ■♥ ❡q✉✐❧✐❜r✐✉♠✱ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ❤❡♥❝❡ ♦♥✲♣❛t❤ ✉t✐❧✐t✐❡s ❛r❡ ✉♥❝❤❛♥❣❡❞✳

■♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t② ✐s ♣r❡s❡r✈❡❞ ❛s ✇❡❧❧✱ ❜❡❝❛✉s❡ ♦✛✲♣❛t❤ ✉t✐❧✐t✐❡s ❛r❡ ✇❡❛❦❧② ❧♦✇❡r❡❞✳

❆s ✐♥ t❤❡ ♠♦❞✐✜❡❞ ♠❡❝❤❛♥✐s♠ ♣❛②♠❡♥ts ❛r❡ ✉♥❝❤❛♥❣❡❞✱ t❤❡ ♠❡❝❤❛♥✐s♠s ❛r❡ ❡q✉✐✈❛❧❡♥t

✐♥ t❡r♠s ♦❢ ♣r♦✜t✳ ❚❤❡r❡❢♦r❡ ✐t ✐s ✇✐t❤♦✉t ❧♦ss t♦ ♦♥❧② ❝♦♥s✐❞❡r ♠❡❝❤❛♥s✐♠s t❤❛♥ ❛ss✐❣♥

❛t ♠❛①✐♠✉♠ ♦♥❡ ❣♦♦❞✳ ❋♦r♠❛❧❧②✱ ■ ❢r♦♠ ♥♦✇ ♦♥ s❡t x1&2 t♦ ③❡r♦ ❢♦r ❛❧❧ r❡♣♦rts ✭r̂, â✮

❛♥❞ ❞r♦♣ ✐t✳

❆s ❡① ♣♦st t②♣❡s ❛r❡ ❡q✉❛❧❧② ❧✐❦❡❧② ❢♦r ❡❛❝❤ ❡① ❛♥t❡ t②♣❡✱ t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❛t✐♦♥ ✐♥

t❤❡ ✜rst ♣❡r✐♦❞ ❢♦r ❛♥② ❛❧❧♦❝❛t✐♦♥ ✇✐t❤ x1 + x2 = 1 ✐s v − δr✳ ❲❤❡t❤❡r ✐t ✐♥❝r❡❛s❡s

✐♥ ♦r ❞❡❝r❡❛s❡s ✐♥ ❡① ❛♥t❡ t②♣❡s ❞❡♣❡♥❞s ♦♥ δ✱ ✇❤✐❝❤ r❡♣r❡s❡♥ts t❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥

t❤❡ ✐♥❝r❡❛s❡ ✐♥ t♦♣ ✈❛❧✉❛t✐♦♥ ❛♥❞ t❤❡ ♣♦t❡♥t✐❛❧ ❞❡❝r❡❛s❡ ✐♥ v−(r)✳ ❙✐♥❝❡ t❤❡ s♦❧✉t✐♦♥

t❡❝❤♥✐q✉❡ ❛♥❞ r❡s✉❧ts ❞✐✛❡r ❢♦r t❤❡s❡ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s✱ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ♣r♦❜❧❡♠ ✐s

s♣❧✐t ✐♥t♦ t✇♦ ❝❛s❡s✳

✼❚❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✶ ❛s ✇❡❧❧ ❛s ❛❧❧ s✉❜s❡q✉❡♥t ♦♥❡s ❛r❡ ❣✐✈❡♥ ✐♥ t❤❡ ❛♣♣❡♥❞✐①✳

✶✶



✷✳✸✳✶ ❉❡❝r❡❛s✐♥❣ ♠❡❛♥

❚❤❡ ❛♥❛❧②s✐s ❜❡❣✐♥s ✇✐t❤ t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ ❝♦♠♣❛r❛t✐✈❡ ❧♦ss ❢r♦♠ ❡♥❞✐♥❣ ✉♣ ✇✐t❤

t❤❡ ✇r♦♥❣ ♣r♦❞✉❝t ♦✉t✇❡✐❣❤s t❤❡ ✐♥❝r❡❛s❡ ✐♥ ✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ♣r❡❢❡rr❡❞ ❛❧t❡r♥❛t✐✈❡ s✉❝❤

t❤❛t t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❛t✐♦♥ ♦❢ ❛ ♣❛rt✐❝✉❧❛r ❣♦♦❞ ❛ss✐❣♥❡❞ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞ ❞❡❝r❡❛s❡s ✐♥

r✳ ❋♦r♠❛❧❧② t❤✐s ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ❝❛s❡ δ ≥ 0✳

❆ s♦❧✉t✐♦♥ t♦ t❤✐s ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✇✐❧❧ ❜❡ ❢♦✉♥❞ ✇✐t❤ t❤❡ ❤❡❧♣ ♦❢ ❛ t❡❝❤♥✐q✉❡ t❤❛t

✐s ❝♦♠♠♦♥ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ s❡q✉❡♥t✐❛❧ s❝r❡❡♥✐♥❣✽✿ ■ ❝♦♥s✐❞❡r t❤❡ r❡❧❛①❡❞ ♣r♦❜❧❡♠

✇✐t❤ ♣✉❜❧✐❝❧② ♦❜s❡r✈❛❜❧❡ s❡❝♦♥❞ ♣❡r✐♦❞ t②♣❡s ❛♥❞ ✜♥❞ t❤❡ s❡t ♦❢ s♦❧✉t✐♦♥s t♦ ✐t✳ ❚❤❡

r❡❧❛①❡❞ ♣r♦❜❧❡♠ ❞✐✛❡rs ❢r♦♠ t❤❡ ♦r✐❣✐♥❛❧ ♦♥❡ t❤r♦✉❣❤ ❧❡❛✈✐♥❣ ♦✉t ❛❧❧ IC2 ❝♦♥str❛✐♥ts ❛s

✇❡❧❧ ❛s ❛❧❧ t❤♦s❡ IC1 ❝♦♥str❛✐♥ts ✇❤✐❝❤ ✐♥s✉r❡ ❛❣❛✐♥st ✜rst ♣❡r✐♦❞ ❞❡✈✐❛t✐♦♥s ✇❤✐❝❤ ❛r❡

❢♦❧❧♦✇❡❞ ❜② ❛♥♦t❤❡r ❧✐❡✳ ❚❤❡ ♣r♦✜t ❣❡♥❡r❛t❡❞ ❜② t❤❡ s♦❧✉t✐♦♥s t♦ t❤❡ r❡❧❛①❡❞ ♣r♦❜❧❡♠

❝♦♥st✐t✉t❡s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ t❤❡ ♣r♦✜t t❤❛t ❝❛♥ ❜❡ ❛❝❤✐❡✈❡❞ ✐♥ t❤❡ ❢✉❧❧ ♠❛①✐♠✐③❛t✐♦♥

♣r♦❜❧❡♠✳ ❚❤❡♥ ■ s❤♦✇ t❤❛t ❡❛❝❤ s♦❧✉t✐♦♥ t♦ t❤❡ r❡❧❛①❡❞ ♣r♦❜❧❡♠ s❛t✐s✜❡s t❤❡ ❝♦♥str❛✐♥ts

✇❤✐❝❤ ❛r❡ ❧❡❢t ♦✉t✳ ❍❡♥❝❡✱ t❤❡s❡ ❛r❡ s♦❧✉t✐♦♥s t♦ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✳

❚❤❡ r❡❧❛①❡❞ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭Po✮ ✐s

max
X,p

r
∫

0

f(r) · Ea[p(r, a)]dr

s✳t✳

U(r, ida) ≥ U(r̂, r, ida) ∀r, r̂, a, ✭IC ′
1✮

U(r, ida) ≥ 0 ∀r, ✭■❘✮

x1(r̂, â), x2(r̂, â) ≥ 0, x1(r̂, â) + x2(r̂, â) ≤ 1 ∀r̂, â. ✭❋✮

■♥ t❤❡ ♥❡①t st❡♣✱ ■ ❡①♣❧♦✐t t❤❡ ♠♦❞❡❧✬s s②♠♠❡tr② ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t✇♦ ❣♦♦❞s✳ ■♥st❡❛❞

♦❢ ✐❞❡♥t✐❢②✐♥❣ ❣♦♦❞s ❜② t❤❡✐r ♥❛♠❡✱ ■ ❞✐st✐♥❝t ❜❡t✇❡❡♥ ♣r❡❢❡rr❡❞ ❛♥❞ ✉♥❞❡s✐r❡❞ ❣♦♦❞s✳ ❉❡✲

♥♦t❡ x+(r̂) =
1
2
x1(r̂, a1)+

1
2
x2(r̂, a2) ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣❧② x−(r̂) =

1
2
x2(r̂, a1)+

1
2
x1(r̂, a2)✳

x+(r̂) ❛♥❞ x−(r̂) ❛r❡ ♣r♦❜❛❜✐❧✐t✐❡s t❤❡♠s❡❧✈❡s t❤❛t ❛r❡ s♣❡❝✐✜❝ t♦ t❤❡ ❝♦♥tr❛❝t ❞❡t❡r✲

♠✐♥❡❞ ❜② ❡① ❛♥t❡ r❡♣♦rt r̂✳ ❋♦r♠❡❞ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✱ t❤❡② ✐♥❞✐❝❛t❡ t❤❡ ♣r♦❜❛❜✐❧✐t②

♦❢ t❤❡ ❛ss✐❣♥♠❡♥t ♦❢ ❛ ♣r❡❢❡rr❡❞ ❛♥❞ ❛♥ ✉♥❞❡s✐r❛❜❧❡ ❣♦♦❞ ✐♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞ ❣✐✈❡♥

tr✉t❤❢✉❧ r❡✈❡❧❛t✐♦♥ ♦❢ s❡❝♦♥❞ ♣❡r✐♦❞ t②♣❡s✳ ❲✐t❤ t❤✐s ♥♦t❛t✐♦♥✱ t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❝❛♥

❜❡ r❡✇r✐tt❡♥ ❛s

✽❙❡❡ ❢♦r ❡①❛♠♣❧❡ ●❛❧❡ ❛♥❞ ❍♦❧♠❡s ✭✶✾✾✸✮ ❛♥❞ ❊sö ❛♥❞ ❙③❡♥t❡s ✭✷✵✵✼✮

✶✷



U(r̂, r, ida) = x+(r̂) · v+(r) + x−(r̂) · v−(r)− Ea[p(r, a)]

= v[x+(r̂) + x−(r̂)] + r ·K(r̂, δ)− Ea[p(r, a)]
✭✷✮

✇✐t❤ K(r̂, δ) = x+(r̂)− x−(r̂)− δ(x+(r̂) + x−(r̂))✳

▲❡♠♠❛ ✷✳ ❚❤❡ ✜rst ♣❡r✐♦❞ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts IC ′
1 ❛r❡ s❛t✐s✜❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢

∂U(r, ida)/∂r = K(r, δ) ❛✳❡✳ ✭ENV ✮

❛♥❞ K(r, δ) ✐s ♠♦♥✳ ✐♥❝r❡❛s✐♥❣ ✐♥ r. ✭MON✮

▲❡♠♠❛ ✷ ✐♠♣❧✐❡s t❤❛t ♠❛①✐♠✐③✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♥str❛✐♥ts ✭IC ′
1✮✱ ✭■❘✮ ❛♥❞ ✭❋✮

✐s ❡q✉✐✈❛❧❡♥t t♦ t❛❦✐♥❣ ✭ENV ✮✱ ✭MON✮✱ ✭■❘✮ ❛♥❞ ✭❋✮ ❛s ❝♦♥str❛✐♥ts✳ ■❢ ✭ENV ✮ ❛♥❞

✭MON✮ ❤♦❧❞✱ t❤❡ ❡① ❛♥t❡ ✉t✐❧✐t② ✐s ❝♦♥✈❡① ✐♥ t②♣❡s✳

❊✈❡♥ t❤♦✉❣❤ ▲❡♠♠❛ ✷ ❛♥❞ ✐ts ♣r♦♦❢ ❛r❡ ❢❛♠✐❧✐❛r ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ st❛t✐❝ ♠❡❝❤❛✲

♥✐s♠ ❞❡s✐❣♥✱ ✐t ✐s ♥♦♥✲st❛♥❞❛r❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ s❡q✉❡♥t✐❛❧ s❝r❡❡♥✐♥❣✳ ■♥ t❤❡ st❛♥❞❛r❞

s❡q✉❡♥t✐❛❧ s❝r❡❡♥✐♥❣ ♣r♦❜❧❡♠✱ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♦r❞❡r ❝♦♥❞✐t✐♦♥ ❛r❡ ♥♦t s✉✣❝✐❡♥t ❢♦r

✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t② ✭❢♦r ❛♥ ❡①♣♦s✐t✐♦♥ s❡❡ ❈♦✉rt② ❛♥❞ ▲✐ ✭✷✵✵✵✮ ❛♥❞ ❊sö ❛♥❞ ❙③❡♥t❡s

✭✷✵✵✼✮✮✳ ❉✐✣❝✉❧t✐❡s ❛r✐s❡✱ ❜❡❝❛✉s❡ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ♦r❞❡r ❝♦♥❞✐t✐♦♥ ❤♦❧❞ ♦♥❧② ✐♥

❡①♣❡❝t❛t✐♦♥ ♦✈❡r t❤❡ ❡① ♣♦st t②♣❡✳ ■♥ ♠② ♠♦❞❡❧✱ t❤✐s ♣r♦❜❧❡♠ ❝❛♥ ❜❡ ♦✈❡r❝♦♠❡ ❜②

❡①♣❧♦✐t✐♥❣ t❤❡ s②♠♠❡tr② t❤❛t st❡♠s ❢r♦♠ t❤❡ ❤♦r✐③♦♥t❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ❣♦♦❞s✿ ❚❤❡

✉t✐❧✐t② ❧❡✈❡❧ ❥✉st ❞❡♣❡♥❞s ♦♥ ✇❤❡t❤❡r t❤❡ ♦❜t❛✐♥❡❞ ❣♦♦❞ ✐s ❢❛✈♦r✐t❡ ♦r ♥♦♥✲❢❛✈♦r✐t❡✱ ❜✉t

t❤❡ ✐❞❡♥t✐t② ♦❢ ❣♦♦❞s ❞♦❡s ♥♦t ♣❧❛② ❛♥② r♦❧❡✳ ❚❤✐s ♣❡r♠✐ts t♦ r❡✇r✐t❡ t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t②

♦❢ ❛♥ ❛❧❧♦❝❛t✐♦♥ ❛s ❛ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦✈❡r ✉t✐❧✐t② ❧❡✈❡❧s ❛s ❞♦♥❡ ✐♥ ✭✷✮✳

❲❤❛t ❞✐st✐♥❣✉✐s❤❡s t❤✐s ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ❛❧s♦ ❢r♦♠ ❛ st❛♥❞❛r❞ st❛t✐❝ ♠❡❝❤❛♥✐s♠

❞❡s✐❣♥ ♣r♦❜❧❡♠ ✇✐t❤ ❝♦♥t✐♥✉♦✉s t②♣❡s ❛♥❞ ❧✐♥❡❛r ✉t✐❧✐t② ✐s t❤❛t K(r, δ) ❝❛♥ t❛❦❡ ❜♦t❤

♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s✳ ❍❡♥❝❡✱ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♠✐❣❤t ♠♦♥♦t♦♥✐❝❛❧❧② ✐♥❝r❡❛s❡ ♦r

❞❡❝r❡❛s❡ ♦♥ R✱ ❜✉t ✐t ♠✐❣❤t ❛❧s♦ ❜❡ t❤❡ ❝❛s❡ t❤❛t ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✐s ❞❡❝r❡❛s✐♥❣ ✇✐t❤

✐♥❝r❡❛s✐♥❣ ❡① ❛♥t❡ t②♣❡s ♦♥❧② ❢♦r s♠❛❧❧ r ❛♥❞ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❡① ❛♥t❡

t②♣❡s ✐s ❯✲s❤❛♣❡❞✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐t ✐s ♥♦t ❝❧❡❛r ✇❤✐❝❤ ❛❣❡♥t ✇✐❧❧ ❤❛✈❡ t❤❡ ❧♦✇❡st ❡①✲

♣❡❝t❡❞ ✉t✐❧✐t② ✇❤✐❝❤ ✇✐❧❧ t❤❡♥ ❜❡ s❡t t♦ ③❡r♦ ✐♥ t❤❡ ♦♣t✐♠✉♠ ❜② t❤❡ ✐♥❞✐✈✐❞✉❛❧ r❛t✐♦♥❛❧✐t②

❝♦♥str❛✐♥ts✳

❚❤❡ ❡❝♦♥♦♠✐❝ ✐♥t✉✐t✐♦♥ ❢♦r t❤✐s ♥♦♥✲st❛♥❞❛r❞ s✐t✉❛t✐♦♥ ❡♠❡r❣❡s ❢r♦♠ t❤❡ ❤♦r✐③♦♥t❛❧ ❞✐❢✲

❢❡r❡♥t✐❛t✐♦♥ ♦❢ ❣♦♦❞s✳ ❲❤✐❧❡ ✐♥ ❛ ✉s✉❛❧ s❡tt✐♥❣ ✇✐t❤ ✈❡rt✐❝❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ t❤❡ ♦r❞❡r✐♥❣

♦❢ ❛❣❡♥ts✬ t②♣❡s ✐♥❞✉❝❡❞ ❜② t❤❡ ✈❛❧✉❛t✐♦♥ ♦❢ ❛♥ ❛❧❧♦❝❛t✐♦♥ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❛❧❧♦❝❛✲

✶✸



t✐♦♥ ❝♦♥s✐❞❡r❡❞✱ ✐♥ t❤❡ ❝❛s❡ ✇✐t❤ ❤♦r✐③♦♥t❛❧❧② ❞✐✛❡r❡♥t✐❛t❡❞ ❣♦♦❞s t❤❡r❡ ✐s ♥♦ s✉❝❤ ❝❧❡❛r

♦r❞❡r✐♥❣✳ ■♥ ♠② ♠♦❞❡❧✱ ❛♥ ❛❣❡♥t ✇❤♦ ✈❛❧✉❡s ❣❡tt✐♥❣ t❤❡ r✐❣❤t ❣♦♦❞ ♠♦r❡ ❛❧s♦ s✉✛❡rs

♠♦r❡ ❢r♦♠ ❡♥❞✐♥❣ ✉♣ ✉♥❢❛✈♦r❛❜❧②✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❛♥② ❛❧❧♦❝❛t✐♦♥ t❤❛t ❤❛s ❛ t❡♥❞❡♥❝②

t♦✇❛r❞s ❛ss✐❣♥✐♥❣ t❤❡ ✬✇r♦♥❣✬ ❣♦♦❞ ✐s ✈❛❧✉❡❞ ❧❡ss ❜② ❤✐❣❤❡r t②♣❡s✳ ❖♥ t❤❡ ❝♦♥tr❛r②✱

❛❧❧♦❝❛t✐♦♥s t❤❛t ❤❛✈❡ ❛ t❡♥❞❡♥❝② t♦✇❛r❞s ❛ss✐❣♥✐♥❣ t❤❡ ✬r✐❣❤t✬ ❣♦♦❞✱ ❛r❡ ✈❛❧✉❡❞ ♠♦r❡ ❜②

❤✐❣❤❡r t②♣❡s✳

▼♦❞❡❧s ✐♥ ✇❤✐❝❤ t❤❡ t②♣❡ ✇✐t❤ ❜✐♥❞✐♥❣ ✐♥❞✐✈✐❞✉❛❧ r❛t✐♦♥❛❧✐t② ❝♦♥str❛✐♥t ✐s ✉♥❝❧❡❛r ❤❛✈❡

✜rst ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ t②♣❡✲❞❡♣❡♥❞❡♥t ♦✉ts✐❞❡ ♦♣t✐♦♥s ✭s❡❡ ▲❡✇✐s ❛♥❞

❙❛♣♣✐♥❣t♦♥ ✭✶✾✽✾✮✱ ▼❛❣❣✐ ❛♥❞ ❘♦❞r✐❣✉❡③✲❈❧❛r❡ ✭✶✾✾✺✮✱ ❏✉❧❧✐❡♥ ✭✷✵✵✵✮ ❛♥❞ ❙❛♠✉❡❧s♦♥

❛♥❞ ◆ö❧❞❡❦❡ ✭✷✵✵✼✮ ❢♦r ❛♥ ❡①♣♦s✐t✐♦♥✮✳ ❍♦✇❡✈❡r✱ t❤❡✐r r❡s✉❧ts ❝❛♥♥♦t ❞✐r❡❝t❧② ❜❡ ❛♣✲

♣❧✐❡❞✱ ❜❡❝❛✉s❡ ❛❧❧ ♦❢ t❤❡ ❧❛tt❡r ♣❛♣❡rs ❜② ❛ss✉♠♣t✐♦♥ ❡①❝❧✉❞❡ ♠② ❝❛s❡ ♦❢ ♣✉r❡ r❡✈❡♥✉❡

♠❛①✐♠✐③❛t✐♦♥✳ ❋✉rt❤❡r♠♦r❡✱ ✐♥ ♠② ♠♦❞❡❧ t❤❡ ❝♦♥✈❡①✐t② ♦❢ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✉t✐❧✐t✐❡s ✐♥

r✱ ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✷✱ ❛❧❧♦✇s ❢♦r ❛ ♣❛rt✐❝✉❧❛r❧② tr❛❝t❛❜❧❡ ♠❡t❤♦❞ ♦❢ s♦❧✈✐♥❣ t❤❡

♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠✿ ■t ✐s ❦♥♦✇♥ t❤❛t ✐♥ ❡✈❡r② s♦❧✉t✐♦♥✱ t❤❡r❡ ✐s ❛♥ ❡① ❛♥t❡ t②♣❡

z ∈ [0; r] t❤❛t ❤❛s t❤❡ ❧♦✇❡st ❡① ❛♥t❡ ✉t✐❧✐t②✳ ▼❛❦✐♥❣ ✉s❡ ♦❢ t❤✐s ❢❛❝t✱ ✐♥ ❛ ✜rst st❡♣ ■

s♦❧✈❡ ♣r♦❜❧❡♠ Po ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥t U(r, ida) ≥ U(z, ida) ❢♦r ❛❧❧ r ∈ R ❛♥❞

s♦♠❡ ❛r❜✐tr❛r② ❜✉t ✜①❡❞ ❡① ❛♥t❡ t②♣❡ z✳ ❉❡♥♦t❡ t❤✐s ♣r♦❜❧❡♠ ❜② Pz
o ✳ ❚❤✐s r❡s✉❧ts ✐♥

t❤❡ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❛♥ ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ ❞❡♣❡♥❞❡♥t ♦♥ z ❢♦r ❛❧❧ z ∈ R✱ ✇❤❡r❡ z ✐s t❤❡

❡①♦❣❡♥♦✉s❧② ❣✐✈❡♥ ❡① ❛♥t❡ t②♣❡ ✇✐t❤ t❤❡ ❧♦✇❡st ❡①♣❡❝t❡❞ ✉t✐❧✐t②✳ ■♥ ❛ s❡❝♦♥❞ st❡♣ ■ t❤❡♥

♠❛①✐♠✐③❡ t❤❡ ♣r♦✜t ✐♥ z✳

❍❛✈✐♥❣ ✜①❡❞ ❡① ❛♥t❡ t②♣❡ z✱ ▲❡♠♠❛ ✷ ❝❛♥ ❜❡ ❡♠♣❧♦②❡❞ t♦ r❡❢♦r♠✉❧❛t❡ t❤❡ ♠❛①✐♠✐③❛t✐♦♥

♣r♦❜❧❡♠✿ ■♥ t❤❡ ♦♣t✐♠✉♠✱ z✬s ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✐s ③❡r♦ ❜② ❜✐♥❞✐♥❣ ✐♥❞✐✈✐❞✉❛❧ r❛t✐♦♥❛❧✐t②✳

❇② ✭ENV ✮ ❛♥❞ ❛❜s♦❧✉t❡ ❝♦♥t✐♥✉✐t②✾ ❛♥② ❡① ❛♥t❡ t②♣❡✬s ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❝❛♥ t❤❡♥ ❜❡

✇r✐tt❡♥ ❛s

U(r, ida) = U(z, ida) +

r
∫

z

K(y, δ)dy =

r
∫

z

K(y, δ)dy. ✭✸✮

❇② ✭✷✮ ❛♥❞ ✭✸✮ ♣r✐❝❡s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❛❧❧♦❝❛t✐♦♥✿

Ea[p(r, a)] = v ·K(r, δ)−
r

∫

z

K(y, δ)dy. ✭✹✮

✾❋♦r ❛ ♣r♦♦❢ ♦❢ ❛❜s♦❧✉t❡ ❝♦♥t✐♥✉✐t② s❡❡ ❢♦r ❡①❛♠♣❧❡ ❚❤❡♦r❡♠ ✷ ✐♥ ▼✐❧❣r♦♠ ❛♥❞ ❙❡❣❛❧ ✭✷✵✵✷✮

✶✹



P❧✉❣❣✐♥❣ ✭✹✮ ✐♥t♦ t❤❡ ♦❜❥❡❝t✐✈❡ r❡❞✉❝❡s ♣r♦❜❧❡♠ Pz
o t♦✿

max
x

r
∫

0

f(r)

(

v ·K(r, δ)−
r

∫

z

K(y, δ)dy

)

dr

s✳t✳ ✭MON✮✱ ✭❋✮ ❛♥❞ U(z, ida) ≥ U(r, ida) ∀r ∈ R✳

❇② ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts ❛♥❞ r❡❛rr❛♥❣✐♥❣ t❡r♠s✱ t❤❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

max
x

z
∫

0

f(r)

[

v[x+(r) + x−(r)] +K(r, δ) ·
(

r +
F (r)

f(r)

)]

dr

+

r
∫

z

f(r)

[

v[x+(r) + x−(r)] +K(r, δ) ·
(

r − 1− F (r)

f(r)

)]

dr

✭✺✮

s✳t✳ ✭MON✮✱ ✭❋✮ ❛♥❞ U(z, ida) ≥ U(r, ida) ∀r ∈ R✳

❉❡✜♥❡ b = sup{r ∈ R|r − 1−F (r)
f(r)

≤ 0}✳

▲❡♠♠❛ ✸✳ ❆♥② s♦❧✉t✐♦♥ t♦ ♣r♦❜❧❡♠ Pz
o ❤❛s t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿✶✵

x+(r) =
1 + δ

2
❛♥❞ x−(r) =

1− δ

2
✐❢ r ≤ max{b, z},

x+(r) = 1 ❛♥❞ x−(r) = 0 ✐❢ r > max{b, z}.

❋♦r ❛♥② z ∈ R ❛ s♦❧✉t✐♦♥ ❞♦❡s ❡①✐st✳

▲❡♠♠❛ ✸ ✐s ♣r♦✈❡♥ ❜② ♣♦✐♥t✇✐s❡ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ ♦❜❥❡❝t✐✈❡ ✭✹✮ ❢♦r ❡✈❡r② ❡① ❛♥t❡ t②♣❡

r✱ s✉❜❥❡❝t t♦ ❛ r❡❧❛①❡❞ ✈❡rs✐♦♥ ♦❢ t❤❡ ❝♦♥str❛✐♥ts✳ ❚❤❡ ❝♦♥str❛✐♥ts ❛r❡ ✇❡❛❦❡♥❡❞ ✐♥ t❤❡

s❡♥s❡ t❤❛t ■ ♦♥❧② ♣❛② ❛tt❡♥t✐♦♥ t♦ t❤❡ ❜♦✉♥❞s ♦♥ ❜♦t❤ x+(r) + x−(r) ❛♥❞ K(r, δ) t❤❛t

❛r❡ ✐♠♣❧✐❡❞ ❜② ✭MON✮✱ ✭❋✮ ❛♥❞ z t♦ ❜❡ t❤❡ t②♣❡ ✇✐t❤ ♠✐♥✐♠❛❧ ✉t✐❧✐t②✳ ◆♦t❡ t❤❛t ✉♥❧✐❦❡

✐♥ st❛♥❞❛r❞ ♣♦✐♥t✇✐s❡ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠s ❢❛♠✐❧✐❛r ❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ ♠❡❝❤❛♥✐s♠

❞❡s✐❣♥✶✶✱ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ❝♦♥str❛✐♥t ❝❛♥♥♦t ❜❡ ❡♥t✐r❡❧② ✐❣♥♦r❡❞ ❛t t❤❛t ♣♦✐♥t✳

P♦✐♥t✇✐s❡ ♠❛①✐♠✐③❛t✐♦♥ ✐♥ t❤✐s r❡❧❛①❛t✐♦♥ ♦❢ Pz
o ✐s ♥♦t ❝♦♠♣❧❡t❡❧② tr✐✈✐❛❧✳ ■ s❤♦✇ t❤❛t

❝♦♥tr❛❝ts ✇✐t❤ t❤❡ ♣r♦♣❡rt✐❡s ❣✐✈❡♥ ✐♥ ▲❡♠♠❛ ✸ ❧❡❛❞ t♦ ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥ ♣♦✐♥t✇✐s❡

♣r♦✜ts ✇✐t❤✐♥ t❤❛t r❡❧❛①❛t✐♦♥✳ ❚❤❡♥ ✐t ✐s s❤♦✇♥ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❢❡❛s✐❜❧❡ ❛❧❧♦❝❛t✐♦♥

✶✵❲✳❧✳♦✳❣✳ ❧❡t b ❛♥❞ t②♣❡s ✇✐t❤ r − 1−F (r)
f(r) = 0 ❣❡t t❤❡ ❛❧❧♦❝❛t✐♦♥ ♦❢ ❧♦✇ t②♣❡s✳

✶✶❙❡❡ ▼②❡rs♦♥ ✭✶✾✽✶✮

✶✺



r✉❧❡ ✇✐t❤ t❤❡s❡ ♣r♦♣❡rt✐❡s✳ ❋✐♥❛❧❧②✱ ✐t ❝❛♥ ✐♠♠❡❞✐❛t❡❧② ❜❡ s❡❡♥ t❤❛t ❛❧❧♦❝❛t✐♦♥s ✇✐t❤ t❤❡

❞❡r✐✈❡❞ ♣r♦♣❡rt✐❡s s❛t✐s❢② ✭MON✮ ❛♥❞ z ✐s t❤❡ t②♣❡ ✇✐t❤ ❧♦✇❡st ❡①♣❡❝t❡❞ ✉t✐❧✐t②✱ ✇❤✐❝❤

❝♦♠♣❧❡t❡s t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ▲❡♠♠❛✳

❚❤✐s ❛❧❧♦✇s ♠❡ t♦ t✉r♥ t♦ t❤❡ s❡❝♦♥❞ st❡♣ ♥♦✇✱ t❤❡ ♠❛①✐♠✐③❛t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡

✇♦rst✲♦✛ t②♣❡ z✳

▲❡♠♠❛ ✹✳ z ✐s ♦♣t✐♠❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ z ≤ b✳

▲❡♠♠❛ ✹ r❡s✉❧ts ❢r♦♠ ✐♥s❡rt✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ❢r♦♠ ▲❡♠♠❛ ✸ ✐♥t♦ ♦❜❥❡❝t✐✈❡ ✭✹✮✳ ❇②

t❤❡ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ❢r♦♠ ▲❡♠♠❛ ✸✱ ❜♦t❤ t❤❡ ✈✐rt✉❛❧ ✈❛❧✉❡ ❢♦r t②♣❡s r < z ❛s ✇❡❧❧

❛s t❤❡ ✈✐rt✉❛❧ ✈❛❧✉❡ ❢♦r t②♣❡s z < r < b ❛r❡ ♠✉❧t✐♣❧✐❡❞ ❜② ③❡r♦ ❛♥❞ ❤❡♥❝❡ ❞♦ ♥♦t ✐♥✢✉❡♥❝❡

♣r♦✜ts✳ ❚❤✉s ❢♦r ❡① ❛♥t❡ t②♣❡s r ≤ b t❤❡ r❡❧❛t✐✈❡ ♣♦s✐t✐♦♥ t♦ z✱ ✇❤✐❝❤ ❞❡t❡r♠✐♥❡s t❤❡

✈✐rt✉❛❧ ✈❛❧✉❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❡① ❛♥t❡ t②♣❡✱ ❤❛s ♥♦ r❡❧❡✈❛♥❝❡ ❡✈❡♥ t❤♦✉❣❤ ❢♦r ❛ ❣✐✈❡♥

r ✈✐rt✉❛❧ ✈❛❧✉❡s ❛r❡ ♥♦t ❡q✉❛❧✳ ❚❤❡ ✈✐rt✉❛❧ ✈❛❧✉❡ ❢♦r t②♣❡s r > b✱ ❤♦✇❡✈❡r✱ ❡♥t❡rs t❤❡

♦❜❥❡❝t✐✈❡ str✐❝t❧② ♣♦s✐t✐✈❡❧② ✐❢ ❛♥❞ ♦♥❧② ✐❢ r > z✳ ❚❤❡r❡❢♦r❡✱ ♣r♦✜t ♠❛①✐♠✐③❛t✐♦♥ ❞❡♠❛♥❞s

t❤❛t ❢♦r ❛❧❧ r ✇✐t❤ r > b ❤♦❧❞s r > z✳

▲❡♠♠❛ ✺✳ ❚❤❡ s❡t ♦❢ ♠❡❝❤❛♥✐s♠s ✇❤✐❝❤ s♦❧✈❡ ♣r♦❜❧❡♠ Po ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❆❣❡♥ts ✇✐t❤

❡① ❛♥t❡ t②♣❡s r > b ❛❧✇❛②s ♦❜t❛✐♥ t❤❡✐r ❢❛✈♦r✐t❡ ❣♦♦❞ ❛♥❞ ♣r✐❝❡s s❛t✐s❢② Ea[p(r, a)] =

v + b(1 − d)✳ ❆❣❡♥ts ✇✐t❤ ❡① ❛♥t❡ t②♣❡s r ≤ b ♦❜t❛✐♥ ❝♦♥tr❛❝ts ✇✐t❤ Ea[p(r, a)] = v✳

❚❤❡r❡ ✐s ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ r✉❧❡s ❢♦r ❡① ❛♥t❡ t②♣❡s r ≤ b ❝❤❛r❛❝t❡r✐③❡❞

❜② α ∈ [δ, 1]✿

x1(r, a1) = α, x2(r, a1) = 1− α,

x1(r, a2) = α− δ, x2(r, a2) = 1 + δ − α.

❚❤❡ s❡t ♦❢ ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ r✉❧❡s ✐s ♦❜t❛✐♥❡❞ ❛s t❤❡ s♦❧✉t✐♦♥ t♦ ❛ s②st❡♠ ♦❢ ❧✐♥❡❛r

❡q✉❛t✐♦♥s✱ ✇❤✐❝❤ ❛r❡ t❤❡ ❢❡❛s✐❜✐❧✐t② r❡q✉✐r❡♠❡♥ts ❛♥❞ t❤❡ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ❣✐✈❡♥ ❜②

▲❡♠♠❛s ✸ ❛♥❞ ✹✳ ❆s t❤❡ r❡❧❛①❡❞ ♣r♦❜❧❡♠ t❛❦❡s ✐♥t♦ ❛❝❝♦✉♥t ♦♥❧② ✜rst ♣❡r✐♦❞ ✐♥❝❡♥t✐✈❡s✱

♦♥❧② ❡①♣❡❝t❡❞ ♣r✐❝❡s ♠❛tt❡r✳ ❚❤❡② ❛r❡ ♣✐♥♥❡❞ ❞♦✇♥ ❜② ✭✹✮✳

❇❡❢♦r❡ t✉r♥✐♥❣ t♦ ✐♠♣❧❡♠❡♥t❛❜✐❧✐t② ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✱ t❤❡ ♦✉t❝♦♠❡ ❢♦r t❤❡ r❡❧❛①❡❞

♣r♦❜❧❡♠ ✐s ❞✐s❝✉ss❡❞✳ ❆♥② ♦♣t✐♠❛❧ ❝♦♥tr❛❝t✱ ✇❤✐❝❤ ✐s ❞❡t❡r♠✐♥❡❞ ❜② ❛♥ ❡① ❛♥t❡ r❡♣♦rt

r✱ s❛t✐s✜❡s x+(r) + x−(r) = 1✳ ❚❤✐s ♠❡❛♥s t❤❛t ❡✈❡r② ❝♦♥s✉♠❡r ❛❧✇❛②s ♦❜t❛✐♥s ❛ ❣♦♦❞

❛♥❞ t❤❡ ❡✈❡♥t ✬♥♦ ❛ss✐❣♥♠❡♥t✬ ❞♦❡s ♥♦t ♦❝❝✉r✳ ❋♦r t❤✐s r❡❛s♦♥ ■ ❝❛❧❧ t❤✐s ♣r♦♣❡rt② ✬❢✉❧❧

✶✻



❛ss✐❣♥♠❡♥t✬✳

❋♦r t❤❡ s❛❦❡ ♦❢ ❛ t❤♦r♦✉❣❤ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ♦♣t✐♠❛❧ ❝♦♥tr❛❝ts✱ ✐t ♣❛②s ♦✛ t♦ ✐♥s❡rt t❤❡

❢✉❧❧ ❛ss✐❣♥♠❡♥t ♣r♦♣❡rt② ✐♥t♦ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✭✷✮✳ ❚❤✐s ②✐❡❧❞s

U(r̂, r, ida) = v − rδ + r[x+(r̂)− x−(r̂)]− Ea[p(r, a)]. ✭✻✮

●✐✈❡♥ tr✉t❤❢✉❧ r❡♣♦rt✐♥❣✱ t❤❡ t❡r♠ x+(r) − x−(r) ✐s t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❡① ❛♥t❡

♣r♦❜❛❜✐❧✐t② t♦ ♦❜t❛✐♥ t❤❡ r✐❣❤t ❛♥❞ t❤❡ ❡① ❛♥t❡ ♣r♦❜❛❜✐❧✐t② t♦ ♦❜t❛✐♥ t❤❡ t❤❡ ✇r♦♥❣ ❣♦♦❞

❛♥❞ ✐s ❝❡♥tr❛❧ ❢♦r t❤❡ ❛♥❛❧②s✐s✳ ■♥ t❤❡ s❡q✉❡❧✱ t❤❡ t❡r♠ ✇✐❧❧ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ✬r❡s♣♦♥✲

s✐✈❡♥❡ss✬ ♦❢ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥tr❛❝t✳ ❚❤✐s ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ♠❡❛s✉r❡ ❢♦r q✉❛❧✐t② ♦❢ t❤❡

❝♦♥tr❛❝t ❢r♦♠ ❛♥ ❡① ❛♥t❡ ♣♦✐♥t ♦❢ ✈✐❡✇✳ ❚❤❡ r❡s♣♦♥s✐✈❡♥❡ss ♦❢ ❛ ❝♦♥tr❛❝t t❤❛t ♠❛♣s ❛♥②

❡① ♣♦st t②♣❡ ✐♥t♦ t❤❡ s❛♠❡ ❛❧❧♦❝❛t✐♦♥✱ ✇❤✐❝❤ ♠❡❛♥s t❤❡ ❝♦♥tr❛❝t ✜①❡s ❛♥ ❛❧❧♦❝❛t✐♦♥ ✐♥

t❤❡ ✜rst ♣❡r✐♦❞ t❤❛t ❝❛♥♥♦t ❜❡ ✐♥✢✉❡♥❝❡❞ ❜② ❛♥② s❡❝♦♥❞ ♣❡r✐♦❞ r❡♣♦rt✱ ✐s ③❡r♦✳ ■❢ t❤❡

r❡s♣♦♥s✐✈❡♥❡ss ✐s ♣♦s✐t✐✈❡✱ t❤❡ ❝♦♥tr❛❝t ✐s s❛✐❞ t♦ ♣♦s✐t✐✈❡❧② r❡s♦♥❞ t♦ t❤❡ ❛❣❡♥t✬s ♥❡❡❞s

❛♥❞ ✈✐❝❡ ✈❡rs❛✳ ❉✉❡ t♦ ❢❡❛s✐❜✐❧✐t②✱ r❡s♣♦♥s✐✈❡♥❡ss ✐s ❜♦✉♥❞❡❞ ❛❜♦✈❡ ❜② x+(r)−x−(r) = 1✱

t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ ❛❣❡♥t ❛❧✇❛②s ♦❜t❛✐♥s t❤❡ ❣♦♦❞ ❤❡ ♣r❡❢❡rs✱ ❛♥❞ ❜♦✉♥❞❡❞ ❜❡❧♦✇ ❜②

x+(r)− x−(r) = −1✱ t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ ❛❣❡♥t ♥❡✈❡r ♦❜t❛✐♥s t❤❡ ♣r❡❢❡rr❡❞ ❣♦♦❞✳

❆s t❤❡ ✜rst ❜❡st ❛❧❧♦❝❛t✐♦♥ r✉❧❡ ✐♠♣❧✐❝❛t❡s ♠❛①✐♠✉♠ r❡s♣♦♥s✐✈❡♥❡ss✱ ❝♦♥tr❛❝ts ✇✐t❤ ❧♦✇❡r

✈❛❧✉❡s ♦❢ r❡s♣♦♥s✐✈❡♥❡ss ❛r❡ ❝♦♥s✐❞❡r❡❞ ❛s ❞✐st♦rt❡❞ ❛♥❞ ❞✐st♦rt✐♦♥ ✐s ♠❡❛s✉r❡❞ ❜② t❤❡

❞✐✛❡r❡♥❝❡ t♦ ♦♥❡✳ ❚❤❡ s♦❧✉t✐♦♥ t✉r♥s ♦✉t t♦ ❜❡ ❛ st❡♣ ❢✉♥❝t✐♦♥ t❤❛t ❜✉♥❝❤❡s ❡① ❛♥t❡ t②♣❡s

✐♥t♦ t✇♦ ❣r♦✉♣s ❛s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳✸✳✶✳ ❍✐❣❤ ❡① ❛♥t❡ t②♣❡s ❛❜♦✈❡ ❛ ❝❡rt❛✐♥ t❤r❡s❤✲

♦❧❞ t②♣❡ b ❛❧✇❛②s r❡❝❡✐✈❡ t❤❡ ❣♦♦❞ t❤❡② ♣r❡❢❡r ✭x+(r) − x−(r) = 1✮✱ ✇❤✐❝❤ ✐♠♣❧✐❝❛t❡s

t❤❡ ❝❧❛ss✐❝❛❧ ✬♥♦ ❞✐st♦rt✐♦♥ ❛t t❤❡ t♦♣✬ r❡s✉❧t✳ ❆❧❧ ❡① ❛♥t❡ t②♣❡s ❧♦✇❡r t❤❛♥ t❤❡ ❝r✐t✐❝❛❧

t②♣❡ ❣❡t ❛ ❝♦♥tr❛❝t ❢r♦♠ t❤❡ ❝♦♥t✐♥✉✉♠ ♦❢ ❝♦♥tr❛❝ts t❤❛t s♦❧✈❡ x+(r)− x−(r) = δ✳ ❚❤✐s

❝♦♠♠♦♥ ❝❤❛r❛❝t❡r✐st✐❝ ♠❡❛♥s t❤❛t t❤❡ ❝♦♥tr❛❝ts ♣♦s✐t✐✈❡❧② r❡s♣♦♥❞ t♦ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞

r❡♣♦rt ✐♥ t❤❡ s❡♥s❡ t❤❛t t❤❡ ❧✐❦❡❧✐❤♦♦❞ t♦ ♦❜t❛✐♥ ❛ ❣✐✈❡♥ ❣♦♦❞ ✐s ✐♥❝r❡❛s✐♥❣ ❜② δ ✇❤❡♥ ✐t ✐s

❛♥♥♦✉♥❝❡❞ t♦ ❜❡ ❢❛✈♦r✐t❡✳ ❈♦♥s✐❞❡r ❢♦r ❡①❛♠♣❧❡ t❤❡ ❝♦♥tr❛❝t α = 1 ❢r♦♠ ▲❡♠♠❛ ✺✳ ❚❤❡

❝♦♥tr❛❝t ✇♦✉❧❞ ❣✐✈❡ t❤❡ ❝♦♥s✉♠❡r ✈❛r✐❡t② ♦♥❡ ✇✐t❤ ❝❡rt❛✐♥t② ✐❢ ❤❡ ❛♥♥♦✉♥❝❡s t❤✐s ❣♦♦❞

t♦ ❜❡ t❤❡ ❢❛✈♦r✐t❡ ♦♥❡✳ ❍♦✇❡✈❡r✱ ✐❢ t❤❡ ❛❣❡♥t ♣r❡❢❡rr❡❞ t❤❡ s❡❝♦♥❞ ❣♦♦❞✱ t❤❡r❡ ✇♦✉❧❞ ❜❡

❛ ❝❤❛♥❝❡ ♦❢ δ t❤❛t ❤❡ ♦❜t❛✐♥s t❤❡ s❡❝♦♥❞ ❣♦♦❞✳ ❋♦r t❤❡ s♣❡❝✐❛❧ ❝❛s❡ δ = 0 ❛♥❞ ❤❡♥❝❡

x+(r) − x−(r) = 0 ❛♥ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ❝❤♦s❡♥ ❜② ❧♦✇ ❡① ❛♥t❡ t②♣❡s ✜①❡s ❛♥ ❛r❜✐tr❛r②

❛❧❧♦❝❛t✐♦♥ t❤❛t ❛❧✇❛②s ❛ss✐❣♥s ❛ ❣♦♦❞ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞ ❛♥❞ ❞♦❡s ♥♦t r❡s♣♦♥❞ t♦ s❡❝♦♥❞

♣❡r✐♦❞ r❡♣♦rts ✐♥ ❛♥② ✇❛②✳ ◆♦t❡ t❤❛t ❛♥② ❝♦♥tr❛❝t ✇✐t❤ r❡s♣♦♥s✐✈❡♥❡ss ✉♥❡q✉❛❧ t♦ ♦♥❡✱

♠✐♥✉s ♦♥❡✱ ♦r ③❡r♦ ❛ss✐❣♥s ♥♦♥❞❡❣❡♥❡r❛t❡ ❛❧❧♦❝❛t✐♦♥s t♦ ❛t ❧❡❛st s♦♠❡ ❡① ❛♥t❡ t②♣❡✳ ■

❝❛❧❧ s✉❝❤ ❝♦♥tr❛❝ts st♦❝❤❛st✐❝✳

✶✼



❚❤❡ s❡t ♦❢ ❝♦♥tr❛❝ts ❢♦r ❧♦✇ ❡① ❛♥t❡ t②♣❡s ✐s ❞❡s✐❣♥❡❞ s✉❝❤ t❤❛t t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♦❢

❛❧❧ ❡① ❛♥t❡ t②♣❡s r ≤ b ❡q✉❛❧s ③❡r♦✿ ❇② ✭✻✮ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♥❡t ♦❢ ♣❛②♠❡♥ts ✐s ❝♦♥st❛♥t

❛♠♦♥❣ ❧♦✇ ❡① ❛♥t❡ t②♣❡s ❛♥❞ ❡q✉❛❧s v✱ ✇❤✐❝❤ ❡①❛❝t❧② ♠❛t❝❤❡s ❡①♣❡❝t❡❞ ♣r✐❝❡s ❣✐✈❡♥

t❤r♦✉❣❤ ✭✹✮✳ ■♥ ❛❞❞✐t✐♦♥✱ ❡① ❛♥t❡ t②♣❡s ❛r❡ ✐♥❞✐✛❡r❡♥t ❛♠♦♥❣ ❛❧❧ t❤❡ ❝♦♥tr❛❝ts ❢♦r ❛♥②

r̂ ≤ b✳ ❋♦r ❤✐❣❤ t②♣❡s r > b✱ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✐s ❧✐♥❡❛r❧② ✐♥❝r❡❛s✐♥❣✳ ■♥ ♣❛rt✐❝✉❧❛r✱ t❤✐s

♠❡❛♥s t❤❛t ✐♥ t❤❡ ♦♣t✐♠✉♠✱ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✐s ♥♦t ❯✲s❤❛♣❡❞✱ ❜✉t ♠♦♥♦t♦♥✐❝❛❧❧② ✐♥❝r❡❛s✲

✐♥❣ ✐♥ ❡① ❛♥t❡ t②♣❡s ❡✈❡r②✇❤❡r❡✳ ❚❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♦❢ ❡① ❛♥t❡ t②♣❡s ❜❡❧♦✇ t❤❡ t②♣❡

✇✐t❤ ♠✐♥✐♠✉♠ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✐s ✬✐r♦♥❡❞✬ t♦ ③❡r♦✳

❚❤❡ ❝♦♥tr❛❝ts ❢♦r ❧♦✇ ❡① ❛♥t❡ t②♣❡s ❛r❡ t❤❡ ♠❛✐♥ ♦❜❥❡❝t ♦❢ st✉❞② ✐♥ t❤✐s ♣❛♣❡r✳ ❚❤❡②

❛r❡ ♥♦♥✲st❛♥❞❛r❞ ✐♥ st❡♣ s♦❧✉t✐♦♥s✱ ❜❡❝❛✉s❡ t❤❡② ❛r❡ ♥♦t ♠❛①✐♠❛❧❧② ❞♦✇♥✇❛r❞ ❞✐st♦rt❡❞✳

❚❤❡ ❛♣♣❡❛r❛♥❝❡ ♦❢ s✉❝❤ ✬✐♥t❡r♠❡❞✐❛t❡❧② ❞✐st♦rt❡❞✬ ❝♦♥tr❛❝ts ✐s ✐♥ ❧✐♥❡ ✇✐t❤ t❤❡ ❡st❛❜❧✐s❤❡❞

❧✐t❡r❛t✉r❡ ♦♥ ♠❡❝❤❛♥✐s♠ ❞❡s✐❣♥ ✇✐t❤ t②♣❡✲❞❡♣❡♥❞❡♥t ♦✉ts✐❞❡ ♦♣t✐♦♥s✳ ❚❤❡ ✉♥✉s✉❛❧ t②♣❡

♦❢ ❛❧❧♦❝❛t✐♦♥s st❡♠s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ ❜✐♥❞✐♥❣ ✜rst ♣❡r✐♦❞ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts

❝❤❛♥❣❡ ❢r♦♠ ✉♣✇❛r❞ ❝♦♥str❛✐♥ts t♦ ❞♦✇♥✇❛r❞ ❝♦♥str❛✐♥ts ❛t t❤❡ ✐♥t❡r✐♦r ❡① ❛♥t❡ t②♣❡

✇❤♦s❡ ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥t ✐s ❜✐♥❞✐♥❣✳✶✷ ■♥ t❤❡ st❛♥❞❛r❞ ❝❛s❡✱ ✉♥❞❡r ❝❡rt❛✐♥ ❛ss✉♠♣✲

t✐♦♥s t❤❡ ♦♣t✐♠❛❧ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜❧❡ ❝♦♥tr❛❝t ❣✐✈❡s ③❡r♦ r❡♥t ❢r♦♠ ♣❛rt✐❝✐♣❛t✐♥❣ t♦ ❛♥

❡♥t✐r❡ ✐♥t❡r✈❛❧ ♦❢ t②♣❡s ❛r♦✉♥❞ t❤✐s ❝r✐t✐❝❛❧ t②♣❡✳✶✸ ■♥ ♠② ♠♦❞❡❧ t❤✐s ✐♥t❡r✈❛❧ ✐s ✐s [0, b]

❛♥❞ ♣r♦✈✐❞✐♥❣ t❤♦s❡ t②♣❡s ✇✐t❤ t❤❡✐r ♦✉ts✐❞❡ ♦♣t✐♦♥ ✐s ❛❝❤✐❡✈❡❞ ✈✐❛ ❜✉♥❝❤✐♥❣ ♦♥ t❤❛t

✐♥t❡r✈❛❧✳✶✹

❍❛✈✐♥❣ ❢♦✉♥❞ t❤❡ s❡t ♦❢ s♦❧✉t✐♦♥s t♦ t❤❡ r❡❧❛①❡❞ ♣r♦❜❧❡♠ ✇✐t❤ ♦❜s❡r✈❛❜❧❡ s❡❝♦♥❞ ♣❡r✐♦❞

t②♣❡s ✭Po✮✱ ■ ✇✐❧❧ ✜♥❛❧❧② ❛❞❞r❡ss t❤❡ ✐♠♣❧❡♠❡♥t❛❜✐❧✐t② ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✇✐t❤ ♣r✐✲

✈❛t❡ ❡① ♣♦st t②♣❡s ✭P✮✳ ❲❤❡♥ ❡① ♣♦st t②♣❡s ❛r❡ ♣r✐✈❛t❡✱ t✇♦ ❛❞❞✐t✐♦♥❛❧ t②♣❡s ♦❢ ✐♥❝❡♥t✐✈❡

❝♦♥str❛✐♥ts ❤❛✈❡ t♦ ❜❡ s❛t✐s✜❡❞✿ ❚❤❡ s❡❝♦♥❞ ♣❡r✐♦❞ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts ✭IC2✮ ❤❛✈❡ t♦

❤♦❧❞✱ ✇❤✐❝❤ ♠❡❛♥s ♥♦ ❛❣❡♥t ✇❤♦ ❤❛s tr✉t❤❢✉❧❧② r❡✈❡❛❧❡❞ ❤✐s ❡① ❛♥t❡ t②♣❡ ♠❛② ❤❛✈❡ ❛♥

✐♥❝❡♥t✐✈❡ t♦ ❧✐❡ ❛❜♦✉t ❤✐s ❡① ♣♦st t②♣❡✳ ❆♥❞ ✐♠♣♦rt❛♥t❧②✱ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞ t❤❡r❡ ♠❛②

♥♦t ❡①✐st ♣r♦✜t❛❜❧❡ ❞♦✉❜❧❡ ❞❡✈✐❛t✐♦♥s ✭IC1✮✱ ✐✳❡✳✱ ❛ ✜rst ♣❡r✐♦❞ ❧✐❡ ❢♦❧❧♦✇❡❞ ❜② ❛♥♦t❤❡r

♦♥❡ ✐♥ t❤❡ ♥❡①t ♣❡r✐♦❞✳ Pr♦♣♦s✐t✐♦♥ ✶ s❤♦✇s t❤❛t t❤❡ ❡♥t✐r❡ s❡t ♦❢ ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥

r✉❧❡s ❢r♦♠ ▲❡♠♠❛ ✹ ✐s ❛❧s♦ ✐♠♣❧❡♠❡♥t❛❜❧❡ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✇✐t❤ ♣r✐✈❛t❡ ❡① ♣♦st

t②♣❡s✳

✶✷❚❤✐s ✐s ♠❡❛♥t ❜② ✬❝♦✉♥t❡r✈❛✐❧✐♥❣ ✐♥❝❡♥t✐✈❡s✬✱ s❡❡ ▲❡✇✐s ❛♥❞ ❙❛♣♣✐♥❣t♦♥ ✭✶✾✽✾✮ ❛♥❞ ▼❛❣❣✐ ❛♥❞
❘♦❞r✐❣✉❡③✲❈❧❛r❡ ✭✶✾✾✺✮✳

✶✸❙❡❡ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❡①♣♦s✐t✐♦♥ ❜② ❏✉❧❧✐❡♥ ✭✷✵✵✵✮✳
✶✹❋♦r t❤❡ s❛♠❡ r❡❛s♦♥ ❜✉♥❝❤✐♥❣ ♦❝❝✉rs ✐♥ ♣r♦❜❧❡♠s ✇✐t❤ ❧✐♥❡❛r t②♣❡✲❞❡♣❡♥❞❡♥t ♦✉ts✐❞❡ ♦♣t✐♦♥s ❛♥❞

❧✐♥❡❛r ✉t✐❧✐t②✱ s❡❡ ▼❛❣❣✐ ❛♥❞ ❘♦❞r✐❣✉❡③✲❈❧❛r❡ ✭✶✾✾✺✮✳

✶✽



Pr♦♣♦s✐t✐♦♥ ✶✳ ▲❡t t❤❡ ♠❡❛♥ ❜❡ ❞❡❝r❡❛s✐♥❣✳ ❚❤❡ s❡t ♦❢ ❛❧❧♦❝❛t✐♦♥ r✉❧❡s ✇❤✐❝❤ s♦❧✈❡ t❤❡

♣r♦❜❧❡♠ ✇✐t❤ ♣r✐✈❛t❡ ❡① ❛♥t❡ ❛♥❞ ❡① ♣♦st t②♣❡s ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

• ❋♦r r > b✿ ❚❤❡ ❝♦♥s✉♠❡r ❛❧✇❛②s ♦❜t❛✐♥s ❤✐s ❢❛✈♦r✐t❡ ❣♦♦❞✳

• ❋♦r r ≤ b✿ x1(r, a1) = α, x1(r, a2) = α− δ ✇✐t❤ ❛r❜✐tr❛r② α ∈ [δ, 1] ❛♥❞

x2(r, a) = 1− x1(r, a) ❢♦r a ∈ {a1, a2}✳

◆❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ♣r✐❝❡s ❛r❡✿

• ❋♦r r > b✿ Ea[p(r, a)] = v + b(1− δ)✳

• ❋♦r r ≤ b✿ Ea[p(r, a)] = v✳

❊① ♣♦st t②♣❡ ✐♥❞❡♣❡♥❞❡♥t ♣r✐❝❡s p(r, a1) = p(r, a2) ❛❧✇❛②s ❡♥s✉r❡ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t②✳

■♥ ♦r❞❡r t♦ ♣r♦✈❡ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t②✱ ■ s❤♦✇ t❤❛t ❛ str♦♥❣❡r ❝♦♥❞✐t✐♦♥ t❤❛♥ ✭IC2✮

❤♦❧❞s✿ ❊❛❝❤ ❛❣❡♥t ❤❛s ❛♥ ✐♥❝❡♥t✐✈❡ t♦ tr✉t❤❢✉❧❧② r❡♣♦rt ❤✐s s❡❝♦♥❞ ♣❡r✐♦❞ t②♣❡ ♥♦ ♠❛t✲

t❡r ✇❤❛t ❤✐s ✜rst ♣❡r✐♦❞ r❡♣♦rt ✇❛s✳ ❚❤✐s ✐s s✉✣❝✐❡♥t ❢♦r ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t②✳ ❚❤❡

✭IC2✮ ❝♦♥str❛✐♥ts ❛r❡ t❤❡♥ tr✐✈✐❛❧❧② s❛t✐s✜❡❞✳ ❍♦✇❡✈❡r✱ ✭IC1✮ ✐s s❛t✐s✜❡❞ ❛s ✇❡❧❧✿ ■ ❤❛✈❡

s❤♦✇♥ t❤❛t ❧②✐♥❣ ✐♥ t❤❡ s❡❝♦♥❞ st❛❣❡ ❛♥❞ t❤✉s ❝♦♠♣❧❡① ❞❡✈✐❛t✐♦♥s ❛r❡ ♥❡✈❡r ♦♣t✐♠❛❧✳

❆❞❞✐t✐♦♥❛❧❧②✱ ✐t ✐s ❛❧r❡❛❞② ❦♥♦✇♥ t❤❛t t❤❡ s♦❧✉t✐♦♥s s❛t✐s❢② t❤❡ r❡❧❛①❡❞ ♣r♦❜❧❡♠✬s ✭IC ′
1✮

❝♦♥str❛✐♥ts✱ ✇❤✐❝❤ ♠❡❛♥s ✉♥✐❧❛t❡r❛❧ ✜rst✲♣❡r✐♦❞ ❞❡✈✐❛t✐♦♥s ❛r❡ ♥♦t ♣r♦✜t❛❜❧❡ ❡✐t❤❡r✳

❋♦r ♣r♦❜❧❡♠ Po ♦♥❧② ❡①♣❡❝t❡❞ ♣r✐❝❡s ♠❛tt❡r ❛♥❞ ❤❡♥❝❡ ❜② ▲❡♠♠❛ ✺ ❢♦r ❡❛❝❤ ❡① ❛♥t❡

t②♣❡ ♦♥❧② t❤❡ s✉♠ ♦❢ t❤❡ ♣r✐❝❡s p(r, a1) + p(r, a2) ✐s ♣✐♥♥❡❞ ❞♦✇♥✳ ❲❤❡♥ ❞❡❛❧✐♥❣ ✇✐t❤

✐♠♣❧❡♠❡♥t❛❜✐❧✐t② ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✱ s✐♥❣❧❡ ❡① ♣♦st ♣r✐❝❡s ❛r❡ r❡❧❡✈❛♥t ❞✉❡ t♦ s❡❝♦♥❞

♣❡r✐♦❞ ✐♥❝❡♥t✐✈❡s✳ ■ s❡t p(r, a1) = p(r, a2) ❢♦r ❛❧❧ ❡① ❛♥t❡ t②♣❡s✱ s✉❝❤ t❤❛t t❤❡r❡ ❛r❡ ♥♦

❛❞❞✐t✐♦♥❛❧ ✐♥❝❡♥t✐✈❡s ❢r♦♠ t❤❡ ♣r✐❝❡ s❝❤❡♠❡ ♦♥ ❤♦✇ t♦ ❛♥♥♦✉♥❝❡ t❤❡ ❡① ♣♦st t②♣❡✳ ❆s

❛ ♣♦ss✐❜❧❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥✱ ♦♥❡ ❝❛♥ ✐♠❛❣✐♥❡ t❤❛t t❤❡ ♣r✐❝❡ ❤❛s t♦ ❜❡ ♣❛✐❞ ✐♥ t❤❡ ✜rst

♣❡r✐♦❞✳

◆♦✇ ❛ss✉♠❡ s♦♠❡ t②♣❡ r ∈ R ❤❛s r❡♣♦rt❡❞ ❛♥ ❛r❜✐tr❛r② r̂ ∈ R✳ ❚❤❡ ♣r✐❝❡ ❤❡ ♣❛②s ❢♦r

t❤❡ ❝❤♦s❡♥ ❝♦♥tr❛❝t ✐s t❤❡♥ ✜①❡❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ r❡♣♦rt ♦♥ ❤✐s ❡① ♣♦st t②♣❡✳ ❚❤❡

❛❣❡♥t ✇✐❧❧ t❤❡♥ r❡♣♦rt ❤♦♥❡st❧② ❛❜♦✉t a✱ ❜❡❝❛✉s❡ t❤❡ ❝♦♥tr❛❝t ✇✐❧❧ ❛❧✇❛②s ♣r♦✈✐❞❡ ❤✐♠

✇✐t❤ t❤❡ ♣r♦❞✉❝t ✇❤✐❝❤ ✐s ❛♥♥♦✉♥❝❡❞ t♦ ❜❡ t❤❡ ✬❣♦♦❞✬ ♦♥❡ ✇✐t❤ ❛ ❤✐❣❤❡r ♣r♦❜❛❜✐❧✐t②✳ ❙♦

❧②✐♥❣ ✇♦✉❧❞ ❤❛r♠ t❤❡ ❛❣❡♥t✱ ❜❡❝❛✉s❡ ❤❡ ✇♦✉❧❞ t❤❡♥ ❜❡ ❧❡ss ❧✐❦❡❧② t♦ ❣❡t ❤✐s ♣r❡❢❡rr❡❞

❣♦♦❞✳ ❍❡♥❝❡✱ ✐t ✐s t❤❡ t❡♥❞❡♥❝② t♦✇❛r❞s ❛❧❧♦❝❛t✐♥❣ t❤❡ ✬r✐❣❤t✬ ❣♦♦❞ t❤❛t ♠❛❦❡s t❤❡ ❡♥t✐r❡

s❡t ♦❢ s♦❧✉t✐♦♥s t♦ t❤❡ r❡❧❛①❡❞ ♣r♦❜❧❡♠ ✐♠♣❧❡♠❡♥t❛❜❧❡ ✐♥ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✳

✶✾



r

x+(r)− x−(r), U

rb

δ

1

❋✐❣✉r❡ ✶✿ ❙♦❧✉t✐♦♥ t♦ t❤❡ ❞❡❝r❡❛s✐♥❣ ♠❡❛♥ ❝❛s❡✳ ❚❤❡ s♦❧✐❞ ❧✐♥❡ r❡♣r❡s❡♥ts t❤❡ r❡s♣♦♥s✐✈❡✲
♥❡ss ♦❢ t❤❡ ❝♦♥tr❛❝ts✱ t❤❡ ❞❛s❤❡❞ ❧✐♥❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t②✳

❆s t❤❡ s❡t ♦❢ ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ r✉❧❡s ❢r♦♠ ▲❡♠♠❛ ✺ ✐s ✐❞❡♥t✐❝❛❧ t♦ t❤♦s❡ ♦❢ Pr♦♣♦s✐t✐♦♥

✶✱ ❛❧❧ ❝♦♠♠❡♥ts ♦♥ ▲❡♠♠❛ ✺ ❛♥❞ ❋✐❣✉r❡ ✶ ❝❛rr② ♦✈❡r t♦ Pr♦♣♦s✐t✐♦♥ ✶✳ ■♥ ♣❛rt✐❝✉❧❛r✱

❤✐❣❤ ❡① ❛♥t❡ t②♣❡s ❛❜♦✈❡ t❤❡ t❤r❡s❤♦❧❞ t②♣❡ ❛❧✇❛②s ❣❡t t❤❡ ✈❛r✐❡t② t❤❡② ♣r❡❢❡r✳ ❚❤✐s

✐s ✐♠♣❧❡♠❡♥t❛❜❧❡✱ ❢♦r ❡①❛♠♣❧❡✱ ❜② s❡❧❧✐♥❣ t❤❡♠ t❤❡ ✈❛r✐❡t✐❡s ❢♦r ❛ ✉♥✐❢♦r♠ ♣r✐❝❡ ✐♥ t❤❡

s❡❝♦♥❞ ♣❡r✐♦❞ ♦r s❡❧❧✐♥❣ t❤❡♠ ❛ ❣♦♦❞ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞ ❜✉t ✇✐t❤ ❛♥ ♦♣t✐♦♥ ❢♦r ❢r❡❡

❡①❝❤❛♥❣❡✳ ❚❤❡ ♦t❤❡rs ❞♦ ♥♦t ❛❧✇❛②s ❡♥❞ ✉♣ ✇✐t❤ t❤❡✐r ♣r❡❢❡rr❡❞ ❣♦♦❞✱ ❜✉t t❤❡ ❛❧❧♦❝❛t✐♦♥

✬r❡❛❝ts✬ t♦ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞ ❛♥♥♦✉♥❝❡♠❡♥t ✐♥ t❤❡ s❡♥s❡ t❤❛t ❛ ✬♠♦❜✐❧❡✬ ♣r♦❜❛❜✐❧✐t② ♠❛ss

♦❢ δ ✐s s❤✐❢t❡❞ t♦✇❛r❞s t❤❡ ♣r❡❢❡rr❡❞ ❣♦♦❞✳ ❋♦r ❡①❛♠♣❧❡✱ ✐♥ t❤❡ ❝♦♥tr❛❝t ✇✐t❤ α = 1✱

❛♥ ❛❣❡♥t ✇✐❧❧ ❛❧✇❛②s ♦❜t❛✐♥ ❣♦♦❞ ♦♥❡ ✐❢ ❤❡ ♣r❡❢❡rs ✐t✳ ■♥ ❝❛s❡ ♦❢ ❛ ♣r❡❢❡r❡♥❝❡ ❢♦r ❣♦♦❞

t✇♦✱ t❤❡r❡ ✐s ❛ ❝❤❛♥❝❡ ♦❢ δ t❤❛t ❤❡ r❡❝❡✐✈❡s ❣♦♦❞ t✇♦✱ ♦t❤❡r✇✐s❡ ❤❡ ❡♥❞s ✉♣ ✇✐t❤ t❤❡

❧❡ss ♣r❡❢❡rr❡❞ ❣♦♦❞✳ ❋♦r t❤❡ ♠♦♥♦♣♦❧✐st ❛ ♣♦ss✐❜❧❡ ✐♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ t❤✐s ❝♦♥tr❛❝t ✐s

t♦ s❡❧❧ ❣♦♦❞ ♦♥❡ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✱ ❜✉t ✐❢ t❤❡ ❛❣❡♥t ❛❢t❡r✇❛r❞s r❡♣♦rts t❤❛t ❤❡ ✇♦✉❧❞

♣r❡❢❡r t❤❡ ♦t❤❡r ❣♦♦❞✱ ❣✐✈❡ ❤✐♠ ❛ ❝❤❛♥❝❡ ♦❢ δ t♦ ❡①❝❤❛♥❣❡ t❤❡ ❣♦♦❞✳ ■♥ ♣r❛❝t✐❝❡✱ t❤❡

st♦❝❤❛st✐❝ ❡❧❡♠❡♥t ❝❛♥ ✲ ❢♦r ❡①❛♠♣❧❡ ✲ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ❜② ❛❧❧♦✇✐♥❣ ❢♦r ❡①❝❤❛♥❣❡ s✉❜❥❡❝t

t♦ ❛✈❛✐❧❛❜✐❧✐t②✳

❚❤❡ ♦♣t✐♠❛❧ ♠❡♥✉ ♦❢ ❝♦♥tr❛❝ts ✐s t❤❡ r❡s✉❧t ♦❢ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥✳ ❲❤❡♥ ❡✈❡r②❜♦❞②

✐s ❢✉❧❧② ✢❡①✐❜❧❡ ❜❡t✇❡❡♥ t❤❡ ❣♦♦❞s✱ ❛ ❤✐❣❤❡r t②♣❡ ❤❛s ❛♥ ❡① ❛♥t❡ ❤✐❣❤❡r ❡①♣❡❝t❡❞ ✉t✐❧✐t②

❢r♦♠ t❤❡ ❝♦♥tr❛❝t t❤❛♥ ❧♦✇❡r t②♣❡s ❜❡❝❛✉s❡ ❤✐s ✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ♣r❡❢❡rr❡❞ ❣♦♦❞✱ ✇❤✐❝❤ ❤❡

✇✐❧❧ ❣❡t ✇✐t❤ ❝❡rt❛✐♥t②✱ ✐s ❤✐❣❤❡r✳ ❲❤❡♥ ♦✛❡r✐♥❣ ❥✉st ♦♥❡ ❝♦♥tr❛❝t ✇✐t❤ ❢✉❧❧ ✢❡①✐❜✐❧✐t②✱ t❤❡

♠♦♥♦♣♦❧✐st ❤❛s t♦ tr❛❞❡ ♦✛ ❧❡❛✈✐♥❣ r❡♥t t♦ ❤✐❣❤ t②♣❡s ❛♥❞ ❡①❝❧✉❞✐♥❣ ❧♦✇ t②♣❡s✳ ❍♦✇❡✈❡r✱

✷✵



t❤❡ ♠♦♥♦♣♦❧✐st ❝❛♥ ❡①♣❧♦✐t ❛ s✐♥❣❧❡✲❝r♦ss✐♥❣ ♣r♦♣❡rt② ✇✐t❤ r❡s♣❡❝t t♦ x+(r) − x−(r) ✐♥

♦r❞❡r t♦ ♣r✐❝❡✲❞✐s❝r✐♠✐♥❛t❡✿ ●✐✈❡♥ ❢✉❧❧ ❛ss✐❣♥♠❡♥t✱ t❤❡ ♠❛r❣✐♥❛❧ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✇✐t❤

r❡s♣❡❝t t♦ x+(r) − x−(r) ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡ ❡① ❛♥t❡ t②♣❡✳ ❚❤✐s ♠❡❛♥s t❤❡ ♠♦♥♦♣♦❧✐st

❡①♣❧♦✐ts t❤❡ ❢❛❝t t❤❛t ✢❡①✐❜✐❧✐t② ❜❡t✇❡❡♥ ❣♦♦❞s ❤❛s ❛ ❤✐❣❤❡r ✈❛❧✉❡ t♦ t❤❡ ❤✐❣❤❡r ❡① ❛♥t❡

t②♣❡s✳ ❚❤❡r❡❢♦r❡✱ ❜② ♦✛❡r✐♥❣ ❧❡ss r❡s♣♦♥s✐✈❡ ❝♦♥tr❛❝ts t♦ ❧♦✇❡r ❡① ❛♥t❡ t②♣❡s✱ t❤❡ ❧♦ss

❢r♦♠ t❤❡ ❧♦✇❡r t②♣❡s ✐s s♠❛❧❧❡r t❤❛♥ t❤❡ ❣❛✐♥ ❢r♦♠ ❡①tr❛❝t✐♥❣ r❡♥t ❢r♦♠ ❤✐❣❤❡r t②♣❡s✳

❍♦✇❡✈❡r✱ ✐t ✐s ♥♦t ♦♣t✐♠❛❧ t♦ ❞✐st♦rt ❝♦♥tr❛❝ts ❢♦r ❧♦✇ t②♣❡s t♦ ③❡r♦ r❡s♣♦♥s✐✈❡♥❡ss✳ ❚❤❡

❝r✐t✐❝❛❧ t②♣❡✬s r❡♥t ❢r♦♠ s✐❣♥✐♥❣ t❤❡ ❤✐❣❤✲t②♣❡ ❝♦♥tr❛❝t ❝❛♥ ❛❧r❡❛❞② ❜❡ ❡♥t✐r❡❧② ❡①tr❛❝t❡❞

✇✐t❤♦✉t ✐♥❝✉rr✐♥❣ t❤❡ ❤✐❣❤ ❝♦st ♦❢ ❞✐st♦rt✐♥❣ ❝♦♥tr❛❝ts ❢♦r ❧♦✇ t②♣❡s t♦ ③❡r♦ r❡s♣♦♥s✐✈❡✲

♥❡ss✳

❚❤✐s r❡s✉❧t s❤♦✇s t❤❛t t❤❡ r❡str✐❝t✐♦♥ ♦♥ ❝♦♥tr❛❝ts ❞♦♥❡ ❜② ●❛❧❡ ✭✶✾✾✸✮ ✐s ✇✐t❤ ❝♦♥s❡✲

q✉❡♥❝❡s✳ ●❛❧❡ ❧♦♦❦❡❞ ❛t ❛ s❡tt✐♥❣ ✇❤✐❝❤ ✐s ✈❡r② ❝❧♦s❡ t♦ t❤❡ ♦♥❡ ❡①❛♠✐♥❡❞ ❤❡r❡✳ ❍♦✇❡✈❡r✱

❤❡ ❞✐❞ ♥♦t ✉s❡ ❛ ❣❡♥❡r❛❧ ♠❡❝❤❛♥✐s♠ ❞❡s✐❣♥ ❛♣♣r♦❛❝❤ t♦ ❞❡r✐✈❡ t❤❡ r❡✈❡♥✉❡ ♠❛①✐♠✐③✐♥❣

♠❡♥✉ ♦❢ ❝♦♥tr❛❝ts✳ ■♥st❡❛❞✱ t❤❡r❡ ✐s ❛ r❡str✐❝t✐♦♥ t♦ s❡❧❧✐♥❣ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞ ✇✐t❤♦✉t

❛♥② ❧❛t❡r ✢❡①✐❜✐❧✐t② ♦r s❡❧❧✐♥❣ t❤❡ ❣♦♦❞ ✐♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛

❝♦♥tr❛❝t ✇✐t❤ ❢✉❧❧ ✢❡①✐❜✐❧✐t②✳ ■♥ ❤✐s ♣✐♦♥❡❡r✐♥❣ ✇♦r❦✱ t❤✐s r❡str✐❝t✐♦♥ ✇❛s ✐♠♣♦s❡❞ ✐♥

♦r❞❡r t♦ ♦❜t❛✐♥ ❛ ❢r✉✐t❢✉❧ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥ ♠♦♥♦♣♦❧✐st✐❝ ❛♥❞ ♦❧✐❣♦♣♦❧✐st✐❝ ❜❡❤❛✈✐♦r

✐♥ ❛ s❡tt✐♥❣ ✇✐t❤ ✐♥❞✐✈✐❞✉❛❧ ❞❡♠❛♥❞ ✉♥❝❡rt❛✐♥t②✳ ❋♦r t❤❡ ♠♦♥♦♣♦❧✐st✐❝ ❝❛s❡✱ ♠② ❛♥❛❧②✲

s✐s s❤♦✇s t❤❛t ❜② ❛❧❧♦✇✐♥❣ ❢♦r ✐♥t❡r♠❡❞✐❛t❡❧② ❞✐st♦rt❡❞ ❝♦♥tr❛❝ts✱ ✇❤✐❝❤ ❛r❡ st♦❝❤❛st✐❝

❝♦♥tr❛❝ts✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❛❝❤✐❡✈❡ ❡✈❡♥ ♠♦r❡✳ ❆♥❛❧②t✐❝❛❧❧② s♣♦❦❡♥✱ ●❛❧❡ ❛❧❧♦✇s ❢♦r t❤❡

❝♦♥tr❛❝t ✐♥❝❧✉❞✐♥❣ t❤❡ ✜rst✲❜❡st ❛❧❧♦❝❛t✐♦♥✱ ✇❤✐❝❤ ✐s s❤♦✇♥ t♦ ❛❝t✉❛❧❧② ❜❡ ♦♣t✐♠❛❧ ❢♦r

❤✐❣❤ t②♣❡s✳ ❍♦✇❡✈❡r✱ ❛s ✬❞✐s❝r✐♠✐♥❛t✐♦♥✬ ❛❧t❡r♥❛t✐✈❡ ❤❡ ♦♥❧② ❛❧❧♦✇s ❢♦r ❛ ❝♦♥tr❛❝t ✇✐t❤

x+(r) = x−(r) = 1✱ ✇❤✐❝❤ ❞✐✛❡rs ❢r♦♠ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t ❢♦r ❛♥② δ > 0✳ δ = 0 ✐s t❤❡

❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♦❢ ❛ ✜①❡❞ ❛❧❧♦❝❛t✐♦♥ st❛②s ❝♦♥st❛♥t ♦✈❡r ❡① ❛♥t❡ t②♣❡s✳

❋♦r t❤✐s ❝❛s❡✱ ♠② ♠♦❞❡❧ ❛❧s♦ ♣r❡❞✐❝ts ❛ ❝♦♥tr❛❝t ✇✐t❤ ③❡r♦ r❡s♣♦♥s✐✈❡♥❡ss t♦ ❜❡ ♦♣t✐♠❛❧

❢♦r ❧♦✇ t②♣❡s✳ ❈♦r♦❧❧❛r② ✶ s✉♠♠❛r✐③❡s t❤❡ r❡❧❛t✐♦♥ t♦ ●❛❧❡ ✭✶✾✾✸✮✿

❈♦r♦❧❧❛r② ✶✳ ❲❤❡♥❡✈❡r t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♦❢ ❛ ❣✐✈❡♥ ❣♦♦❞ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ ❡① ❛♥t❡

t②♣❡s✱ t❤❡ s♦❧✉t✐♦♥ t♦ t❤❡ r❡✈❡♥✉❡✲♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✐♥❝❧✉❞❡s st♦❝❤❛st✐❝ ❝♦♥tr❛❝ts✳

❚❤❡② str✐❝t❧② ✐♠♣r♦✈❡ ✉♣♦♥ ❛ ♠❡♥✉ ♦❢ ❝♦♥tr❛❝ts ✇✐t❤♦✉t ♣♦ss✐❜✐❧✐t② ❢♦r ❡①❝❤❛♥❣❡ ♦♥ t❤❡

♦♥❡ ❤❛♥❞ ❛♥❞ ❣♦♦❞s s♦❧❞ ✐♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✳

✷✳✸✳✷ ■♥❝r❡❛s✐♥❣ ♠❡❛♥

❚❤❡ ❛♥❛❧②s✐s ✐s ❝♦♠♣❧❡t❡❞ ✇✐t❤ t❤❡ ❡①❛♠✐♥❛t✐♦♥ ♦❢ t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ ✐♥❝r❡❛s❡ ✐♥ t♦♣

✈❛❧✉❛t✐♦♥ ❞♦♠✐♥❛t❡s t❤❡ ✐♥❝r❡❛s❡ ✐♥ ✈❛❧✉❛t✐♦♥ ❧♦ss ❢r♦♠ ♦❜t❛✐♥✐♥❣ t❤❡ ✇r♦♥❣ ♣r♦❞✉❝t ✐♥

✷✶



t❤❡ s❡♥s❡ t❤❛t t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❛t✐♦♥ ♦❢ ❛ ♣❛rt✐❝✉❧❛r ❣♦♦❞ ❛ss✐❣♥❡❞ ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✱

v − rδ✱ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ ❡① ❛♥t❡ t②♣❡s✳ ❋♦r♠❛❧❧②✱ t❤✐s ❝♦rr❡s♣♦♥❞s t♦ δ < 0✳

❉❡✜♥❡ e = sup{r ∈ R|r − 1−F (r)
f(r)

≤ v
δ
} ✇❤❡♥❡✈❡r t❤❡ s✉♣r❡♠✉♠ ❡①✐sts ❛♥❞ e = 0 ♦t❤✲

❡r✇✐s❡✳ ❆s δ < 0✱ t❤❡ ❝♦♥st❛♥t v/δ ✐s ♥❡❣❛t✐✈❡ ❛♥❞ ❢r♦♠ t❤❡ ✐♥❝r❡❛s✐♥❣ ✈✐rt✉❛❧ ✈❛❧✉❡

❛ss✉♠♣t✐♦♥ ✐t ❢♦❧❧♦✇s t❤❛t e < b✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ▲❡t t❤❡ ♠❡❛♥ ❜❡ ✐♥❝r❡❛s✐♥❣ ✭δ < 0✮✳ ❚❤❡ s❡t ♦❢ ❛❧❧♦❝❛t✐♦♥ r✉❧❡s t❤❛t

s♦❧✈❡ t❤❡ ♣r♦❜❧❡♠ ✇✐t❤ ♣r✐✈❛t❡ ❡① ❛♥t❡ ❛♥❞ ❡① ♣♦st t②♣❡s ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

• ❋♦r r > b✿ ❚❤❡ ❝♦♥s✉♠❡r ❛❧✇❛②s ♦❜t❛✐♥s ❤✐s ❢❛✈♦r✐t❡ ❣♦♦❞✳

• ❋♦r r ∈ [e, b]✿ x1(r, a) = α, x2(r, a) = 1− α ∀a ❛♥❞ α ∈ [0, 1] ❛r❜✐tr❛r②✳

• ❋♦r r < e✿ ◆♦ ❛ss✐❣♥♠❡♥t✳

◆❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ♣r✐❝❡s ❛r❡✿

• ❋♦r r > b✿ Ea[p(r, a)] = v + b(1− δ)✳

• ❋♦r r ∈ [e, b]✿ Ea[p(r, a)] = v − δe✳

• ❋♦r r < e✿ Ea[p(r, a)] = 0✳

❊① ♣♦st t②♣❡ ✐♥❞❡♣❡♥❞❡♥t ♣r✐❝❡s p(r, a1) = p(r, a2) ❛❧✇❛②s ❡♥s✉r❡ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t②✳

❋♦r δ < 0✱ t❤❡ ♣r♦❜❧❡♠ P ✐s s♦❧✈❡❞ ❛❣❛✐♥ ❜② ❝♦♥s✐❞❡r✐♥❣ ❛ r❡❧❛①❡❞ ♣r♦❜❧❡♠ P∗✳ P∗

❞✐✛❡rs ❢r♦♠ Po ❜② t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥t

x1(r, a1) + x2(r, a2) ≥ x1(r, a2) + x2(r, a1) ∀r, ✭✯✮

✇❤✐❝❤ ✐s ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r s❡❝♦♥❞ ♣❡r✐♦❞ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t②✳ ■♥ Po s❡❝♦♥❞

♣❡r✐♦❞ ✐♥❝❡♥t✐✈❡s ❛r❡ ❝♦♠♣❧❡t❡❧② ✐❣♥♦r❡❞✳ ❆s ❢♦r ♣♦s✐t✐✈❡ δ t❤❡ s♦❧✉t✐♦♥ t♦ Po ✐s ✐♠♣❧❡✲

♠❡♥t❛❜❧❡ ✐♥ P ✱ ✭✯✮ ✐s ♥♦t str✐❝t❧② ❜✐♥❞✐♥❣ t❤❡r❡✶✺✳ ❚❤✐s ❝❤❛♥❣❡s ✇❤❡♥ δ ✐s ♥❡❣❛t✐✈❡✳ ❚❤❡

s♦❧✉t✐♦♥ t♦ Po✱ ✇❤✐❝❤ ✐s st❛t❡❞ ✐♥ ▲❡♠♠❛ ✺✱ ❢♦r ♥❡❣❛t✐✈❡ δ ✈✐♦❧❛t❡s ✭✯✮ ❛♥❞ ❤❡♥❝❡ s❡❝♦♥❞

♣❡r✐♦❞ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t②✳ ❚❤❡ ✉♣♣❡r ❜♦✉♥❞ ♦♥ ♣r♦✜ts ❛tt❛✐♥❡❞ ❜② t❤❡ s♦❧✉t✐♦♥ t♦

P∗ ✐s ❤❡♥❝❡ ❧♦✇❡r t❤❛♥ t❤❡ ♦♥❡ ❞❡r✐✈❡❞ ❢r♦♠ Po✳

❉✉❡ t♦ t❤❡ s✐♠✐❧❛r str✉❝t✉r❡ ♦❢ ✐♥❝❡♥t✐✈❡ ❝♦♥tr❛✐♥ts ✐♥ t❤❡ ♣r♦❜❧❡♠s Po ❛♥❞ P∗✱ ▲❡♠♠❛

✷ ❛♣♣❧✐❡s✳ ❆ ❞✐✛❡r❡♥❝❡✱ ❤♦✇❡✈❡r✱ ✐s t❤❛t ❢r♦♠ ✭✯✮ ❛♥❞ δ < 0 ✐t ❢♦❧❧♦✇s t❤❛t K(r, δ) ≥ 0

✶✺❚❤✐s ❝❛♥ ❛❧s♦ ❜❡ s❡❡♥ ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ♦♣t✐♠❛❧ ❝♦♥tr❛❝ts ❛s st❛t❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✳

✷✷



r

x+(r)− x−(r), U

rbe

1

❋✐❣✉r❡ ✷✿ ❙♦❧✉t✐♦♥ t♦ t❤❡ ✐♥❝r❡❛s✐♥❣ ♠❡❛♥ ❝❛s❡ ✇✐t❤ ✐♥t❡r✐♦r e✳ ❚❤❡ s♦❧✐❞ ❧✐♥❡ r❡♣r❡s❡♥ts
t❤❡ r❡s♣♦♥s✐✈❡♥❡ss ♦❢ t❤❡ ❝❤♦s❡♥ ❝♦♥tr❛❝ts✱ t❤❡ ❞❛s❤❡❞ ❧✐♥❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t②✳

❢♦r ❛❧❧ ❡① ❛♥t❡ t②♣❡s✳ ❈♦♥s❡q✉❡♥t❧②✱ ✐♥ t❤❡ ♦♣t✐♠✉♠ t❤❡ ❧♦✇❡st ❡① ❛♥t❡ t②♣❡✬s ✐♥❞✐✈✐❞✉❛❧

r❛t✐♦♥❛❧✐t② ❝♦♥str❛✐♥t ❜✐♥❞s ❛♥❞ ❛ s♦❧✉t✐♦♥ t♦ P∗ ✐s ❢♦✉♥❞ ❢♦❧❧♦✇✐♥❣ st❛♥❞❛r❞ st❡♣s ✐♥❝❧✉❞✲

✐♥❣ ✐♥t❡❣r❛t✐♦♥ ❜② ♣❛rts✱ r❡❢♦r♠✉❧❛t✐♦♥s ❛♥❞ ♣♦✐♥t✇✐s❡ ♠❛①✐♠✐③❛t✐♦♥✳ ❇② t❤❡ s❛♠❡ ✇❛②

❛s ❢♦r t❤❡ ❞❡❝r❡❛s✐♥❣ ♠❡❛♥ ❝❛s❡✱ t❤❡ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ ✐s t❤❡♥ s❤♦✇♥ t♦ ❜❡ ✐♠♣❧❡♠❡♥t❛❜❧❡

✐♥ P ✳

❋♦r e > 0 t❤❡ s♦❧✉t✐♦♥ ✐s ✐❧❧✉str❛t❡❞ ✐♥ ❋✐❣✉r❡ ✷✳ ❊① ❛♥t❡ t②♣❡s ❛❜♦✈❡ b ❛❣❛✐♥ ❛❧✇❛②s

♦❜t❛✐♥ t❤❡✐r ♣r❡❢❡rr❡❞ ❣♦♦❞✳ ❚②♣❡s ❧♦✇❡r t❤❛♥ b ❜✉t s✉✣❝✐❡♥t❧② ❝❧♦s❡ t♦ ✐t ✭r > e✮ ❛❧✇❛②s

♦❜t❛✐♥ ❛ ❣♦♦❞✱ t❤❡ ❝♦♥tr❛❝t ✐s ❤♦✇❡✈❡r ♠❛①✐♠❛❧❧② ❞✐st♦rt❡❞ ✇✐t❤ t❤❡ ❧✐♠✐t ❣✐✈❡♥ ❜② ✭✯✮✳

❚❤✐s ❝♦♥tr❛❝t ❤❛s r❡s♣♦♥s✐✈❡♥❡ss ③❡r♦ ❛♥❞ ❤❡♥❝❡ ❞♦❡s ♥♦t r❡s♣♦♥❞ t♦ t❤❡ ❛♥♥♦✉♥❝❡♠❡♥t

♦❢ s❡❝♦♥❞ ♣❡r✐♦❞ t②♣❡s ❛t ❛❧❧✳ ❚②♣❡s ❧♦✇❡r t❤❛♥ e ❛r❡ ❡①❝❧✉❞❡❞✱ ✇❤✐❝❤ ♠❡❛♥s t❤❡ ❢✉❧❧

❛ss✐❣♥♠❡♥t ♣r♦♣❡rt② ❞♦❡s ♥♦t ❤♦❧❞ ✐❢ e > 0✳ ❊① ❛♥t❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✐s ✐♥❝r❡❛s✐♥❣ ♦✈❡r

❛❧❧ t②♣❡s t❤❛t ♦❜t❛✐♥ ❛ ❣♦♦❞✳ ❚❤✐s ♠❡♥✉ ♦❢ ❝♦♥tr❛❝ts ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ✉s✐♥❣ ❛❞✈❛♥❝❡✲

♣✉r❝❤❛s❡ ❞✐s❝♦✉♥ts✱ ✇❤✐❝❤ ❛r❡ ✇❡❧❧ ❦♥♦✇♥ ❢r♦♠ ♥✉♠❡r♦✉s st✉❞✐❡s✶✻✳

❚❤❡ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧t ❛s ♦♥❡ ♦❢ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥ ✐s t❤❡ ❧♦❣✐❝❛❧ ❝♦♥t✐♥✉❛t✐♦♥

♦❢ t❤❡ ❞❡❝r❡❛s✐♥❣ ♠❡❛♥ ❝❛s❡✳ ❆ss✉♠❡ ❢♦r ❛ ♠♦♠❡♥t t❤❛t s❡❝♦♥❞ ♣❡r✐♦❞ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✲

✐❜✐❧✐t② ✇♦✉❧❞ ❜❡ ♥♦ ❜✐♥❞✐♥❣ ❝♦♥str❛✐♥t✱ ❛s ✐s t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡ ♠❡❛♥ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ ❡①

❛♥t❡ t②♣❡s✳ ❲❤❡♥ ✐❣♥♦r✐♥❣ s❡❝♦♥❞ ♣❡r✐♦❞ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts✱ t❤❡ ♠♦♥♦♣♦❧✐st ✇♦✉❧❞ ❧✐❦❡

t♦ ❞✐st♦rt t❤❡ ❝♦♥tr❛❝ts ❢♦r ❡① ❛♥t❡ t②♣❡s ❧♦✇❡r t❤❛♥ b s✉❝❤ t❤❛t x+(r)− x−(r) = δ < 0✳

✶✻❙❡❡ ❢♦r ❡①❛♠♣❧❡ ●❛❧❡ ❛♥❞ ❍♦❧♠❡s ✭✶✾✾✸✮✱ ●❛❧❡ ✭✶✾✾✸✮✱ ▼ö❧❧❡r ❛♥❞ ❲❛t❛♥❛❜❡ ✭✷✵✶✵✮ ♦r ◆♦❝❦❡ ❡t ❛❧✳
✭✷✵✶✶✮✳
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❚❤✐s ✐s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ▲❡♠♠❛ ✺✳ ❉✐st♦rt✐♦♥s ✇♦✉❧❞ ❜❡ ❝♦♠♣❛r❛t✐✈❡❧②

❧❛r❣❡✱ ❛s t❤❡r❡ ✐s ♠✉❝❤ r❡♥t ❢r♦♠ ❤✐❣❤ ❡① ❛♥t❡ t②♣❡s t♦ ❜❡ ❡①tr❛❝t❡❞✳ ❚❤❡ ✉♣♣❡r ❜♦✉♥❞

❞❡r✐✈❡❞ ❢r♦♠ Po ✇♦✉❧❞ ❜❡ ❛❝❤✐❡✈❡❞ ❛♥❞ ❡① ❛♥t❡ ✉t✐❧✐t② ❢♦r t❤❡s❡ ❧♦✇ ❡① ❛♥t❡ t②♣❡s ✇♦✉❧❞

t❤❡♥ ❜❡ ③❡r♦✳ ❍♦✇❡✈❡r t❤✐s ❝♦♥tr❛❝t ✈✐♦❧❛t❡s ✭✯✮✱ t❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r s❡❝♦♥❞ ♣❡✲

r✐♦❞ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t②✳ ❇② ✭✯✮ t❤❡ ♠❛①✐♠❛❧ ❞✐st♦rt✐♦♥ ✐s x+(r)− x−(r) = 0✳ ❋r♦♠

t❤❡ s✐♥❣❧❡ ❝r♦ss✐♥❣ ♣r♦♣❡rt② ✐t t❤❡♥ ❢♦❧❧♦✇s t❤❛t ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ ❡① ❛♥t❡

t②♣❡s ✇❤❡♥ ❛❣❡♥ts ♦❜t❛✐♥ t❤❡ ♠❛①✐♠❛❧❧② ❞✐st♦rt❡❞ ❝♦♥tr❛❝t✳ ❚❤✐s ❝r❡❛t❡s ❛♥ ✐♥❝❡♥t✐✈❡

❢♦r t❤❡ ♠♦♥♦♣♦❧✐st t♦ ❝♦♠♣❧❡t❡❧② ❡①❝❧✉❞❡ ✈❡r② ❧♦✇ ❡① ❛♥t❡ t②♣❡s✳ ❚♦ ♣✉t ✐t ❛♥♦t❤❡r ✇❛②✿

❋♦r t❤❡ ✐♥❝r❡❛s✐♥❣ ♠❡❛♥ ❝❛s❡✱ ❞✐st♦rt✐♦♥s ✐♥ t❤❡ q✉❛❧✐t② ♦❢ ❝♦♥tr❛❝ts ❛r❡ ♥♦t s✉✣❝✐❡♥t t♦

❡①tr❛❝t t❤❡ ❤✐❣❤ t②♣❡s✬ r❡♥ts ❛♥❞ t❤❡r❡❢♦r❡ ❛❞❞✐t✐♦♥❛❧ q✉❛♥t✐t② ❞✐st♦rt✐♦♥s ❛r❡ ✉s❡❞✳

✸ ❚❤❡ ❝♦♥t✐♥✉♦✉s ❣♦♦❞s ♠♦❞❡❧

■♥ t❤❡ ❧❛st s❡❝t✐♦♥ ■ s♦❧✈❡❞ ❛ ♠♦❞❡❧ ♦❢ s❡q✉❡♥t✐❛❧ s❝r❡❡♥✐♥❣ ✇✐t❤ ❤♦r✐③♦♥t❛❧❧② ❞✐✛❡r❡♥t✐❛t❡❞

❣♦♦❞s ✇✐t❤♦✉t ❛❞✲❤♦❝ r❡str✐❝t✐♦♥s ♦♥ ❝♦♥tr❛❝ts✳ ■♥ t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ ❡① ❛♥t❡ ❡①♣❡❝t❡❞

✈❛❧✉❛t✐♦♥ ♦❢ ❛ ❝❡rt❛✐♥ ❣♦♦❞ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ ❡① ❛♥t❡ t②♣❡s✱ ♦♣t✐♠❛❧ ❝♦♥tr❛❝ts t✉r♥❡❞ ♦✉t

t♦ ♣❛rt✐❛❧❧② r❡str✐❝t ❧♦✇ t②♣❡s✬ ✢❡①✐❜✐❧✐t② ❛♥❞ ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ❜② ❛♥ ❛♣♣r♦♣r✐❛t❡

❞❡s✐❣♥ ♦❢ ❡①❝❤❛♥❣❡ ♣♦❧✐❝✐❡s✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s ♣❛rt ✐s t♦ ❢✉rt❤❡r st✉❞② t❤❡ ♦♣t✐♠❛❧ ❞❡s✐❣♥

♦❢ t❤❡ ♣❛rt✐❛❧ r❡str✐❝t✐♦♥ ♦❢ ✢❡①✐❜✐❧✐t② ❢♦r ❧♦✇❡r t②♣❡s ❛♥❞ t❤❡r❡❜② ❢✉rt❤❡r ❝❤❛r❛❝t❡r✐③❡

♦♣t✐♠❛❧ ❡①❝❤❛♥❣❡ ♣♦❧✐❝✐❡s✳ ❚❤✐s ✐s ❞♦♥❡ ❜② ❛♣♣❧②✐♥❣ t❤❡ ♣r❡s❡♥t❡❞ t❡❝❤♥✐q✉❡ t♦ ❛ ♠♦r❡

❝♦♠♣r❡❤❡♥s✐✈❡ ♠♦❞❡❧✳ ❚❤❡ ♦♥❧② s❡♥s❡ ✐♥ ✇❤✐❝❤ t❤❡ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ✐♥ t❤❡ s❡q✉❡❧ ✐s

♠♦r❡ s♣❡❝✐✜❝ ✐s t❤❛t ✐t ❢♦❝✉s❡s ♦♥ t❤❡ ❞❡❝r❡❛s✐♥❣ ♠❡❛♥ ❝❛s❡ ❡①❝❧✉s✐✈❡❧②✳

✸✳✶ ▼♦❞❡❧

■ ✐♥tr♦❞✉❝❡ ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ❤♦r✐③♦♥t❛❧❧② ❞✐✛❡r❡♥t✐❛t❡❞ ❣♦♦❞s s ∈ S = [0, 1]✱ ✇❤✐❝❤ ✐s ❛

t②♣✐❝❛❧ ❍♦t❡❧❧✐♥❣ ❧✐♥❡✳ ❚❤❡r❡ ✐s ❛❣❛✐♥ ❛ ✉♥✐t ♠❛ss ♦❢ ❝♦♥s✉♠❡rs ✇✐t❤ ✉♥✐t ❞❡♠❛♥❞✳ ❊❛❝❤

❛❣❡♥t ❤❛s ❛ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ♦✈❡r s✉♣♣♦rt S ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ ❛❣❡♥t✬s ❡① ❛♥t❡ t②♣❡ r

❛♥❞ ❤✐s ❡① ♣♦st t②♣❡ a✳ ❚❤❡r❡ ✐s ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ❡① ♣♦st t②♣❡s a ∈ A = [0, 1]✱ ✇❤❡r❡ a

❞❡t❡r♠✐♥❡s t❤❡ ♠♦st ♣r❡❢❡rr❡❞ ❣♦♦❞✳ ❚❤✉s ❡❛❝❤ ❣♦♦❞ ❝♦✉❧❞ ♣♦ss✐❜❧② ❜❡ t❤❡ ❢❛✈♦r✐t❡ ♦♥❡✳

❊① ♣♦st t②♣❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t❧② ❛♥❞ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ♦♥ A✱ ✇❤✐❝❤ ✐♥ ♣❛rt✐❝✉❧❛r

♠❡❛♥s t❤❛t t❤❡ ❡① ❛♥t❡ t②♣❡ ❞♦❡s ♥♦t ♣r♦✈✐❞❡ ❛♥② ✐♥❢♦r♠❛t✐♦♥ ♦♥ ✇❤❛t t❤❡ ❡① ♣♦st t②♣❡

✇✐❧❧ ❜❡✳ ❚❤✐s ❛❧❧♦✇s ♠❡ t♦ ❝❧❡❛r❧② ❞✐st✐♥❣✉✐s❤ t❤❡ ♥❡✇ ❛s♣❡❝t ❢r♦♠ ✐♥❝❡♥t✐✈❡s ❢♦r ♣r✐❝❡

❞✐s❝r✐♠✐♥❛t✐♦♥ ✇❤✐❝❤ ❛r✐s❡ ✇❤❡♥ ❞✐✛❡r❡♥t ❣r♦✉♣s ♦❢ ❜✉②❡rs s②st❡♠❛t✐❝❛❧❧② ❞✐✛❡r ✐♥ t❤❡✐r

♣r❡❢❡r❡♥❝❡s ❛♠♦♥❣ ❛ s❡t ♦❢ ❞✐✛❡r❡♥t✐❛t❡❞ ❣♦♦❞s✳ ■ ❛ss✉♠❡ t❤❡ ✉t✐❧✐t② ❧♦ss ❢r♦♠ ❣❡tt✐♥❣

✷✹



❛ ♥♦♥✲❢❛✈♦r✐t❡ ❣♦♦❞ t♦ ❜❡ ❧✐♥❡❛r ✐♥ t❤❡ ❞✐st❛♥❝❡ ❢r♦♠ t❤❡ ❢❛✈♦r✐t❡ ❣♦♦❞✳✶✼ ✶✽ ▲❡t t❤❡

❝♦♥t✐♥✉♦✉s ❞✐str✐❜✉t✐♦♥ F ♦❢ ❡① ❛♥t❡ t②♣❡s r ♦✈❡r t②♣❡ s♣❛❝❡ R = [0; r] ❛❣❛✐♥ s❛t✐s❢②

t❤❡ st❛♥❞❛r❞ ❛ss✉♠♣t✐♦♥ ♦❢ ✐♥❝r❡❛s✐♥❣ ✈✐rt✉❛❧ ✈❛❧✉❡s r− 1−F (r)
f(r)

✳ ■ ❛ss✉♠❡ t❤❛t ❜♦t❤ t❤❡

✉t✐❧✐t② ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❢❛✈♦r✐t❡ ❣♦♦❞ ❛♥❞ t❤❡ ❝♦♠♣❛r❛t✐✈❡ ✉t✐❧✐t② ❧♦ss ❢r♦♠ ❣❡tt✐♥❣ ❛

♥♦♥✲❢❛✈♦r✐t❡ ❣♦♦❞ ❛r❡ ❧✐♥❡❛r❧② ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡ ❡① ❛♥t❡ t②♣❡✳ ❆s ❛❧r❡❛❞② ❡①♣❧❛✐♥❡❞✱ ■

❢♦❝✉s ♦♥ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ r❡❧❛t✐✈❡ ❝❤❛♥❣❡s ❛r❡ s✉❝❤ t❤❛t t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❢r♦♠ ❛♥②

✜①❡❞ ❛❧❧♦❝❛t✐♦♥ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ ❡① ❛♥t❡ t②♣❡s✳

❆ ✉t✐❧✐t② ❢✉♥❝t✐♦♥ ✇✐t❤ t❤❡s❡ ♣r♦♣❡rt✐❡s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s vr,a(s) = v + kr − cr|a −
s| ✇✐t❤ k, c > 0 ❛♥❞ ❛❞❞✐t✐♦♥❛❧ r❡str✐❝t✐♦♥s ♦♥ k ❛♥❞ c t♦ ❡♥s✉r❡ t❤❡ ❞❡❝r❡❛s✐♥❣ ❡①♣❡❝t❛✲

t✐♦♥✳ ❇② ❛♥ ❛♣♣r♦♣r✐❛t❡ ♥♦r♠❛❧✐③❛t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ ♦❢ ❡① ❛♥t❡ t②♣❡s✱ t❤✐s ✉t✐❧✐t② ❝❛♥ ❜❡

r❡✇r✐tt❡♥ ❛s

vr,a(s) = v + (1− δ)r − 4r|a− s| ✭✼✮

✇✐t❤ δ = 1 − 4k/c✳ ◆♦r♠❛❧✐③❛t✐♦♥ ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥ ♦❢ ❞❡❝r❡❛s✐♥❣

❡①♣❡❝t❛t✐♦♥s ❜♦✐❧s ❞♦✇♥ t♦ δ ≥ 0✳✶✾ ●✐✈❡♥ t❤✐s ♥♦r♠❛❧✐③❛t✐♦♥✱ ❛♥❛❧♦❣✐❡s t♦ t❤❡ t✇♦

❣♦♦❞s ♠♦❞❡❧ ❛r❡ ♦❜✈✐♦✉s✿ ❚❤❡ ♠♦st ♣r❡❢❡rr❡❞ ❣♦♦❞ ✐s ✈❛❧✉❡❞ ❜② v + r − rδ ❛♥❞ t❤❡

❡①♣❡❝t❡❞ ✉t✐❧✐t② ♦❢ ❛ ❝❡rt❛✐♥ ❛ss✐❣♥♠❡♥t ♦❢ ❣♦♦❞ s = 1/2 ✐s v − rδ ❛s ✇❛s t❤❡ ❡①♣❡❝t❡❞

✉t✐❧✐t② ♦❢ ❛♥② ✜①❡❞ ❛ss✐❣♥♠❡♥t ✐♥ t❤❡ t✇♦ ❣♦♦❞s ♠♦❞❡❧✳ ◆♦t❡ t❤❛t ✐♥ t❤✐s ♠♦r❡ ❣❡♥❡r❛❧

♠♦❞❡❧✱ t❤❡ ❡① ❛♥t❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♦❢ ♣r❡✜①❡❞ ❛ss✐❣♥♠❡♥ts ✈❛r✐❡s ❛♥❞ ✐s ♠❛①✐♠✐③❡❞ ❜②

t❤❡ ❛ss✐❣♥♠❡♥t s = 1/2✳ ❚❤❡ ✜r♠ ❛♥❞ t✐♠✐♥❣ ❛r❡ ❛s ❜❡❢♦r❡✳

✸✳✷ ❆♥❛❧②s✐s

❆❣❛✐♥✱ t❤❡ r❡✈❡❧❛t✐♦♥ ♣r✐♥❝✐♣❧❡ ❛♣♣❧✐❡s ✭s❡❡ ▼②❡rs♦♥✱ ✶✾✽✻✮✳ ❚❤❡ ♦✉t❝♦♠❡ ❢✉♥❝t✐♦♥ ♦❢ ❛

❞✐r❡❝t ♠❡❝❤❛♥✐s♠ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s (X(r̂, â), p(r̂, â))✱ ✇❤❡r❡ r̂ ❛♥❞ â ❛r❡ t❤❡ r❡♣♦rt❡❞

t②♣❡s✳ p(r̂, â) ✐s t❤❡ ♣❛②♠❡♥t r✉❧❡ ✇✐t❤ ♣❛②♠❡♥ts ❞❡✜♥❡❞ ❢r♦♠ t❤❡ ❛❣❡♥t t♦ t❤❡ ♠♦♥♦♣✲

♦❧✐st ❛♥❞ X(r̂, â) ✐s t❤❡ ❛❧❧♦❝❛t✐♦♥ r✉❧❡✳ ❆♥ ❛❧❧♦❝❛t✐♦♥ ✐s ❛ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦✈❡r

s✐♥❣❧❡ ❡❧❡♠❡♥ts ❢r♦♠ t❤❡ s❡t ♦❢ ♣r♦❞✉❝ts S ❛♥❞ ✬♥♦ ❛ss✐❣♥♠❡♥t✬ ❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ t✇♦

r❡♣♦rt❡❞ t②♣❡s✳ ❍❡♥❝❡ X(r̂, â)[s̃] ✐s t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❛♥ ❛ss✐❣♥♠❡♥t ♦❢ ❣♦♦❞ s ≤ s̃ ❛♥❞

✶✼❚❤❡ r❡str✐❝t✐♦♥ t♦ t❤❡ ✉♥✐❢♦r♠ ❞✐str✐❜✉t✐♦♥ ❛♥❞ ❧✐♥❡❛r ❞❡✈✐❛t✐♦♥ ❝♦sts ✐s ❢♦r ✐❧❧✉str❛t✐✈❡ ♣✉r♣♦s❡s ♦♥❧②✳
◗✉❛❧✐t❛t✐✈❡❧②✱ ❛❧❧ r❡s✉❧ts r❡♠❛✐♥ ✈❛❧✐❞ ❢♦r ❛♥② ❝♦♥t✐♥✉♦✉s ❛♥❞ ❡① ❛♥t❡ t②♣❡✲✐♥❞❡♣❡♥❞❡♥t ❞✐str✐❜✉t✐♦♥
G(a)✱ ✇❤♦s❡ s✉♣♣♦rt ✐s ❛ s✉❜s❡t ♦❢ A ✇✐t❤ ♣♦s✐t✐✈❡ ♠❡❛s✉r❡✳ ❉❡✈✐❛t✐♦♥ ❝♦sts ❝❛♥ ❜❡ ❛♥② ❝♦♥t✐♥✉♦✉s
❢✉♥❝t✐♦♥ c(a, s) t❤❛t ✐s q✉❛s✐✲❝♦♥✈❡① ✐♥ s ❢♦r ❛♥② a ✇✐t❤ t❤❡ ♠✐♥✐♠✉♠ ❛t a ✇❤❡r❡ c(a, a) = 0✳ ❆s t❤❡
❛✐♠ ✐s t♦ st✉❞② t❤❡ ❞❡❝r❡❛s✐♥❣ ♠❡❛♥ ❝❛s❡✱ ❞❡✈✐❛t✐♦♥ ❝♦st ♠✉st ❜❡ s✉✣❝✐❡♥t❧② st❡❡♣✿ ♠✐♥

k
Ea[c(k, s)] ≥

1− δ ❢♦r ❛❧❧ k ∈ S✳ ❋♦r t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ ❡q✉❛t✐♦♥ ✭✼✮ t✉r♥s t♦ vr,a(s) = v + (1− δ)r − rc(a, s)✳
✶✽◆♦t❡ t❤❛t ✐♥ t❤✐s ♠♦❞❡❧ t❤❡ ✈❛❧✉❛t✐♦♥ ❢♦r ❛ ❣✐✈❡♥ ❣♦♦❞ ✈❛r✐❡s ❣r❛❞✉❛❧❧② ✐♥ t❤❡ ❡①✲♣♦st t②♣❡✱ ❛ ❦❡②

♣r♦♣❡rt② t❤❛t ❤❡❧♣s t♦ r❡✈❡❛❧ ♠♦r❡ ❝❤❛r❛❝t❡r✐st✐❝s ♦❢ ❡①❝❤❛♥❣❡✲♣♦❧✐❝✐❡s✳
✶✾❙❡❡ ▲❡♠♠❛ ✾ ✐♥ t❤❡ ❛♣♣❡♥❞✐① ❢♦r t❤❡ ❢♦r♠❛❧ ♣r♦♦❢✳

✷✺



X(r̂, â)[1] ≤ 1 ∀r̂, â✳ ❚❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ♥♦ ❛ss✐❣♥♠❡♥t ✐s 1 − X(r̂, â)[1]✳ ❆s ❛❧r❡❛❞②

❛r❣✉❡❞✱ t❤❡ r❡str✐❝t✐♦♥ t♦ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s ♦✈❡r t❤❡ ❛ss✐❣♥♠❡♥t ♦❢ t❤❡ ❞✐✛❡r❡♥t

❣♦♦❞s ❛♥❞ ♥♦ ❛ss✐❣♥♠❡♥t ✐s ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✳ ❚❤❡ ♥♦t✐♦♥ ♦❢ ❛ ❝♦♥tr❛❝t ✐s ❝❛rr✐❡❞

♦✈❡r ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✳ ❘❡❝❛❧❧ t❤❛t σ(a, r, r̂) ✐s ❛ ❝✉st♦♠❡r✬s str❛t❡❣② ❢♦r ♣♦st✐♥❣

❛ s❡❝♦♥❞ ♣❡r✐♦❞ t②♣❡ ❛♥❞ tr✉t❤t❡❧❧✐♥❣ ✐s ❞❡♥♦t❡❞ ❜② t❤❡ ✐❞❡♥t✐t② ida✳

❆♥ ❛❣❡♥t✬s ✜rst ♣❡r✐♦❞ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✐s

U(r̂, r, σ) =

1
∫

0





1
∫

0

vr,a(s)dX(r̂, σ(a, r, r̂))[s]



− p(r̂, σ(a, r, r̂))da.

❉❡✜♥❡ ❢✉rt❤❡r U(r, ida) := U(r, r, ida)✳ ❇② ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ r❡✈❡❧❛t✐♦♥ ♣r✐♥❝✐♣❧❡✱ t❤❡

♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭P✮ ❝❛♥ ❛❣❛✐♥ ❜❡ ❢♦r♠✉❧❛t❡❞✿

max
X,p

r
∫

0

f(r)

1
∫

0

p(r, a)dadr

s✳t✳

U(r, ida) ≥ U(r̂, r, σ) ∀r, r̂ 6= r, σ, ✭IC1✮

U(r, ida) ≥ 0 ∀r, ✭IR✮

1
∫

0

vr,a(s)dX(r, a)[s]− p(r, a) ≥
1

∫

0

vr,a(s)dX(r, â)[s]− p(r, â) ∀r, r̂, â, ✭IC2✮

0 ≤ X(r̂, â)[s] ≤ X(r̂, â)[s′] ≤ 1 ∀r̂, â, s, s′ ✇✐t❤ s ≤ s′. ✭F ✮

❚❤❡ str✉❝t✉r❡ ♦❢ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✐♥ t❤✐s r✐❝❤❡r ❢r❛♠❡✇♦r❦ ❤❛s ✐♠♣♦rt❛♥t s✐♠✐❧❛r✐t✐❡s t♦

t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✭✷✮ ❢r♦♠ ❙❡❝t✐♦♥ ✷✳ ❚♦ ♠❛❦❡ t❤✐s ❡①♣❧✐❝✐t ♥♦t❡ t❤❛t ❡①♣❡❝t❡❞ ✉t✐❧✐t②

❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

U(r̂, r, ida) = v





1
∫

0

X(r̂, a)[1]da



+ r · K̃(r̂, δ)−
1

∫

0

p(r̂, a)da ✭✽✮

✇✐t❤ K̃(r̂, δ) =
1
∫

0

1
∫

0

1− δ − 4|a− s|dX(r̂, a)[s]da✳

❆s ❜♦t❤✱ t❤❡ str✉❝t✉r❡ ♦❢ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ P ❛♥❞ t❤❡ ❢♦r♠ ♦❢ ❡①♣❡❝t❡❞ ✉t✐❧✐t✐❡s ❛r❡

✷✻



❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❡ s✐♠♣❧❡ ✈❡rs✐♦♥✱ ■ ❝❛♥ ❢♦❧❧♦✇ st❡♣s ❦♥♦✇♥ ❢r♦♠ t❤❡ s✐♠♣❧❡ ♠♦❞❡❧ t♦

♦❜t❛✐♥ ❛ s♦❧✉t✐♦♥✳

❍❡♥❝❡✱ ✐♥ ♦r❞❡r t♦ s♦❧✈❡ t❤✐s ♣r♦❜❧❡♠✱ ■ ❛❣❛✐♥ ❝♦♥s✐❞❡r t❤❡ r❡❧❛①❡❞ ♣r♦❜❧❡♠ ✇✐t❤ ♦❜s❡r✈✲

❛❜❧❡ ❡① ♣♦st t②♣❡s ✭Po✮✳ Pr♦❜❧❡♠ Po ❞✐✛❡rs ❢r♦♠ P ❜② ♦♠✐tt✐♥❣ ❛❧❧ IC2 ❝♦♥str❛✐♥ts ❛♥❞

r❡❧❛①✐♥❣ IC1 t♦

U(r, ida) ≥ U(r̂, r, ida) ∀r, r̂, a. ✭IC ′
1✮

❚❤❡ s❡t ♦❢ s♦❧✉t✐♦♥s t♦ t❤❡ r❡❧❛①❡❞ ♠❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✇✐t❤ ♦❜s❡r✈❛❜❧❡ t②♣❡s ✐s ❝❤❛r✲

❛❝t❡r✐③❡❞ ❜② ▲❡♠♠❛ ✻✿

▲❡♠♠❛ ✻✳ ❆ ♠❡❝❤❛♥✐s♠ s♦❧✈❡s ♣r♦❜❧❡♠ Po ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐t s❛t✐s✜❡s ✭F ✮ ❛♥❞ ❤❛s t❤❡

❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s✿

❋♦r r ≤ b :

∫ 1

0

X(r, a)[1]da = 1, K̃(r, δ) = 0 ❛♥❞

1
∫

0

p(r, a)da = v;

❋♦r r > b :

∫ 1

0

X(r, a)[1]da = 1, K̃(r, δ) = 1− δ ❛♥❞

1
∫

0

p(r, a)da = v + b(1− δ).

❚❤❡ ♣r♦♦❢ ♣r♦❝❡❡❞s ❛s ❢♦❧❧♦✇s✿ ❉✉❡ t♦ t❤❡ ♣❛r❛❧❧❡❧ ❢♦r♠ ♦❢ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❢✉♥❝t✐♦♥s✱

✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t② ❝❛♥ ❜❡ ❝❤❛r❛❝t❡r✐③❡❞ ❛❧♦♥❣ t❤❡ ❧✐♥❡s ♦❢ ▲❡♠♠❛ ✷✳ ❚❤❡ s❧♦♣❡ ♦❢

❡①♣❡❝t❡❞ ✉t✐❧✐t② ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✐s K̃(r, δ)✳ ❆s K̃(r, δ) ❝❛♥ t❛❦❡ ♥❡❣❛t✐✈❡ ✈❛❧✉❡s ❢♦r s♦♠❡

❡① ❛♥t❡ t②♣❡s✱ t❤❡ s♦❧✉t✐♦♥ str❛t❡❣② ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✳✸✳✶✳ ✐s ❛♣♣❧✐❡❞✳ ❚❤❡ r❡s✉❧t✐♥❣

♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ❛r❡ ❣✐✈❡♥ ✐♥ ▲❡♠♠❛ ✺✳

❚♦ s❤♦✇ ♥❡❝❡ss✐t②✱ ■ ❣✐✈❡ t❤❡ ♠❡♥✉ ♦❢ ❞❡t❡r♠✐♥✐st✐❝ ❝♦♥tr❛❝ts ✭▲❊✮ ❜❡❧♦✇ t❤❛t s❛t✐s✜❡s

t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✺ ❛♥❞ ✇❤♦s❡ ❢❡❛s✐❜✐❧✐t② ✐s str❛✐❣❤t❢♦r✇❛r❞ t♦ s❡❡✳ ❍✐❣❤ ❡① ❛♥t❡

t②♣❡s r > b ❛❧✇❛②s ♦❜t❛✐♥ t❤❡✐r ❢❛✈♦r✐t❡ ❣♦♦❞✳ ❋♦r ❧♦✇ ❡① ❛♥t❡ t②♣❡s r ≤ b✱ ❛♥ ✐♥t❡r✈❛❧

♦❢ ❣♦♦❞s ✐s s♣❡❝✐✜❡❞✳ ❲❤❡♥❡✈❡r t❤❡ ❢❛✈♦r✐t❡ ✈❛r✐❡t② ❧✐❡s ✐♥ t❤✐s ✐♥t❡r✈❛❧✱ ✐t ✐s ❛ss✐❣♥❡❞✳

❖t❤❡r✇✐s❡✱ t❤❡ ❝♦♥s✉♠❡r ♦❜t❛✐♥s t❤❡ ❣♦♦❞ ♦❢ t❤❡ ✐♥t❡r✈❛❧ t❤❛t ✐s ❝❧♦s❡st✳ ❉❡♥♦t❡ t❤❡

✷✼



s✐♥❣❧❡ ♠❛ss ♣♦✐♥t ♦❢ ♠❛ss ♦♥❡ ♦❢ X(r, a) ✐♥ ✭▲❊✮ ❜② xLE(r, a)✿

❋♦r r > b

xLE(r, a) = a ❛♥❞ p(r, a) = v + b(1− δ) ∀a;
❋♦r r ≤ b

xLE(r, a) =
√
1− δ/2 ❢♦r a <

√
1− δ/2,

xLE(r, a) = a ❢♦r a ∈ [
√
1− δ/2; 1−

√
1− δ/2],

xLE(r, a) = 1−
√
1− δ/2 ❢♦r a > 1−

√
1− δ/2,

p(r, a) = v ∀a.

✭▲❊✮

❊✈❡r② s♦❧✉t✐♦♥ t♦ t❤❡ ♣r♦❜❧❡♠ Po s❛t✐s✜❡s t❤❡ ❢✉❧❧ ❛ss✐❣♥♠❡♥t ♣r♦♣❡rt②
∫ 1

0
X(r, a)[1]da =

1✱ ✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦ X(r, a)[1] = 1 ❢♦r ❛❧♠♦st ❛❧❧ a✳ ❚❤✐s ♠❡❛♥s t❤❛t ❣❡♥❡r✐❝❛❧❧②✷✵

❡❛❝❤ ❛❣❡♥t ❡♥❞s ✉♣ ✇✐t❤ s♦♠❡ ❣♦♦❞✱ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ r❡♣♦rt❡❞ ♣❛✐r ♦❢ t②♣❡s✳

❆♥② ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ ✐s ❛ st❡♣ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ❡① ❛♥t❡ t②♣❡ ✇✐t❤ t❤r❡s❤♦❧❞✲t②♣❡

b✳ ❚②♣❡s ❛❜♦✈❡ b ❛❧✇❛②s ❣❡t t❤❡✐r ♠♦st ♣r❡❢❡rr❡❞ ❣♦♦❞✱ ✇❤✐❝❤ ✐♠♣❧✐❡s ♥♦ ❞✐st♦rt✐♦♥ ❛t

t❤❡ t♦♣✳ ❆❣❡♥ts ✇✐t❤ ❡① ❛♥t❡ t②♣❡s ❧♦✇❡r t❤❛♥ b ❣❡t ❛ ❝♦♥tr❛❝t ✇❤✐❝❤ ❣✐✈❡s t❤❡♠ ✉t✐❧✐t②

v ♥❡t ♦❢ ♣❛②♠❡♥ts✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t t❤❡s❡ ❝✉st♦♠❡rs ❞♦ ♥♦t ❛❧✇❛②s ❡♥❞ ✉♣ ✇✐t❤ t❤❡✐r

❢❛✈♦r✐t❡ ✈❛r✐❡t②✳ ❋♦r ❧♦✇ ❡① ❛♥t❡ t②♣❡s t❤❡ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ♣r♦❜❧❡♠ ✇✐t❤

♦❜s❡r✈❛❜❧❡ s❡❝♦♥❞ ♣❡r✐♦❞ t②♣❡s ❧❡❛✈❡ ❛ s✐❣♥✐✜❝❛♥t ❛♠♦✉♥t ♦❢ ✈❛r✐❛❜✐❧✐t② t♦ t❤❡ ❝♦♥tr❛❝t✳

■♥ ❝♦♥tr❛st t♦ t❤❡ t✇♦✲❣♦♦❞s ♠♦❞❡❧✱ t❤❡ s❡ts ♦❢ s♦❧✉t✐♦♥s t♦ t❤❡ r❡❧❛①❡❞ ❛♥❞ t❤❡ ♦r✐❣✐♥❛❧

♣r♦❜❧❡♠ ❞♦ ♥♦t ❝♦✐♥❝✐❞❡✳ ■♥ t❤❡ s❡q✉❡❧✱ ❛ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s❡t ♦❢ s♦❧✉t✐♦♥s t♦

t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✐s ❞❡r✐✈❡❞✳ ❇② ❝♦♥str✉❝t✐♦♥✱ ♠❛①✐♠❛❧ ♣r♦✜ts ✐♥ Po ♣♦s❡ ❛♥ ✉♣♣❡r

❜♦✉♥❞ t♦ ♣r♦✜ts ✐♥ P ✳ ❉✐✛❡r❡♥❝❡s ♠❛② ❛r✐s❡ ❞✉❡ t♦ t❤❡ str♦♥❣❡r ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t②

r❡q✉✐r❡♠❡♥ts ✐♥ P ✳ ▲❡♠♠❛ ✼ st❛t❡s t❤❛t t❤❡ ♠❛①✐♠❛❧ ♣r♦✜t ✐♥ Po ❝❛♥ ❛❧s♦ ❜❡ ❛tt❛✐♥❡❞

✐♥ P ✳ ❚❤❡ s❡t ♦❢ s♦❧✉t✐♦♥s t♦ ♣r♦❜❧❡♠ P ✐s ❤❡♥❝❡ ❛ s✉❜s❡t ♦❢ t❤❡ s❡t s♦❧✉t✐♦♥s t♦ ♣r♦❜❧❡♠

Po✳ ❚❤✐s ✐s r❡❢♦r♠✉❧❛t❡❞ ❛s ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r s♦❧✉t✐♦♥s t♦ P ✿

▲❡♠♠❛ ✼✳ ❆♥② s♦❧✉t✐♦♥ t♦ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✻✳

■t s✉✣❝❡s t♦ s❤♦✇ t❤❛t t❤❡ s✉❣❣❡st❡❞ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ ✭▲❊✮ ✐s ✐♠♣❧❡♠❡♥t❛❜❧❡ ✐♥ t❤❡

♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✇✐t❤ ♣r✐✈❛t❡ ❡① ♣♦st t②♣❡s✳ ❆s ✐♥ ❙❡❝t✐♦♥ ✷✱ ■ s❤♦✇ t❤❛t ❡✈❡r② ❛❣❡♥t

✷✵❊①❝❡♣t ❢♦r ❛ s❡t ♦♥ A ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ③❡r♦✳ ◆♦t❡ t❤❛t s❡❧❧✐♥❣ t♦ ❛ ♠❛ss ♦❢ ❝♦♥s✉♠❡rs ✇✐t❤
♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ ③❡r♦ ♦♥ R×A ❤❛s ♥♦ ✐♠♣❛❝t ♦♥ ♣r♦✜ts✳

✷✽



❤❛s ❛♥ ✐♥❝❡♥t✐✈❡ t♦ tr✉t❤❢✉❧❧② r❡♣♦rt ❤✐s s❡❝♦♥❞ ♣❡r✐♦❞ t②♣❡ ♥♦ ♠❛tt❡r ✇❤❛t ❤✐s ✜rst

♣❡r✐♦❞ r❡♣♦rt ✇❛s✳ ❆s ❛❧r❡❛❞② ❛r❣✉❡❞✱ t❤✐s ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t②✳

❚❤❡ ✐♥t✉✐t✐♦♥ ✇❤② ✐♥ t❤❡ ♠❡♥✉ ♦❢ ❝♦♥tr❛❝ts ✭▲❊✮✱ tr✉t❤t❡❧❧✐♥❣ ✐♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞ ✐s

❛❧✇❛②s ♦♣t✐♠❛❧ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❆ss✉♠❡ s♦♠❡ ❛r❜✐tr❛r② t②♣❡ r ∈ R ❤❛s r❡♣♦rt❡❞ r̂ ≤ b✳

❚❤❡ ♣r✐❝❡ ❤❡ ♣❛②s ✐s v ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ r❡♣♦rt ♦♥ ❤✐s ❡① ♣♦st t②♣❡✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡

❝♦♥tr❛❝t s♣❡❝✐✜❡s t❤❡ ✐♥t❡r✈❛❧ [
√
1− δ/2; 1 −

√
1− δ/2] ♦❢ ♣♦t❡♥t✐❛❧❧② ❛ss✐❣♥❡❞ ❣♦♦❞s✳

❖✉t ♦❢ t❤✐s s❡t✱ t❤❡ ❛❣❡♥t ♦❜t❛✐♥s t❤❡ ❣♦♦❞ ✇❤✐❝❤ ♠❛①✐♠✐③❡s t❤❡ ✉t✐❧✐t② ♦❢ ❤✐s r❡♣♦rt❡❞

❡① ♣♦st t②♣❡✳ ❚❤❡r❡❢♦r❡✱ ✐t ❢♦❧❧♦✇s ✐♠♠❡❞✐❛t❡❧② t❤❛t tr✉t❤t❡❧❧✐♥❣ ❛❜♦✉t t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞

t②♣❡ ✐s ♦♣t✐♠❛❧✳ ❆ss✉♠❡ s♦♠❡ ❛r❜✐tr❛r② t②♣❡ r ∈ R ❤❛s r❡♣♦rt❡❞ r̂ > b✳ ❚❤❡ ♣r✐❝❡ ❤❡

♣❛②s ✐s v + b(1− δ) ❛♥❞ t❤❡ ❛❣❡♥t s✐♠♣❧② ❣❡ts ✇❤❛t ❤❡ ❝❧❛✐♠s t♦ ♣r❡❢❡r✳ ■t ❝❛♥ ✐♠♠❡❞✐✲

❛t❡❧② ❜❡ s❡❡♥ t❤❛t t❤❡ ❛❣❡♥t ✇✐❧❧ r❡♣♦rt ❤♦♥❡st❧② ❛❜♦✉t t❤❡ ❡① ♣♦st t②♣❡✳

❆ ❢✉rt❤❡r ✐♠♣♦rt❛♥t ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ t❤❡ s❡t ♦❢ s♦❧✉t✐♦♥s t♦ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✐s

❛❝❤✐❡✈❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ▲❡♠♠❛ ✽✿

▲❡♠♠❛ ✽✳ ■♥ ❛♥② s♦❧✉t✐♦♥ t♦ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠✱ ♣r✐❝❡s ❢♦r ❧♦✇ t②♣❡s r ≤ b ❣❡♥❡r✐❝❛❧❧②

❞♦ ♥♦t ❞❡♣❡♥❞ ♦♥ ❡① ♣♦st t②♣❡s✿ p(r, a) = p(r, a′) ❢♦r ❛❧❧ r ≤ b, ❢♦r ❛❧♠♦st ❛❧❧ a, a′ ∈ A✳

❊✈❡♥ t❤♦✉❣❤ ▲❡♠♠❛ ✽ ✐s ♣r♦✈❡❞ ❜② ❝♦♥tr❛❞✐❝t✐♦♥✱ t❤❡ ❛r❣✉♠❡♥t ❣✐✈❡s ✈❛❧✉❛❜❧❡ ✐♥✲

s✐❣❤ts ✐♥t♦ t❤❡ str✉❝t✉r❡ ♦❢ ✐♥❝❡♥t✐✈❡s✳ ◆♦t❡ ✜rst t❤❛t t❤❡ ❝♦♥t✐♥✉♦✉s s❡t ♦❢ ❧♦✇ ❡① ❛♥t❡

t②♣❡s r ∈ [0, b] ✐♥❝❧✉❞❡s t②♣❡s t❤❛t ❝❛r❡ ❛r❜✐tr❛r✐❧② ❧✐tt❧❡ ❛❜♦✉t ✇❤✐❝❤ ♣r♦❞✉❝t t❤❡② ❣❡t✳

❆ss✉♠❡✱ t❤❡r❡ ✐s s♦♠❡ ❧♦✇ ❡① ❛♥t❡ t②♣❡ r′ < b ✇❤♦ ✐s ❝♦♥❢r♦♥t❡❞ ✇✐t❤ t✇♦ ❞✐✛❡r❡♥t ♣r✐❝❡s

❞❡♣❡♥❞✐♥❣ ♦♥ t❤❡ r❡♣♦rt ❛❜♦✉t ❤✐s ❡① ♣♦st t②♣❡✳ ❚❤❡r❡ ✇✐❧❧ ❛❧✇❛②s ❜❡ ❛❣❡♥ts t❤❛t ❝❛r❡

s✉✣❝✐❡♥t❧② ❧✐tt❧❡ ❛❜♦✉t ✇❤✐❝❤ ♣r♦❞✉❝t t❤❡② ♦❜t❛✐♥✱ s✉❝❤ t❤❛t t❤❡② ✇♦✉❧❞ ✐rr❡s♣❡❝t✐✈❡❧② ♦❢

t❤❡✐r ♣r❡❢❡r❡♥❝❡s ❣♦ ❢♦r t❤❡ s♠❛❧❧❡r ♣r✐❝❡✱ ✐❢ t❤❡② ❤❛❞ t❤❡ ❝❤♦✐❝❡✳ ❚❤✐s ✇♦✉❧❞ ✐♠♣❧② ❧②✐♥❣

❛❜♦✉t t❤❡ ❡① ♣♦st t②♣❡✳ ❆♥② ❧♦✇ ❡① ❛♥t❡ t②♣❡ ❤❛s t❤✐s ❝❤♦✐❝❡✱ ✇❤❡♥ ❤❛✈✐♥❣ r❡♣♦rt❡❞ t♦

❜❡ ♦❢ t②♣❡ r′✳

❋r♦♠ t❤❡ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ✇❡ ❦♥♦✇ t❤❛t ❛♥② ❡① ❛♥t❡ t②♣❡✬s ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❢r♦♠ ✲

♣♦ss✐❜❧② ✉♥tr✉t❤❢✉❧❧② ✲ ❝❧❛✐♠✐♥❣ t♦ ❜❡ ♦❢ ❛♥② t②♣❡ r ≤ b ❛♥❞ t❤❡♥ tr✉t❤t❡❧❧✐♥❣ ❛❜♦✉t ❡①

♣♦st t②♣❡s ✐s ③❡r♦✳ ❈♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ❞♦✉❜❧❡ ❞❡✈✐❛t✐♦♥ ❢♦r ✈❡r② ❧♦✇ ❡① ❛♥t❡ t②♣❡s✿

❋✐rst✱ ❢❛❧s❡❧② r❡♣♦rt t♦ ❜❡ ♦❢ ❡① ❛♥t❡ t②♣❡ r′ ❛♥❞ t❤❡♥ ♣r♦✜t❛❜❧② ❞❡✈✐❛t❡ ❢r♦♠ tr✉t❤❢✉❧❧②

r❡♣♦rt✐♥❣ ❛❜♦✉t t❤❡ ❡① ♣♦st t②♣❡✳ ❚❤✐s str❛t❡❣② ✇♦✉❧❞ ②✐❡❧❞ ❛ ♣♦s✐t✐✈❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t②

❢♦r t❤❡s❡ ❛❣❡♥ts ❜❡❝❛✉s❡ t❤❡② ♣r♦✜t❛❜❧② ❞❡✈✐❛t❡ ❢r♦♠ ❛ str❛t❡❣② t❤❛t ❣✐✈❡s t❤❡♠ ③❡r♦

✉t✐❧✐t②✳ ■♥ t❤❡ ♦♣t✐♠✉♠✱ t❤✐s ♠❛② ♥♦t ♦❝❝✉r✱ ❜❡❝❛✉s❡ ❜② ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t②✱ t❤❡✐r

❡①♣❡❝t❡❞ ✉t✐❧✐t② ❢r♦♠ tr✉t❤❢✉❧ r❡♣♦rt✐♥❣ ✇♦✉❧❞ t❤❡♥ ❤❛✈❡ t♦ ❜❡ str✐❝t❧② ♣♦s✐t✐✈❡ ❛s ✇❡❧❧✱

✇❤✐❝❤ ❤❛s ❜❡❡♥ s❤♦✇♥ t♦ ❜❡ ♥♦t ♦♣t✐♠❛❧✳

✷✾



▲❡♠♠❛ ✽ ❤❛s ✐♠♣♦rt❛♥t ❝♦♥s❡q✉❡♥❝❡s ❢♦r t❤❡ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ♦♣t✐♠❛❧ ❝♦♥tr❛❝ts ❢♦r

❧♦✇ ❡① ❛♥t❡ t②♣❡s✳ ❆s ▲❡♠♠❛ ✭✻✮ ♣✐♥s ❞♦✇♥ ❡①♣❡❝t❡❞ ♣r✐❝❡s✱ ▲❡♠♠❛s ✭✻✮ ❛♥❞ ✭✽✮

t♦❣❡t❤❡r ❝♦♠♣❧❡t❡❧② ❞❡t❡r♠✐♥❡ ♦♣t✐♠❛❧ ♣r✐❝❡s ❢♦r t②♣❡s r ≤ b✳ ❚❤✐s ❛❧s♦ s✐❣♥✐✜❝❛♥t❧② r❡✲

❞✉❝❡s t❤❡ s❡t ♦❢ ♦♣t✐♠❛❧ ❝♦♥tr❛❝ts✳ ❚❤❡ s❡t ♦❢ s♦❧✉t✐♦♥s ✐s ❤❡♥❝❡ ❛ str✐❝t s✉❜s❡t t♦ t❤❡ s❡t

♦❢ s♦❧✉t✐♦♥s t♦ t❤❡ ♣r♦❜❧❡♠ Po✳ ❯s✐♥❣✭✽✮✱ ❢r♦♠ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts

✭IC2✮ ❢♦❧❧♦✇s

1
∫

0

|a− s|dX(r, a)[s] ≤
1

∫

0

|a− s|dX(r, a′)[s] ∀r ≤ b ❢♦r ❛❧♠♦st ❛❧❧ a, a′ ∈ A. ✭✾✮

❊q✉❛t✐♦♥ ✭✾✮ ✐♠♣❧✐❡s t❤❛t ❣✐✈❡♥ ❛♥ ❛❣❡♥t ❤❛s r❡♣♦rt❡❞ ❛ ❧♦✇ ❡① ❛♥t❡ t②♣❡ r ≤ b✱ ❢♦r ❡❛❝❤

❡① ♣♦st t②♣❡ ❤❡ ♠✉st ❜❡ ❛ss✐❣♥❡❞ ❤✐s ❢❛✈♦r✐t❡ ❛❧❧♦❝❛t✐♦♥ ❢r♦♠ t❤❡ s❡t ♦❢ ❛❧❧♦❝❛t✐♦♥s ✐♥

t❤❡ ❝❤♦s❡♥ ❝♦♥tr❛❝t✳

●✐✈❡♥ t❤❡ ♣r❡✈✐♦✉s r❡s✉❧ts✱ Pr♦♣♦s✐t✐♦♥ ✸ ❝❛♥ ❜❡ ❢♦r♠✉❧❛t❡❞✿

Pr♦♣♦s✐t✐♦♥ ✸✳ ❚❤❡ s❡t ♦❢ ❛❧❧♦❝❛t✐♦♥ r✉❧❡s ✇❤✐❝❤ s♦❧✈❡ t❤❡ ♦r✐❣✐♥❛❧ ♣r♦❜❧❡♠ ✇✐t❤ ♣r✐✈❛t❡

❡① ❛♥t❡ ❛♥❞ ❡① ♣♦st t②♣❡s ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

• ❋♦r r > b✿ X(r, a) ♣✉ts ♣r♦❜❛❜✐❧✐t② ♠❛ss ♦♥❡ ♦♥ a✳

• ❋♦r r ≤ b✿ X(r, a) s✳t✳ ✭✾✮✱ (F )✱ ❢✉❧❧ ❛ss✐❣♥♠❡♥t ❛♥❞
1
∫

0

1
∫

0

|a−s|dX(r, a)[s]da = 1−δ
4
✳

◆❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥s ❢♦r ♣r✐❝❡s ❛r❡✿

• ❋♦r r > b✿
1
∫

0

p(r, a)da = v + b(1− δ)✳

• ❋♦r r ≤ b✿ p(r, a) = v ❢♦r ❛❧♠♦st ❛❧❧ a✳

❊① ♣♦st t②♣❡ ✐♥❞❡♣❡♥❞❡♥t ♣r✐❝❡s ❛❧✇❛②s s✉♣♣♦rt ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t②✳

❖✉t❧✐♥❡ ♦❢ t❤❡ ♣r♦♦❢✿ ▲❡♠♠❛s ✻ t♦ ✽ s❤♦✇ t❤❛t t❤❡ ♣r♦♣❡rt✐❡s ❣✐✈❡♥ ✐♥ t❤❡ ❢♦✉r ❜✉❧❧❡t

♣♦✐♥ts ❛r❡ ♥❡❝❡ss❛r② ❢♦r ❛ s♦❧✉t✐♦♥✳ ❚❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥ ✸ ✐♠♣❧② ❛❧❧ ❝♦♥❞✐t✐♦♥s

♦❢ ▲❡♠♠❛ ✻✳ ❍❡♥❝❡✱ ✐❢ t❤❡ ♣r♦♣❡rt✐❡s ❛♥❞ ❡① ♣♦st t②♣❡ ✐♥❞❡♣❡♥❞❡♥t ♣r✐❝❡s ❛r❡ s✉✣❝✐❡♥t

❢♦r ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t②✱ t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡❞✳

❚♦ ♣r♦✈❡ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t②✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t ❛♥② t②♣❡ r✱ t❤❛t ❤❛s r❡♣♦rt❡❞

❛♥② r̂✱ r❡♣♦rts tr✉t❤❢✉❧❧② ✐♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞✳ ❋✐rst✱ ❛ss✉♠❡ ❛♥ ❛r❜✐tr❛r② t②♣❡ r ❤❛s

✸✵



r❡♣♦rt❡❞ r̂ > b✳ ❋r♦♠ t❤❡ ❡① ♣♦st t②♣❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ♦❢ ♣r✐❝❡s✱ ✐t ❢♦❧❧♦✇s t❤❛t p(r̂, a) =

v+ b(1− δ) ❢♦r ❛♥② ❡① ♣♦st t②♣❡ r❡♣♦rt✳ ❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥tr❛❝t ❣✐✈❡s t❤❡ ❛❣❡♥t t❤❡

❣♦♦❞ ✇❤✐❝❤ ✐s r❡♣♦rt❡❞ t♦ ❜❡ t❤❡ ❢❛✈♦r✐t❡ ♦♥❡✳ ■t ✐s ✐♠♠❡❞✐❛t❡ t❤❛t r❡♣♦rt✐♥❣ tr✉t❤❢✉❧❧②

❛❜♦✉t t❤❡ ❡① ♣♦st t②♣❡ ✐s ♦♣t✐♠❛❧✳ ❙❡❝♦♥❞✱ ❛ss✉♠❡ ❛♥ ❛r❜✐tr❛r② t②♣❡ r ❤❛s r❡♣♦rt❡❞

r̂ ≤ b✳ ❚❤❡♥ p(r̂, a) = v✱ ✇❤✐❝❤ ✐s ❛❣❛✐♥ ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ ❡① ♣♦st t②♣❡ r❡♣♦rt✳ ❚❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♥tr❛❝t s❛t✐s✜❡s ✭✾✮✳ ❋r♦♠ t❤✐s ♣r♦♣❡rt② ❢♦❧❧♦✇s t❤❛t r❡♣♦rt✐♥❣ tr✉t❤❢✉❧❧②

❛❜♦✉t t❤❡ ❡① ♣♦st t②♣❡ ✐s ♦♣t✐♠❛❧✿ ✭✾✮ ❣✉❛r❛♥t❡❡s ❛♥ ❛❣❡♥t ♦❢ ❛r❜✐tr❛r② tr✉❡ t②♣❡ r t♦

r❡❝❡✐✈❡ t❤❡ ❛❧❧♦❝❛t✐♦♥ ❤❡ r❡♣♦rts ✭✈✐❛ â✮ t♦ ❧✐❦❡ ♠♦st ❛♠♦♥❣ ❛❧❧ ❛❧❧♦❝❛t✐♦♥s ❤❡ ❝❛♥ ❣❡t

❣✐✈❡♥ r❡♣♦rt r̂✳ ◆♦t❡ t❤❛t ✐t ✐s ❝r✉❝✐❛❧ t❤❛t t❤❡ ♠❡❝❤❛♥✐s♠ ❞❡s✐❣♥❡r ❝❛♥ ❞♦ t❤❡ ❧❛tt❡r

✇✐t❤♦✉t ❦♥♦✇✐♥❣ t❤❡ tr✉❡ ❡① ❛♥t❡ t②♣❡ r✳ ❚❤✐s ✐s t❤❡ ❝❛s❡ ❜❡❝❛✉s❡ t❤❡ ♦r❞✐♥❛❧ r❛♥❦✐♥❣

♦❢ ❣♦♦❞s ❣✐✈❡♥ ♦♥❡ ❡① ♣♦st t②♣❡ a ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ ❡① ❛♥t❡ t②♣❡✳

❆s t❤❡ s❡t ♦❢ s♦❧✉t✐♦♥s ✐s ❛ s✉❜s❡t ♦❢ t❤❡ s❡t ♦❢ s♦❧✉t✐♦♥s t♦ t❤❡ r❡❧❛①❡❞ ♣r♦❜❧❡♠✱ t❤❡

♣r♦♣❡rt✐❡s ❢r♦♠ ▲❡♠♠❛ ✻ ❝❛rr② ♦✈❡r t♦ Pr♦♣♦s✐t✐♦♥ ✸✳ ❆❧s♦ ✐♥ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ♠♦❞❡❧✱

❡❛❝❤ s♦❧✉t✐♦♥ s❛t✐s✜❡s t❤❡ ❢✉❧❧ ❛ss✐❣♥♠❡♥t ♣r♦♣❡rt②✳ ❚❤✐s ♠❡❛♥s t❤❡ r❡✈❡♥✉❡ ♠❛①✐♠✐③✐♥❣

♠♦♥♦♣♦❧✐st ✇r✐t❡s ❝♦♥tr❛❝ts s✉❝❤ t❤❛t ❡✈❡r② ❛❣❡♥t ❡♥❞s ✉♣ ✇✐t❤ s♦♠❡ ❣♦♦❞✳ ❆❣❛✐♥✱ t❤❡r❡

✐s ❛ ❝r✐t✐❝❛❧ ❡① ❛♥t❡ t②♣❡✳ ❊① ❛♥t❡ t②♣❡s ❛❜♦✈❡ t❤❛t t❤r❡s❤♦❧❞✲t②♣❡ ❛❧✇❛②s ♦❜t❛✐♥ t❤❡

✈❛r✐❡t② t❤❡② ♣r❡❢❡r ♠♦st✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❝❧❛ss✐❝❛❧ ✬♥♦ ❞✐st♦rt✐♦♥ ❛t t❤❡ t♦♣✬ r❡s✉❧t✳

❚❤❡ ❡①♣❡❝t❡❞ ♣r✐❝❡ t❤❛t ✐s ♣❛✐❞ ❢♦r t❤✐s ❝♦♥tr❛❝t ✐s ✜①❡❞ s✉❝❤ t❤❛t t❤❡ ❝r✐t✐❝❛❧ t②♣❡ ❣❡ts

③❡r♦ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❢r♦♠ t❤✐s ❝♦♥tr❛❝t✳ ▲❡tt✐♥❣ t❤❡ ♣r✐❝❡ ❜❡ v+ b(1− δ) ❢♦r ❛♥② ❡① ♣♦st

t②♣❡ ✐s ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜❧❡✳

❆❣❡♥ts ✇✐t❤ ❡① ❛♥t❡ t②♣❡s r ≤ b ❞♦ ♥♦t ❛❧✇❛②s ❡♥❞ ✉♣ ✇✐t❤ t❤❡✐r ♣r❡❢❡rr❡❞ ❣♦♦❞✳

❍♦✇❡✈❡r✱ t❤❡ ❝♦♥tr❛❝t ♣♦s✐t✐✈❡❧② ✬r❡s♣♦♥❞s✬ t♦ t❤❡ ❛♥♥♦✉♥❝❡♠❡♥t ♦❢ a ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

s❡♥s❡✿ ❆♥ ❛❣❡♥t✬s ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❢r♦♠ ❛ ❣✐✈❡♥ ❛❧❧♦❝❛t✐♦♥ ✐s s♠❛❧❧❡r ♦r ❡q✉❛❧ t♦ v − rδ✱

✇❤✐❝❤ ✐s r❡❛❝❤❡❞ ❜② ❛ss✐❣♥✐♥❣ s = 1/2 ✇✐t❤ ❝❡rt❛✐♥t②✳ ❚❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t✱ ❤♦✇❡✈❡r✱

❣✐✈❡s t❤❡ ❛❣❡♥ts ❛ ❤✐❣❤❡r ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❜❡❢♦r❡ ♣❛②♠❡♥ts✳

❚❤❡ ❝♦♥tr❛❝t ❛ss♦❝✐❛t❡❞ ✇✐t❤ r′ ≤ b s♣❡❝✐✜❡s ❛ s❡t ♦❢ ❛❧❧♦❝❛t✐♦♥s {X(r′, a) : a ∈ A}✳ ❋♦r
❡❛❝❤ r❡❛❧✐③❛t✐♦♥ ♦❢ ❡① ♣♦st t②♣❡s a′✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛❧❧♦❝❛t✐♦♥X(r′, a′) ✐s t❤❡ ❛❧❧♦❝❛t✐♦♥

t②♣❡ a′ ❢❛✈♦rs ♦✉t ♦❢ t❤✐s s❡t✳ ❲❤❡♥ ❝❤♦♦s✐♥❣ t❤❡ ❝♦♥tr❛❝t ❜② t❤❡ ❡① ❛♥t❡ t②♣❡ r❡♣♦rt✱

✇❤✐❝❤ ✐s ✐♥ ♣❛rt✐❝✉❧❛r ❜❡❢♦r❡ ❦♥♦✇✐♥❣ t❤❡ ❡① ♣♦st t②♣❡✱ t❤✐s ❝♦♥tr❛❝t ✐♥❞✉❝❡s ❛♥ ❡①♣❡❝t❡❞

❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ♠♦st ❧✐❦❡❞ ❣♦♦❞ ❛♥❞ t❤❡ ❛ss✐❣♥❡❞ ❣♦♦❞ ❣✐✈❡♥ tr✉t❤❢✉❧ r❡♣♦rt✐♥❣

❛❜♦✉t a✳ ❚❤✐s ❡①♣❡❝t❡❞ ❞✐st❛♥❝❡ ✐s ✉s❡❞ ❛s ❛ ♠❡❛s✉r❡ ❢♦r t❤❡ q✉❛❧✐t② ♦❢ ❛ ❝♦♥tr❛❝t ❛♥❞

❤❡♥❝❡ ♣❧❛②s ❛ r♦❧❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❛t ♦❢ ✬r❡s♣♦♥s✐✈❡♥❡ss✬ ✐♥ t❤❡ t✇♦ ❣♦♦❞s ♠♦❞❡❧✳ ❚❤❡ ✜rst

❜❡st ❝♦♥tr❛❝t ❛❧✇❛②s ❣✐✈❡s ❛♥ ❛❣❡♥t ❤✐s ❢❛✈♦r✐t❡ ✈❛r✐❡t② ❛♥❞ ❤❡♥❝❡ ✐ts ❡①♣❡❝t❡❞ ❞✐st❛♥❝❡

❜❡t✇❡❡♥ t❤❡ ❢❛✈♦r✐t❡ ✈❛r✐❡t② ❛♥❞ t❤❡ ❛ss✐❣♥❡❞ ✈❛r✐❡t② ✐s ③❡r♦✳ ❚❤❡ ❡①♣❡❝t❡❞ ❞✐st❛♥❝❡

❝❛♥ ❜❡ ✉s❡❞ ❛s ❛ ♠❡❛s✉r❡ ♦❢ ❞✐st♦rt✐♦♥ ♦❢ ❛ ❝♦♥tr❛❝t ❛✇❛② ❢r♦♠ ✜rst ❜❡st✳ ❚❤❡ ❧❡❛st

✸✶



❞✐st♦rt❡❞ ❝♦♥tr❛❝t t❤❛t ❛❧✇❛②s ❛ss✐❣♥s t❤❡ s❛♠❡ ❛❧❧♦❝❛t✐♦♥ ❤❛s ❛♥ ❡①♣❡❝t❡❞ ❞✐st❛♥❝❡ ♦❢

✶✴✹✱ ✇❤✐❝❤ ✐s ❛❝❤✐❡✈❡❞ ❜② ❛❧✇❛②s ❣✐✈✐♥❣ t❤❡ ❛❣❡♥t s = 1/2✳ ■♥ t❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝t✱ t❤❡

s❡t ♦❢ ❛❧❧♦❝❛t✐♦♥s {X(r′, a) : a ∈ A} ✐s ❞❡s✐❣♥❡❞ s✉❝❤ t❤❛t t❤❡ ❡①♣❡❝t❡❞ ❞✐st❛♥❝❡ ✐s ❡q✉❛❧

t♦ (1− δ)/4✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ t❤✐s ♠❡❛♥s t❤❛t t②♣❡s r ≤ b ❞♦ ♥♦t ❛❧✇❛②s ❡♥❞ ✉♣ ✇✐t❤

t❤❡ ♠♦st ♣r❡❢❡rr❡❞ ❣♦♦❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❝♦♥tr❛❝t ✐s ❜❡tt❡r t❤❛♥ ❛ss✐❣♥✐♥❣ ♦♥❡

❛❧❧♦❝❛t✐♦♥ ❢♦r ❛❧❧ ❡① ♣♦st t②♣❡s✳ ❍❡♥❝❡✱ ✐t ✐s ❛❣❛✐♥ ♣❛rt✐❛❧❧② ❞✐st♦rt❡❞✳

■❢ δ ✐s ❝❧♦s❡ t♦ ♦♥❡✱ ✇❤✐❝❤ ♠❡❛♥s t❤❡ t♦♣ ✈❛❧✉❛t✐♦♥ ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ ❡① ❛♥t❡ t②♣❡s ♦♥❧②

s❧♦✇❧②✱ t❤❡ s❡t ♦❢ ❛❧❧♦❝❛t✐♦♥s ❢♦r ❧♦✇ ❡① ❛♥t❡ t②♣❡s ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t t❤❡ ❡①♣❡❝t❡❞

❞✐st❛♥❝❡ t♦ t❤❡ ❢❛✈♦r❡❞ ❣♦♦❞ ✐s s♠❛❧❧✳ ❚❤✐s ✐s ✐♥t✉✐t✐✈❡✱ ❜❡❝❛✉s❡ ✐♥ t❤❛t ❝❛s❡ t❤❡r❡ ✐s ♥♦t

♠✉❝❤ r❡♥t t♦ ❜❡ ❡①tr❛❝t❡❞ ❢r♦♠ ❤✐❣❤ t②♣❡s ❛♥❞ t❤❡r❡❢♦r❡ ❝♦♥tr❛❝ts ❞♦ ♥♦t ❤❛✈❡ t♦ ❜❡

❞✐st♦rt❡❞ str♦♥❣❧②✳ ❚❤❡ ❧♦✇❡r δ✱ t❤❡ str♦♥❣❡r ✐s t❤❡ t♦♣ ✈❛❧✉❛t✐♦♥ ✐♥❝r❡❛s✐♥❣ ✐♥ ❡① ❛♥t❡

t②♣❡s ❛♥❞ ❤❡♥❝❡ t❤❡ ♠♦r❡ r❡♥t ❝❛♥ ♣♦t❡♥t✐❛❧❧② ❜❡ ❡①tr❛❝t❡❞ ❢r♦♠ ❤✐❣❤ t②♣❡s✳ ❚❤❡r❡❢♦r❡✱

t❤❡ ❡①♣❡❝t❡❞ ❞✐st❛♥❝❡ t♦ t❤❡ ❢❛✈♦r❡❞ ❣♦♦❞ ✐s ❧❛r❣❡r✳ ■❢ δ = 0✱ t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♦❢ ❛

✜①❡❞ ❛ss✐❣♥♠❡♥t ♦❢ ❣♦♦❞ s = 1/2 ✐s ❝♦♥st❛♥t ❛♠♦♥❣ ❡① ❛♥t❡ t②♣❡s✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡

❝♦♥tr❛❝t ✭▲❊✮ ✇♦✉❧❞ r❡str✐❝t t❤❡ ❧♦✇ t②♣❡s✬ ❝❤♦✐❝❡ ❝♦♠♣❧❡t❡❧② ❜② ❛ss✐❣♥✐♥❣ t❤❡♠ t❤❡

s❛♠❡ ❣♦♦❞ ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ r❡❛❧✐③❡❞ ❡① ♣♦st t②♣❡✳

❋♦r ❧♦✇ ❡① ❛♥t❡ t②♣❡s✱ ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r ♦♣t✐♠❛❧✐t② ✐s t❤❛t t❤❡ ♣r✐❝❡ ❡q✉❛❧s v

✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ ❡① ♣♦st r❡❛❧✐③❛t✐♦♥s✳ ❚❤✐s ♠❡❛♥s t❤❛t ❛❧❧ s♠❛❧❧ ❡① ❛♥t❡ t②♣❡s ❣❡t ❛♥

❡①♣❡❝t❡❞ ✉t✐❧✐t② ♦❢ ③❡r♦✱ ❜❡❝❛✉s❡ t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❢r♦♠ t❤❡ ❛❧❧♦❝❛t✐♦♥ ✐s ❡q✉❛❧ t♦

v ❛s ✇❡❧❧✳ ❋✉rt❤❡r♠♦r❡✱ ❢r♦♠ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ♦♣t✐♠❛❧ ❝♦♥tr❛❝ts ✐t ❢♦❧❧♦✇s t❤❛t ❛♥②

t②♣❡ ✐s ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ r❡♣♦rt✐♥❣ ❛♥② t✇♦ ❧♦✇ ❡① ❛♥t❡ t②♣❡s r, r′ < b✳ ❚❤❡ ❡①♣❡❝t❡❞

✉t✐❧✐t② ❢r♦♠ t❤❡ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ ❛♥❞ t❤❡ ♣❛②♠❡♥t ❛r❡ t❤❡ s❛♠❡ ❢♦r ❜♦t❤ r❡♣♦rts✳ ❆s ❛

❝♦♥s❡q✉❡♥❝❡✱ ❛♥ ♦♣t✐♠❛❧ ♠❡❝❤❛♥✐s♠ ❝❛♥ ❜❡ s✐♠♣❧✐✜❡❞ ❜② ♦✛❡r✐♥❣ ❥✉st ♦♥❡ ❝♦♥tr❛❝t ❢♦r

❛❧❧ ❡① ❛♥t❡ t②♣❡s ❜❡❧♦✇ t❤❡ t❤r❡s❤♦❧❞ t②♣❡✳

❋♦r ❧♦✇ ❡① ❛♥t❡ t②♣❡s✱ ✐♥ ♦♣t✐♠❛❧ ❝♦♥tr❛❝ts t❤❛t ❛r❡ ❞❡t❡r♠✐♥✐st✐❝✱ t❤❡ s❡t ♦❢ ❢❡❛s✐❜❧❡

❛❧❧♦❝❛t✐♦♥s t❛❦❡s t❤❡ ❢♦r♠ ♦❢ ❛ s✉❜s❡t ♦❢ ❣♦♦❞s✳ ❚❤✐s s❡t ♦❢ ✈❛r✐❡t✐❡s ✐s ❝❤♦s❡♥ s✉❝❤ t❤❛t

t❤❡ ❞✐st❛♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❡① ♣♦st t②♣❡ ❛♥❞ t❤❡ ❝❧♦s❡st ❡❧❡♠❡♥t ♦❢ t❤❡ s❡t ✐s ✐♥ ❡①♣❡❝t❛t✐♦♥

❡q✉❛❧ t♦ (1− δ)/4✳ ❖♣t✐♠❛❧ ♠❡❝❤❛♥✐s♠s t❤❛t ❛r❡ ❞❡t❡r♠✐♥✐st✐❝ ❞♦ ❡①✐st❀ ❛♥ ❡①❛♠♣❧❡ ✐s

❝♦♥tr❛❝t ✭▲❊✮✳

✸✳✸ ■♠♣❧❡♠❡♥t❛t✐♦♥

❚❤❡ ❞✐r❡❝t ♠❡❝❤❛♥✐s♠s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ❛r❡ ✐♠♣❧❡♠❡♥t❛❜❧❡ ❜② ♠❡♥✉s ♦❢ ▲✐♠✐t❡❞ ❊①✲

❝❤❛♥❣❡ ❈♦♥tr❛❝ts✳ ❆ ▲✐♠✐t❡❞ ❊①❝❤❛♥❣❡ ❈♦♥tr❛❝t ✐♥ t❤❡ ✜rst ♣❡r✐♦❞ s♣❡❝✐✜❡s ❛♥ ❛❧❧♦❝❛✲

t✐♦♥ t❤❡ ❝♦♥s✉♠❡r ♦❜t❛✐♥s✱ ❛ ♣r✐❝❡ t❤❛t ❤❛s t♦ ❜❡ ♣❛✐❞✱ ❛♥❞ ❛ s❡t ♦❢ ❛❧❧♦❝❛t✐♦♥s t♦ ✇❤✐❝❤
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t❤❡ ❛❣❡♥t ♠❛② ❡①❝❤❛♥❣❡ ✐♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞ ❢♦r ❢r❡❡✳ ❚❤❡r❡ ✐s ♥♦ ♣♦ss✐❜✐❧✐t② ❛t ❛❧❧ t♦

❝❤❛♥❣❡ t♦ ❛❧❧♦❝❛t✐♦♥s ✇❤✐❝❤ ❛r❡ ♥♦t ✐♥ t❤✐s s❡t✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ st❛t❡s ❤♦✇

❛♥② s♦❧✉t✐♦♥ t♦ P ❝❛♥ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ❛s ❛ ♠❡♥✉ ♦❢ ▲✐♠✐t❡❞ ❊①❝❤❛♥❣❡ ❈♦♥tr❛❝ts✿

Pr♦♣♦s✐t✐♦♥ ✹✳ ❊✈❡r② ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ {X(r, a) : r ∈ R, a ∈ A} ❝❛♥ ❜❡ ✐♠♣❧❡✲

♠❡♥t❡❞ ❜② ❛ ♠❡♥✉ ♦❢ ▲✐♠✐t❡❞ ❊①❝❤❛♥❣❡ ❈♦♥tr❛❝ts✿

• ❋♦r r > b✿ ❖✛❡r ❛♥② ❣♦♦❞ ❢♦r t❤❡ ♣r✐❝❡ pF = v + b(1 − δ) ✇✐t❤ ❛♥ ♦♣t✐♦♥ ❢♦r ❢r❡❡

❡①❝❤❛♥❣❡ ✐♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞✳

• ❋♦r r ≤ b✿ ❈❤♦♦s❡ t❤❡ s❡t ♦❢ ❛❧❧♦❝❛t✐♦♥s {X(r, a) : a ∈ A}✳ ❙❡❧❧ ♦♥❡ ❛❧❧♦❝❛t✐♦♥

❢r♦♠ t❤✐s s❡t ❢♦r pUF = v ❛♥❞ ❣✐✈❡ t❤❡ ♦♣t✐♦♥ t♦ ❡①❝❤❛♥❣❡ t♦ ❛♥② ♦t❤❡r ❛❧❧♦❝❛t✐♦♥

❢r♦♠ t❤✐s s❡t ❢♦r ❢r❡❡✳ ❖✛❡r s✉❝❤ ❛ ❝♦♥tr❛❝t ❢♦r ❡❛❝❤ r ≤ b✳

❈♦♥tr❛❝ts ✇✐t❤ ❡①❝❤❛♥❣❡ ❢❡❡s ❛r❡ ♥❡✈❡r ♦♣t✐♠❛❧✳

Pr♦♦❢✿

■t ✐s ✐♠♠❡❞✐❛t❡ t❤❛t t❤❡ s✉❣❣❡st❡❞ ♠❡♥✉ ♦❢ ▲✐♠✐t❡❞ ❊①❝❤❛♥❣❡ ❈♦♥tr❛❝ts ✐♠♣❧❡♠❡♥ts

t❤❡ ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ r✉❧❡✳ ❈♦♥tr❛❝ts ✇✐t❤ ❡①❝❤❛♥❣❡ ❢❡❡s ❛r❡ ♥♦t ♦♣t✐♠❛❧✱ ❜❡❝❛✉s❡ t❤✐s

✐♠♣❧✐❡s ❡① ♣♦st t②♣❡✲❞❡♣❡♥❞❡♥t ♣r✐❝❡s✿ ■❢ ❛♥ ❛❣❡♥t ❞❡❝✐❞❡❞ t♦ ❜✉② ❛ ❝❡rt❛✐♥ ❞✐str✐❜✉t✐♦♥

♦✈❡r ❣♦♦❞s ❢♦r s♦♠❡ ♣r✐❝❡ p ✐♥ t❤❡ ✜rst ♣❡r✐♦❞✱ ✐t ❞❡♣❡♥❞s ♦♥ ❤✐s ❡① ♣♦st t②♣❡ ✇❤❡t❤❡r

❤❡ ♣r❡❢❡rs t♦ st❛② ✇✐t❤ t❤❡ ❛❧❧♦❝❛t✐♦♥ ♦r t♦ ♣❛② ❛♥ ❛❞❞✐t✐♦♥❛❧ ❡①❝❤❛♥❣❡ ❢❡❡ pe ❛♥❞ ❣❡t ❛

♣r❡❢❡rr❡❞ ❞✐str✐❜✉t✐♦♥ ♦✈❡r ❣♦♦❞s✳ ❚❤✐s ♠❡❛♥s ❢♦r s♦♠❡ ❡① ♣♦st t②♣❡s t❤❡ ♣r✐❝❡ ✐s p ❛♥❞

❢♦r s♦♠❡ ❡① ♣♦st t②♣❡s ✐t ✐s p+ pe✳ �

❚❤❡ ✜rst ❜❡st ❝♦♥tr❛❝t ❢♦r ❤✐❣❤ ❡① ❛♥t❡ t②♣❡s ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❛ ▲✐♠✐t❡❞

❊①❝❤❛♥❣❡ ❈♦♥tr❛❝t✱ ✇❤❡r❡ t❤❡ ❧✐♠✐t❛t✐♦♥ ♦♥ t❤❡ ❡①❝❤❛♥❣❡ s❡t ✐s ♥♦t ❜✐♥❞✐♥❣ ✐♥ t❤❡ s❡♥s❡

t❤❛t t❤❡ ❛❣❡♥t ♥❡✈❡r ❢❛✈♦rs ❛♥ ❛❧❧♦❝❛t✐♦♥ ✇❤✐❝❤ ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ t❤❡ s❡t✳ ❆s ❛❧r❡❛❞②

❛r❣✉❡❞ ❢♦r ❞✐r❡❝t ♠❡❝❤❛♥✐s♠s✱ ❛♥② ❛❣❡♥t ❣❡ts t❤❡ s❛♠❡ ✉t✐❧✐t② ❢r♦♠ ❛❧❧ ♦♣t✐♠❛❧ ▲✐♠✐t❡❞

❊①❝❤❛♥❣❡ ❈♦♥tr❛❝ts ✇✐t❤ ❛ r❡str✐❝t✐✈❡ ❡①❝❤❛♥❣❡ s❡t✳ ❚❤❡r❡❢♦r❡ ♦✛❡r✐♥❣ ❥✉st ♦♥❡ ♦❢ t❤❡s❡

r❡str✐❝t✐✈❡ ▲✐♠✐t❡❞ ❊①❝❤❛♥❣❡ ❈♦♥tr❛❝ts ✐s ♦♣t✐♠❛❧ ❛s ✇❡❧❧✳ ❋♦r t❤❡ ❝❛s❡ ♦❢ ❞❡t❡r♠✐♥✐st✐❝

♦♣t✐♠❛❧ ♠❡❝❤❛♥✐s♠s✱ ❛♥ ✐♠♣❧❡♠❡♥t✐♥❣ ♠❡♥✉ ♦❢ ▲✐♠✐t❡❞ ❊①❝❤❛♥❣❡ ❈♦♥tr❛❝ts ✇♦✉❧❞ ❜❡

t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①❛♠♣❧❡✿
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❊①❛♠♣❧❡ ✶✿ ■♠♣❧❡♠❡♥t❛t✐♦♥ ♦❢ ✭▲❊✮

❖✛❡r t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ▲✐♠✐t❡❞ ❊①❝❤❛♥❣❡ ❈♦♥tr❛❝ts✿

✭✐✮ ❙❡❧❧ ❛t ♣r✐❝❡ pF = v + b(1− δ) ❛♥② s ∈ [0, 1] ✇✐t❤ t❤❡ ♦♣t✐♦♥ ❢♦r ❢r❡❡ ❡①❝❤❛♥❣❡ t♦ ❛♥②

❣♦♦❞ ✐♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞✳

✭✐✐✮ ❙❡❧❧ ❛t ♣r✐❝❡ pUF = v t❤❡ ✬❛✈❡r❛❣❡✬✲❣♦♦❞ s = 1/2 ✇✐t❤ t❤❡ ♦♣t✐♦♥ ❢♦r ❢r❡❡ ❡①❝❤❛♥❣❡

✇✐t❤✐♥ [
√
1− δ/2, 1−

√
1− δ/2] ✐♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞✳

❚❤✐s ❡①❛♠♣❧❡ ❞❡♠♦♥str❛t❡s t❤❛t ❢♦r δ ❝❧♦s❡ t♦ ♦♥❡✱ ❝♦♥tr❛❝t ✭✐✐✮ ❛❧❧♦✇s ❢♦r ❛❧♠♦st ❢r❡❡

❡①❝❤❛♥❣❡✱ ✇❤✐❝❤ ♠❡❛♥s t❤❡ ❝♦♥tr❛❝t ✐s ♦♥❧② s❧✐❣❤t❧② ❞✐st♦rt❡❞✳ ❚❤❡ ❧♦✇❡r δ✱ t❤❡ s♠❛❧❧❡r

✐s t❤❡ s❡t t♦ ✇❤✐❝❤ ❢r❡❡ ❡①❝❤❛♥❣❡ ✐s ♣♦ss✐❜❧❡ ❛♥❞ ❢♦r δ = 0 ❝♦♥tr❛❝t ✭✐✐✮ ❞♦❡s ♥♦t ❣✐✈❡ ❛♥②

♦♣♣♦rt✉♥✐t② ❢♦r ❡①❝❤❛♥❣❡✳

■♥ t❤❡ ❝♦♥t❡①t ♦❢ t✐❝❦❡t ♣r✐❝✐♥❣ ❢♦r tr❛♥s♣♦rt❛t✐♦♥ s❡r✈✐❝❡s✱ t❤✐s ♠❡❛♥s t❤❛t✱ ♦♥ t❤❡ ♦♥❡

❤❛♥❞✱ t❤❡r❡ ❛r❡ ♦✛❡r❡❞ t✐❝❦❡ts ✇✐t❤ ❢r❡❡ ❡①❝❤❛♥❣❡ t♦ ❛♥② ♦t❤❡r ❞❡♣❛rt✉r❡ t✐♠❡✳ ❖♥ t❤❡

♦t❤❡r ❤❛♥❞✱ ❢♦r ❛♥② ❞❡♣❛rt✉r❡ t✐♠❡ t❤❡r❡ ❛r❡ s♦❧❞ ✢✐❣❤t t✐❝❦❡ts t❤❛t ✐♥❝❧✉❞❡ t❤❡ ♦♣t✐♦♥ t♦

❝❤❛♥❣❡ ❞❡♣❛rt✉r❡ t✐♠❡ ❢♦r ❢r❡❡ ✇✐t❤✐♥ ❛ ❝❡rt❛✐♥ t✐♠❡ s♣❛♥ ❛r♦✉♥❞ t❤❡ ✐♥✐t✐❛❧❧② ♣✉r❝❤❛s❡❞

❞❡♣❛rt✉r❡ t✐♠❡✳ ▼❛♥② ❛✐r❧✐♥❡s ❤❛✈❡ ❡①♣❧✐❝✐t❧② ❞❡s✐❣♥❡❞ s✉❝❤ ♦♣t✐♦♥s ❜② ✐♥tr♦❞✉❝✐♥❣ ❝♦st✲

❧❡ss s❛♠❡✲❞❛② ❡①❝❤❛♥❣❡ ♣♦ss✐❜✐❧✐t✐❡s ❛♥❞ st❛♥❞✲❜② ♦♣t✐♦♥s✳ ❆ s❛♠❡✲❞❛② ❡①❝❤❛♥❣❡ ♦♣t✐♦♥

✉s✉❛❧❧② ✐s ❛♥ ❡①tr❛ ❛♠❡♥❞♠❡♥t t♦ t❤❡ t❡r♠s ❛♥❞ ❝♦♥❞✐t✐♦♥s ♦❢ ❛ ✢✐❣❤t t✐❝❦❡t✱ ✇❤✐❝❤ ❛❧❧♦✇s

❝✉st♦♠❡rs t♦ ❝❤❛♥❣❡ ✢✐❣❤t ✇✐t❤✐♥ t❤❡ s❛♠❡ ❞❛② ❢♦r ❢r❡❡ ♦r ❛t ❛ s②♠❜♦❧✐❝ ♣r✐❝❡✳ ❙t❛♥❞✲❜②

♦♣t✐♦♥s ❛r❡ ❝❧♦s❡❧② r❡❧❛t❡❞ ❛♠❡♥❞♠❡♥ts✱ ✇❤✐❝❤ ✲ ✉♣♦♥ ❛✈❛✐❧❛❜✐❧✐t② ✲ ❡♥❛❜❧❡ ♣❛ss❡♥❣❡rs t♦

t❛❦❡ ❛♥ ❡❛r❧✐❡r ✢✐❣❤t ✐❢ t❤❡② ❛rr✐✈❡ ❡❛r❧② ❛t t❤❡ ❛✐r♣♦rt ♦r t♦ t❛❦❡ ❛ ❧❛t❡r ♦♥❡ ✐❢ t❤❡② ♠✐ss

t❤❡✐r ✢✐❣❤t✳ ❆♥ ✐♠♣❧✐❝✐t ❡q✉✐✈❛❧❡♥t t♦ t❤❡s❡ ❝♦♥tr❛❝ts ❡♠❡r❣❡s ✇❤❡♥ ❛✐r❧✐♥❡s ❝r❡❛t❡ ❛

r❡♣✉t❛t✐♦♥ ❢♦r ❜❡✐♥❣ ♦❜❧✐❣✐♥❣ ❝♦♥❝❡r♥✐♥❣ t❤❡✐r r❡❢✉♥❞ ❛♥❞ ❡①❝❤❛♥❣❡ ♣♦❧✐❝②✳ ■♠♣♦rt❛♥t❧②✱

t❤❡s❡ ❦✐♥❞s ♦❢ ❛❞❞✐t✐♦♥❛❧ ♦♣t✐♦♥s ♠♦st❧② ❛♣♣❧② ✐♥❞❡♣❡♥❞❡♥t❧② ♦❢ t❤❡ ❝♦♥tr❛❝t ♣✉r❝❤❛s❡❞

✐♥✐t✐❛❧❧②✳ ❚❤❡ ✉s❡ ♦❢ ▲✐♠✐t❡❞ ❊①❝❤❛♥❣❡ ❈♦♥tr❛❝ts ✐s ❛❧s♦ ❝♦♠♠♦♥ ❛♠♦♥❣ ❢❡rr② ❝♦♠♣❛✲

♥✐❡s❀ ❡①❛♠♣❧❡s ❛r❡ P✫❖ ❋❡rr✐❡s ❛♥❞ ❉❋❉❙ ❙❡❛✇❛②s✳ ❇♦t❤ ❝♦♠♣❛♥✐❡s ♦✛❡r t✐❝❦❡ts ✇❤✐❝❤

❡①♣❧✐❝✐t❧② s♣❡❝✐❢② ❛ t✐♠❡ ✐♥t❡r✈❛❧ ❛r♦✉♥❞ t❤❡ ♣✉r❝❤❛s❡❞ ❞❡♣❛rt✉r❡ t✐♠❡ ✇✐t❤✐♥ ✇❤✐❝❤

❝♦st❧❡ss ❝❤❛♥❣❡ ✐s ♣♦ss✐❜❧❡✳ ❚✐❝❦❡ts t❤❛t ♣r♦✈✐❞❡ ❢✉❧❧ ✢❡①✐❜✐❧✐t② ❝❛♥ ❜❡ ♦❜t❛✐♥❡❞ ❛t ❤✐❣❤❡r

♣r✐❝❡s✳ ◆♦t❡ t❤❛t t❤❡ ✜rst ❜❡st ❝♦♥tr❛❝t ❝❛♥ ❛❧s♦ ❜❡ ✐♠♣❧❡♠❡♥t❡❞ ❜② ♦✛❡r✐♥❣ ❡①♣❡♥s✐✈❡

t✐❝❦❡ts ❢♦r ❡❛❝❤ ✈❛r✐❡t② ❛t t❤❡ ♣♦✐♥t ✐♥ t✐♠❡ ♦❢ ❝♦♥s✉♠♣t✐♦♥✳

❆ ▲✐♠✐t❡❞ ❊①❝❤❛♥❣❡ ❈♦♥tr❛❝t ❧❡❛❞s t♦ t❤❡ ❝♦♥s✉♠♣t✐♦♥ ♦❢ ♥♦♥✲❢❛✈♦r✐t❡ ✈❛r✐❡t✐❡s ❜② r❡✲

str✐❝t✐♥❣ t❤❡ s❡t ♦❢ ❣♦♦❞s t❤❛t ❝❛♥ ❜❡ ❝❤♦s❡♥ ❢r♦♠ ✐♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞✳ ❆♥ ❛❧t❡r♥❛t✐✈❡

✇❛② t♦ ✐♥❞✉❝❡ ❛❣❡♥ts t♦ ♥♦t ❛❧✇❛②s ❝♦♥s✉♠❡ t❤❡ ♠♦st ♣r❡❢❡rr❡❞ ❣♦♦❞ ✐s t♦ ❝❤❛r❣❡ ❡①✲

❝❤❛♥❣❡ ❢❡❡s✳ ■♥ ❝♦♥tr❛st t♦ ▲✐♠✐t❡❞ ❊①❝❤❛♥❣❡ ❈♦♥tr❛❝ts✱ t❤❡ ❛❣❡♥t ✐♥ ♣r✐♥❝✐♣❧❡ ❤❛s t❤❡

♣♦ss✐❜✐❧✐t② t♦ ❝❤❛♥❣❡ t♦ ❛♥② ❣♦♦❞ ✐♥ s✉❝❤ ❝♦♥tr❛❝ts✳ ❍♦✇❡✈❡r✱ ❤❡ ❞♦❡s ♥♦t ✇❛♥t t♦ ❞♦
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s♦ ✐❢ ❤❡ ✐s ❛❧r❡❛❞② ❝❧♦s❡ t♦ t❤❡ ❢❛✈♦r✐t❡ ❣♦♦❞ ❛♥❞ ❤❡♥❝❡ t❤❡ ♣♦t❡♥t✐❛❧ ❣❛✐♥ ✐♥ ✈❛❧✉❛t✐♦♥

✐s ♦✉t✇❡✐❣❤❡❞ ❜② t❤❡ ❡①❝❤❛♥❣❡ ❢❡❡✳ Pr♦♣♦s✐t✐♦♥ ✹ st❛t❡s t❤❛t t❤❡ ✉s❡ ♦❢ ❡①❝❤❛♥❣❡ ❢❡❡s ✐s

♥♦t ♦♣t✐♠❛❧ ❢♦r ❛ r❡✈❡♥✉❡ ♠❛①✐♠✐③✐♥❣ ♠♦♥♦♣♦❧✐st✳ ❆s t❤❡ ♠♦❞❡❧ ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ♣❛♣❡r

✐s♦❧❛t❡s t❤❡ ❛s♣❡❝t ♦❢ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥✱ t❤✐s r❡s✉❧t ♠❡❛♥s t❤❛t ❢♦r t❤❡ ♣✉r♣♦s❡ ♦❢ ♣r✐❝❡

❞✐s❝r✐♠✐♥❛t✐♦♥✱ t❤❡ ✉s❡ ♦❢ ✈❛r②✐♥❣ ❡①❝❤❛♥❣❡ ❢❡❡s ✐♥ ❝♦♥tr❛❝ts ✐s ♥♦t ♦♣t✐♠❛❧✳

❚❤❡ r❡s✉❧t ♦♥ t❤❡ ♦♣t✐♠❛❧✐t② ♦❢ ▲✐♠✐t❡❞ ❊①❝❤❛♥❣❡ ❈♦♥tr❛❝ts✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤❛t ❡①❝❤❛♥❣❡

❢❡❡s ❛r❡ ♥♦t ✉s❡❞ ❛s ❛ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥ ❞❡✈✐❝❡✱ ❤❛s ❛♥ ✐♠♣♦rt❛♥t ✐♠♣❧✐❝❛t✐♦♥ ❢♦r t❤❡

❧✐t❡r❛t✉r❡ ♦♥ s❡q✉❡♥t✐❛❧ s❝r❡❡♥✐♥❣✳ ❙✐♥❝❡ t❤❡ ❝❛♥♦♥✐❝❛❧ ❝♦♥tr✐❜✉t✐♦♥ ❜② ❈♦✉rt② ❛♥❞ ▲✐

✭✷✵✵✵✮✱ t❤❡ ❧✐t❡r❛t✉r❡ ♦♥ s❡q✉❡♥t✐❛❧ s❝r❡❡♥✐♥❣ ❤❛s ❝♦♥❝❡♥tr❛t❡❞ ♦♥ ✜r♠s t❤❛t s❡❧❧ ❤♦✲

♠♦❣❡♥❡♦✉s ❣♦♦❞s t♦ ❝✉st♦♠❡rs t❤❛t ❧❡❛r♥ t❤❡✐r ✈❛❧✉❛t✐♦♥s ❢♦r t❤❡ ❣♦♦❞ ❣r❛❞✉❛❧❧② ♦✈❡r

t✐♠❡✳ ❆ ♥❛t✉r❛❧ ❝♦♥s❡q✉❡♥❝❡ ✐s t❤❛t t❤❡ ♣r✐♠❛r② ❢♦❝✉s ❤❛s ❜❡❡♥ ♦♥ t❤❡ ✉s❡ ♦❢ r❡❢✉♥❞

♣♦❧✐❝✐❡s ❛s ❛ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥ ❞❡✈✐❝❡✳ ❚❤✐s ❣✉✐❞❡s t❤❡ r❡❛❞❡r t♦✇❛r❞s t❤❡ t❤♦✉❣❤t

t❤❛t ♣r♦❞✉❝t ❡①❝❤❛♥❣❡ ❞♦❡s ♥♦t ❤❛✈❡ t♦ ❜❡ tr❡❛t❡❞ ✐♥❞❡♣❡♥❞❡♥t❧②✱ ❛s ❣✐✈✐♥❣ ♦♥❡ ❣♦♦❞

❜❛❝❦ ❛♥❞ ❜✉②✐♥❣ ❛ ♥❡✇ ♦♥❡ ✐s ❡ss❡♥t✐❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ ❡①❝❤❛♥❣❡✳ ❚❤✐s ♣❛♣❡r ❢♦r♠❛❧❧②

st✉❞✐❡s ❛ s❡tt✐♥❣ ✇✐t❤ ❡① ♣♦st ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ✈❛❧✉❛t✐♦♥ ♦❢ ❤❡t❡r♦❣❡♥❡♦✉s ❣♦♦❞s✳

❚❤❡ ♦♣t✐♠❛❧ ❝♦♥tr❛❝ts ✐♥ t❤✐s ❜r♦❛❞❡r s❡tt✐♥❣ ❝❛♥ ♥♦t ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s r❡❢✉♥❞ ❝♦♥tr❛❝ts✱

✇❤❡r❡ t❤❡ ❝♦♥s✉♠❡r ❝❛♥ ❣✐✈❡ ❜❛❝❦ ♦♥❡ ♣r♦❞✉❝t ❢♦r ❛ ♣❛rt✐❛❧ r❡❢✉♥❞ ❛♥❞ ♣✉r❝❤❛s❡ ❛♥♦t❤❡r

✈❛r✐❡t②✳ ❚♦ s❡❡ t❤✐s✱ ♥♦t❡ ✜rst t❤❛t ✇❤❡♥ ❣♦♦❞s ❝❛♥ ❜❡ ❣✐✈❡♥ ❜❛❝❦ ❛❣❛✐♥st ❛ ❢✉❧❧ r❡❢✉♥❞✱

t❤✐s ✐s ✐♥❞❡❡❞ ❡q✉✐✈❛❧❡♥t t♦ ❢r❡❡ ❡①❝❤❛♥❣❡ t♦ ❛♥② ♣r♦❞✉❝t✳ ❍♦✇❡✈❡r✱ ❝❤❛♥❣✐♥❣ ❣♦♦❞s ✐♥

r❡str✐❝t✐✈❡ ▲✐♠✐t❡❞ ❊①❝❤❛♥❣❡ ❈♦♥tr❛❝ts ❝❛♥♥♦t ❜❡ ♠♦❞❡❧❡❞ ❜② ❣✐✈✐♥❣ ❜❛❝❦ ❛ ❣♦♦❞ ❢♦r

❛ ♣❛rt✐❛❧ r❡❢✉♥❞ ❛♥❞ ❜✉②✐♥❣ ❛ ♥❡✇ ♦♥❡✳ ❚❤❡ ❧❛tt❡r ♣r♦❝❡❞✉r❡ ❡♥t❛✐❧s ❛ ❝♦st✱ ✇❤✐❝❤ ✐s

t❤❡ ♠♦♥❡② ❢♦r t❤❡ r❡t✉r♥❡❞ ❣♦♦❞ ✇❤✐❝❤ ✐s ♥♦t ❜❡✐♥❣ r❡❢✉♥❞❡❞✳ ❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦ ❛♥

❡①❝❤❛♥❣❡ ❢❡❡ ✇❤♦s❡ ✉s❡ ✐s s❤♦✇♥ t♦ ❜❡ ♥♦t ♦♣t✐♠❛❧✳

✹ ❈♦♥❝❧✉s✐♦♥

■♥ t❤✐s ♣❛♣❡r✱ ■ ❤❛✈❡ ❝❤❛r❛❝t❡r✐③❡❞ r❡✈❡♥✉❡ ♠❛①✐♠✐③✐♥❣ ❝♦♥tr❛❝ts ❢♦r s✐t✉❛t✐♦♥s ✐♥ ✇❤✐❝❤

❛❣❡♥ts ❧❡❛r♥ t❤❡✐r ✈❛❧✉❛t✐♦♥s ❢♦r ❤♦r✐③♦♥t❛❧❧② ❞✐✛❡r❡♥t✐❛t❡❞ ❣♦♦❞s ❣r❛❞✉❛❧❧② ♦✈❡r t✐♠❡✳

■♥ t❤❡ ❜❡❣✐♥♥✐♥❣✱ ❛❣❡♥ts ❞✐✛❡r ✐♥ t❡r♠s ♦❢ t❤❡✐r ♣r❡❢❡r❡♥❝❡ ✐♥t❡♥s✐t② ❛♥❞ t❤❡✐r ❤✐❣❤❡st

✈❛❧✉❛t✐♦♥✳ ▲❡t ❤✐❣❤❡r ❡① ❛♥t❡ t②♣❡s ❤❛✈❡ ❤✐❣❤❡r ✈❛❧✉❛t✐♦♥s ❢♦r t❤❡✐r ❢❛✈♦r✐t❡ ❣♦♦❞ ❛♥❞

❧❛r❣❡r ❝♦st ❢r♦♠ ❝♦♥s✉♠✐♥❣ ♥♦♥✲❢❛✈♦r✐t❡ ❣♦♦❞s✳ ❚❤❡ ❛❣❡♥t✬s ✐♥✐t✐❛❧ ✉♥❝❡rt❛✐♥t② ✐s ❛❜♦✉t

✇❤✐❝❤ ♣r♦❞✉❝t ❤❡ ❢❛✈♦rs✳ ❚❤❡ ♠❡❝❤❛♥✐s♠ ❞❡s✐❣♥ ❛♣♣r♦❛❝❤ ✇✐t❤♦✉t ❛❞✲❤♦❝ r❡str✐❝t✐♦♥s ♦♥

❝♦♥tr❛❝ts s❤♦✇s t❤❛t ❛❣❡♥ts ✇✐t❤ ❤✐❣❤ ❡① ❛♥t❡ t②♣❡s ❛❧✇❛②s r❡❝❡✐✈❡ t❤❡✐r ♠♦st ♣r❡❢❡rr❡❞

❣♦♦❞✳ ■♥ t❤❡ t✇♦✲♣r♦❞✉❝t ❝❛s❡✱ t❤❡ ♦♣t✐♠✉♠ ✐♥✈♦❧✈❡s st♦❝❤❛st✐❝ ❝♦♥tr❛❝ts ❢♦r ❛❣❡♥ts

✇✐t❤ ❧♦✇ ❡① ❛♥t❡ t②♣❡s ✐❢ t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ♦❢ ❛♥ ❡① ♣♦st t②♣❡✲✐♥❞❡♣❡♥❞❡♥t ❛❧❧♦❝❛t✐♦♥

✸✺



✐s ❞❡❝r❡❛s✐♥❣ ✐♥ ❡① ❛♥t❡ t②♣❡s✳ ■❢ ✐t ✐s ✐♥❝r❡❛s✐♥❣✱ ♦♣t✐♠❛❧ ❝♦♥tr❛❝ts ❛r❡ ♠❛①✐♠❛❧❧② ❞✐s✲

t♦rt❡❞ ❢♦r ❛♥ ✐♥t❡r♠❡❞✐❛t❡ r❛♥❣❡ ♦❢ t②♣❡s ❛♥❞ t❤❡ ❧♦✇❡st t②♣❡s ❛r❡ ❡①❝❧✉❞❡❞✳ ❆ ♠♦r❡

❝♦♠♣r✐s✐♥❣ ♠♦❞❡❧ ✇✐t❤ ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ♣r♦❞✉❝ts ❛♥❞ ❡① ♣♦st t②♣❡s s❤♦✇s t❤❡ ♦♣t✐♠❛❧✐t②

♦❢ ▲✐♠✐t❡❞ ❊①❝❤❛♥❣❡ ❈♦♥tr❛❝ts ❛s ✢❡①✐❜✐❧✐t② r❡str✐❝t✐♦♥ ❞❡✈✐❝❡ ❢♦r ❧♦✇❡r ❡① ❛♥t❡ t②♣❡s✳

❆ ❞❡t❡r♠✐♥✐st✐❝ ▲✐♠✐t❡❞ ❊①❝❤❛♥❣❡ ❈♦♥tr❛❝t ❝♦♥s✐sts ♦❢ ❛♥ ✐♥✐t✐❛❧ ♣r♦❞✉❝t ♦✛❡r❡❞ ✐♥ t❤❡

✜rst ♣❡r✐♦❞ ❛t s♦♠❡ ♣r✐❝❡ ❛♥❞ t❤❡ ♦♣t✐♦♥ t♦ ❡①❝❤❛♥❣❡ ✐t t♦ s♦♠❡ ♣r♦❞✉❝t ♦✉t ♦❢ ❛ ✜①❡❞

s✉❜s❡t ♦❢ ❣♦♦❞s ❧❛t❡r ♦♥ ❢♦r ❢r❡❡✳ ❚❤❡ ✉s❡ ♦❢ ❡①❝❤❛♥❣❡ ❢❡❡s ❛s ❛ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥

❞❡✈✐❝❡ ✐s s❤♦✇♥ t♦ ❜❡ ❣❡♥❡r❛❧❧② ♥♦t ♦♣t✐♠❛❧✳

❚❤❡r❡ ❛r❡ s❡✈❡r❛❧ ✈❡rs✐♦♥s ♦❢ ❛♥❞ ❡①t❡♥s✐♦♥s t♦ t❤❡ ♠♦❞❡❧ ✇❤✐❝❤ ❛r❡ ✇♦rt❤ ❜❡✐♥❣ ❡①✲

❛♠✐♥❡❞✳ ❚❤✐s ♣❛♣❡r st✉❞✐❡s t❤❡ ❜❡♥❝❤♠❛r❦ ❝❛s❡ ✐♥ ✇❤✐❝❤ t❤❡ ❡① ❛♥t❡ t②♣❡ ❝♦♠♣❧❡t❡❧②

❞❡t❡r♠✐♥❡s t❤❡ s❤❛♣❡ ♦❢ t❤❡ ✈❛❧✉❛t✐♦♥ ❢✉♥❝t✐♦♥ ✲ ✐♥❝❧✉❞✐♥❣ t❤❡ ❧❡✈❡❧ ♦❢ t♦♣ ✈❛❧✉❛t✐♦♥✳

❘❡❧❛①✐♥❣ t❤✐s ❛ss✉♠♣t✐♦♥ ❝♦✉❧❞ ❤❛✈❡ ❛♥ ✐♠♣❛❝t ♦♥ t❤❡ ♠♦❞❡❧✬s ♣r❡❞✐❝t✐♦♥s✳ ❆ ♠♦❞❡❧

✐♥ ✇❤✐❝❤ t❤❡ ❡① ❛♥t❡ t②♣❡ ❧❡❛✈❡s ❛ s✉✣❝✐❡♥t❧② ❤✐❣❤ ❞❡❣r❡❡ ♦❢ ✉♥❝❡rt❛✐♥t② ❛❜♦✉t t❤❡ t♦♣

✈❛❧✉❛t✐♦♥ ♠❛② ✐♠♣❧② t❤❛t ♦♣t✐♠❛❧ ♣♦❧✐❝✐❡s ✐♥✈♦❧✈❡ ❜♦t❤ ❡①❝❤❛♥❣❡s ❛♥❞ r❡❢✉♥❞s✳ ❋✉rt❤❡r✲

♠♦r❡✱ t❤❡ q✉❡st✐♦♥ ♦❢ ❤♦✇ ❝❛♣❛❝✐t② ❝♦♥str❛✐♥ts ✐♥✢✉❡♥❝❡ ♦♣t✐♦♥❛❧ ❡①❝❤❛♥❣❡ ♣♦❧✐❝✐❡s ✐♥

t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❛❣❣r❡❣❛t❡ ✉♥❝❡rt❛✐♥t② ❞❡❡♠s ✐♥t❡r❡st✐♥❣ ❛s ✇❡❧❧✿ ❚❤❡ r❡✈❡♥✉❡ ♠❛①✐♠✐③❡r

t❤❡♥ ❢❛❝❡s ❛♥ ❛❞❞✐t✐♦♥❛❧ tr❛❞❡✲♦✛ ❜❡t✇❡❡♥ ❣✐✈✐♥❣ ❛❣❡♥ts t❤❡ ♦♣t✐♠❛❧ ❛♠♦✉♥t ♦❢ ✢❡①✐❜✐❧✐t②

❛♥❞ ❞✐r❡❝t✐♥❣ t❤❡♠ t♦✇❛r❞s ❛✈❛✐❧❛❜❧❡ ❝❛♣❛❝✐t②✳

✺ ❆♣♣❡♥❞✐①

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✶✿

❈♦♥s✐❞❡r ❛♥② ♠❡❝❤❛♥✐s♠
(

X(r̂, â), p(r̂, â)
)

✳

❈♦♥str✉❝t ❛♥ ❛❧t❡r♥❛t✐✈❡ ♠❡❝❤❛♥✐s♠
(

X̃(r̂, â), p̃(r̂, â)
)

s✉❝❤ t❤❛t

• p̃(r̂, â) = p(r̂, â) ∀r̂, â✱

• x̃1&2(r̂, â) = 0 ∀r̂, â✱

• x̃i(r̂, ai) = xi(r̂, ai) + x1&2(r̂, ai) ∀r̂, ∀i ∈ {1, 2}✱

• x̃3−i(r̂, ai) = x3−i(r̂, ai) ∀r̂, ∀i ∈ {1, 2}✳

❋r♦♠ ✭✶✮ ❝❛♥ ✐♠♠❡❞✐❛t❡❧② ❜❡ s❡❡♥ t❤❛t ❢♦r ❛♥② ❣✐✈❡♥ r, r̂, ❛♥❞ a✱ u(r, r̂, a, a) ✐s ❡q✉❛❧ ❢♦r

❜♦t❤ ♠❡❝❤❛♥✐s♠s✱ ✇❤❡r❡❛s ❢♦r a 6= â ❡① ♣♦st ✉t✐❧✐t② u(r, r̂, a, â) ✐s ✇❡❛❦❧② ❤✐❣❤❡r ✉♥❞❡r

♠❡❝❤❛♥✐s♠
(

X(r̂, â), p(r̂, â)
)

✳ ❋r♦♠ t❤✐s ❢♦❧❧♦✇s t❤❛t t❤❡ ♠♦❞✐✜❡❞ ♠❡❝❤❛♥✐s♠ s❛t✐s✜❡s

✭IC1✮ ❛♥❞ ✭IC2✮ ✐❢ ♠❡❝❤❛♥✐s♠
(

X(r̂, â), p(r̂, â)
)

❞♦❡s✳ �
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Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✷✿

❘❡♠❡♠❜❡r K(r̂, δ) = x+(r̂)− x−(r̂)− δ(x+(r̂) + x−(r̂))✳

❚❛❦❡ r, r′ ✇✐t❤ r > r′✳ ❇② ✭IC ′
1✮✱ ✐t ❤♦❧❞s t❤❛t

U(r, ida) ≥ U(r′, r, ida)

= v[x+(r
′) + x−(r

′)] + r′ ·K(r′, δ)− Ea[p(r
′, a)] + (r − r′) ·K(r′, δ)

= U(r′, ida) + (r − r′) ·K(r′, δ).

❆♥❛❧♦❣❡♦✉s❧②✱

U(r′, ida) ≥ U(r, ida) + (r′ − r) ·K(r, δ).

❈♦♠❜✐♥✐♥❣ t❤❡ t✇♦ ✐♥❡q✉❛❧✐t✐t✐❡s ②✐❡❧❞s

(r − r′) ·K(r, δ) ≥ U(r, ida)− U(r′, ida) ≥ (r − r′) ·K(r′, δ).

❉✐✈✐❞✐♥❣ ❜② (r − r′) ②✐❡❧❞s✿

K(r, δ) ✐s ♠♦♥♦t♦♥✐❝❛❧❧② ✐♥❝r❡❛s✐♥❣ ✐♥ r (MON).

▲❡tt✐♥❣ r′ ❝♦♥✈❡r❣❡ t♦ r ②✐❡❧❞s✿

∂U(r, ida)/∂r = K(r, δ) ❛❧♠♦st ❡✈❡r②✇❤❡r❡ (ENV ).

❚♦ ♣r♦♦❢ t❤❡ ✐♥✈❡rs ❞✐r❡❝t✐♦♥✱ ♥♦t❡ t❤❛t ❢r♦♠ (ENV ) ❛♥❞ ❛❜s♦❧✉t❡ ❝♦♥t✐♥✉✐t② ❢♦❧❧♦✇s ❢♦r

❛♥② r, r′ ✇✐t❤ r > r′

U(r, ida) = U(r′, r, ida) +

r
∫

r′

K(y, δ)dy.

❋♦r ❛ ♣r♦♦❢ ♦❢ ❛❜s♦❧✉t❡ ❝♦♥t✐♥✉✐t② s❡❡ ❢♦r ❡①❛♠♣❧❡ ❚❤❡♦r❡♠ ✷ ✐♥ ▼✐❧❣r♦♠ ❛♥❞ ❙❡❣❛❧

✭✷✵✵✷✮✳

✸✼



❋r♦♠ t❤❡ ♠♦♥♦t♦♥✐❝✐t② ❝♦♥❞✐t✐♦♥ (MON) ❢♦❧❧♦✇s

U(r′, r, ida) +

r
∫

r′

K(y, δ)dy ≥ U(r′, r, ida) +

r
∫

r′

K(r′, δ)dy

= U(r′, ida) + (r − r′) ·K(r′, δ)

= U(r′, r, ida).

�

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✸✿

▼❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✺✮ ✐s s♦❧✈❡❞ ❜② ♣♦✐♥t✇✐s❡ ♠❛①✐♠✐③❛t✐♦♥ ❢♦r ❡✈❡r② ❡① ❛♥t❡ t②♣❡ r✳

❆s z ❜② ❞❡✜♥✐t✐♦♥ ♠✐♥✐♠✐③❡s ❡①♣❡❝t❡❞ ✉t✐❧✐t②✱ ❢r♦♠ ✭ENV ✮ ❛♥❞ ✭MON✮ ❢♦❧❧♦✇s

K(r, δ) ≤ 0 ❢♦r r < z

❛♥❞ K(r, δ) ≥ 0 ❢♦r r > z.
✭✶✵✮

❋✉rt❤❡r♠♦r❡ ❢r♦♠ t❤❡ ❢❡❛s✐❜✐❧✐t② ❝♦♥str❛✐♥ts ✭❋✮ ❢♦❧❧♦✇s

x+(r) + x−(r) ≤ 1

❛♥❞ K(r, δ) ≤ x+(r) + x−(r)− δ(x+(r) + x−(r)) ≤ 1− δ.
✭✶✶✮

❈❛s❡ ✶✿ r ≥ z

❚❤❡ ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ ♠❛①✐♠✐③❡s

v[x+(r) + x−(r)] +K(r, δ) ·
(

r − 1− F (r)

f(r)

)

.

❈❛s❡ ✶✳✶✿ r > b

❚❤❡ ✈✐rt✉❛❧ ✈❛❧✉❡ ✐s ♣♦s✐t✐✈❡✳ ■❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♥tr❛❝t s✉❝❤ t❤❛t x+(r)+x−(r) = 1

❛♥❞ K(r, δ) = 1− δ✱ ❜② ✭✶✶✮ ✐t ✐s ♦♣t✐♠❛❧ ❛t ♣♦✐♥t r✳

❈❛s❡ ✶✳✷✿ r ≤ b

❚❤❡ ✈✐rt✉❛❧ ✈❛❧✉❡ ✐s ✇❡❛❦❧② ♥❡❣❛t✐✈❡✷✶✳ ■❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♥tr❛❝t s✉❝❤ t❤❛t x+(r)+

✷✶✇✳❧✳♦✳❣✳ ❧❡t b ❛♥❞ t②♣❡s ✇✐t❤ r− 1−F (r)
f(r) = 0 ❣❡t t❤❡ ❝♦♥tr❛❝t t❤❛t ✐s ♦♣t✐♠❛❧ ❢♦r t②♣❡s ✇✐t❤ r− 1−F (r)

f(r) <

0

✸✽



x−(r) = 1 ❛♥❞ K(r, δ) = 0✱ ❜② ✭✶✵✮ ❛♥❞ ✭✶✶✮ ✐t ✐s ♦♣t✐♠❛❧ ❛t ♣♦✐♥t r✳

❈❛s❡ ✷✿ r < z

❚❤❡ ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ ♠❛①✐♠✐③❡s

v[x+(r) + x−(r)] +K(r, δ) ·
(

r +
F (r)

f(r)

)

.

❚❤❡ ✈✐rt✉❛❧ ✈❛❧✉❡
(

r + F (r)
f(r)

)

✐s ♣♦s✐t✐✈❡ ❢♦r ❛❧❧ r ∈ R✳ ■❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♥tr❛❝t s✉❝❤

t❤❛t x+(r) + x−(r) = 1 ❛♥❞ K(r, δ) = 0✱ ❜② ✭✶✵✮ ❛♥❞ ✭✶✶✮ ✐t ✐s ♦♣t✐♠❛❧ ❛t ♣♦✐♥t r✳

❚❤❡ t✇♦ ♣❛✐rs ♦❢ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ❝❛♥ ❜❡ s♦❧✈❡❞ ❢♦r x+(r) ❛♥❞ x−(r)✿

x+(r) + x−(r) = 1, K(r, δ) = 0 ⇔ x+(r) =
1 + δ

2
, x−(r) =

1− δ

2

x+(r) + x−(r) = 1, K(r, δ) = 1− δ ⇔ x+(r) =1, x−(r) =0

❚❤❡ ♣r♦♣❡rt✐❡s s✉❣❣❡st❡❞ ❛❜♦✈❡ ❛r❡ st❛t❡❞ ✐♥ t❤❡ ▲❡♠♠❛✳ ■t ✐s ❧❡❢t t♦ ❜❡ ♣r♦✈❡♥ t❤❛t

t❤❡r❡ ❡①✐sts ❛♥ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ ✇✐t❤ t❤❡ ❞❡t❡r♠✐♥❡❞ ♣r♦♣❡rt✐❡s t❤❛t s❛t✐s✜❡s ✭F ✮ ❛♥❞ ❛♥②

❛❧❧♦❝❛t✐♦♥ r✉❧❡ s❛t✐s❢②✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s s❛t✐s✜❡s ✭MON✮ ❛♥❞ U(z, ida) ≥ U(r, ida) ∀r ∈
R✳ ■t ❝❛♥ ✐♠♠❡❞✐❛t❡❧② ❜❡ s❡❡♥ t❤❛t ✭MON✮ ❛♥❞ U(z, ida) ≥ U(r, ida) ∀r ∈ R ❛r❡

s❛t✐s✜❡❞ ❢♦r ❛♥② ❛❧❧♦❝❛t✐♦♥ r✉❧❡✱ ❛s t❤❡② ❞✐r❡❝t❧② ❢♦❧❧♦✇ ❢r♦♠ t❤❡ ♣r♦♣❡rt✐❡s✳ ❊①✐st❡♥❝❡

♦❢ ❛ ❢❡❛s✐❜❧❡ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ ✇✐t❤ t❤❡ ❞❡s✐r❡❞ ♣r♦♣❡rt✐❡s ✐s s❤♦✇♥ ❜② ❝♦♥str✉❝t✐♦♥ ♦❢ ❛♥

❡①❛♠♣❧❡✿

❋♦r r > max{b, z} : xi(r, ai) = 1, xi(r, a3−i) = 0 ∀i ∈ {1, 2}

❋♦r r ≤ max{b, z} : xi(r, ai) =
1 + δ

2
, xi(r, a3−i) =

1− δ

2
∀i ∈ {1, 2}

�
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Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✹✿

■♥s❡rt t❤❡ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ❢r♦♠ ▲❡♠♠❛ ✸ ✐♥t♦ ♦❜❥❡❝t✐✈❡ ✭✺✮✿

z
∫

0

f(r)

[

v[x+(r) + x−(r)] +K(r, δ) ·
(

r +
F (r)

f(r)

)]

dr

+

r
∫

z

f(r)

[

v[x+(r) + x−(r)] +K(r, δ) ·
(

r − 1− F (r)

f(r)

)]

dr

=

z
∫

0

f(r)

[

v + 0 ·
(

r +
F (r)

f(r)

)]

dr +

r
∫

z

f(r)vdr

+

r
∫

max{b,z}

f(r)(1− δ) ·
(

r − 1− F (r)

f(r)

)

dr

=v +

r
∫

max{b,z}

f(r)(1− δ) ·
(

r − 1− F (r)

f(r)

)

dr

❇② ❞❡✜♥✐t✐♦♥✱ r − 1−F (r)
f(r)

> 0 ∀r > b✳ ❍❡♥❝❡✱ z ✐s ♦♣t✐♠❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ z ≤ b✳ �

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✺✿

❋r♦♠ ▲❡♠♠❛ ✹ ❢♦❧❧♦✇s max{b, z} = b✳ ❚❤❡ ❝♦♥❞✐t✐♦♥s ❢r♦♠ ▲❡♠♠❛ ✸ ❛r❡ t❤❡♥

x+(r) =
1 + δ

2
❛♥❞ x−(r) =

1− δ

2
✐❢ r ≤ b,

x+(r) = 1 ❛♥❞ x−(r) = 0 ✐❢ r > b.

❇② ✭✹✮✱ t❤❡s❡ ❝❤❛r❛❝t❡r✐st✐❝s ❞❡t❡r♠✐♥❡ t❤❡ s✉♠ ♦❢ ♣r✐❝❡s p(r, a1) + p(r, a2) ❢♦r ❡❛❝❤ ❡①

❛♥t❡ t②♣❡ r✳

❋✐♥❛❧❧②✱ ✐t ✐s ❧❡❢t t♦ st❛t❡ t❤❡ ♥♦♥❡♠♣t② s❡t ♦❢ ❢❡❛s✐❜❧❡ ❛❧❧♦❝❛t✐♦♥ r✉❧❡s t❤❛t s❛t✐s❢② t❤❡

♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s✳ ❋♦r ❛❧❧ t②♣❡s r > b ❢r♦♠ t❤❡ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥ x+(r) = 1

❛♥❞ x−(r) = 0 t♦❣❡t❤❡r ✇✐t❤ ❢❡❛s✐❜✐❧✐t② ✭❋✮✱ ✐t ❢♦❧❧♦✇s x1(r, a1) = x2(r, a2) = 1 ❛♥❞

x2(r, a1) = x1(r, a2) = 0✳ ❋♦r r ≤ b ❢❡❛s✐❜✐❧✐t② ❛♥❞ ♦♣t✐♠❛❧✐t② ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡

✹✵



❢♦❧❧♦✇✐♥❣ s②st❡♠ ♦❢ ❡q✉❛t✐♦♥s✿

x1(r, a1) + x2(r, a2) = 1 + δ,

x2(r, a1) + x1(r, a2) = 1− δ,

x1(r, a) + x2(r, a) ≤ 1 ∀a,
xi(r, a) ∈ [0, 1] ∀a, i.

❚❤❡r❡ ✐s ♦♥❡ ❞❡❣r❡❡ ♦❢ ❢r❡❡❞♦♠ ❛♥❞ t❤❡ ♥♦♥✲❡♠♣t② s❡t ♦❢ s♦❧✉t✐♦♥s t♦ t❤✐s s②st❡♠ ✐s t❤❡

❢♦❧❧♦✇✐♥❣✿

x1(r, a1) = α ∈ [δ, 1],

x2(r, a1) = 1− α,

x1(r, a2) = α− δ,

x2(r, a2) = 1 + δ − α.

�

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✿

■t ✐s ❧❡❢t t♦ ♣r♦✈❡ t❤❛t ❢♦r p(r, a1) = p(r, a2) ∀r ❛♥② ❛❧❧♦❝❛t✐♦♥ s❛t✐s✜❡s ✭IC1✮ ❛♥❞ ✭IC2✮✳

Pr♦♣♦s✐t✐♦♥ ✶ ❢♦❧❧♦✇s t❤❡♥ ❢r♦♠ ▲❡♠♠❛ ✺✳

❉❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ str❡♥❣t❤❡♥✐♥❣ ♦❢ ❝♦♥❞✐t✐♦♥ ✭IC2✮✿

u(r, r̂, a, a) ≥ u(r, r̂, a, â) ∀r, r̂, a, â. ✭ICs
2✮

✭ICs
2✮ st❛t❡s t❤❛t ✐♥ t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞ tr✉t❤t❡❧❧✐♥❣ ✐s ♦♣t✐♠❛❧ ❢♦r ❛♥② ✜rst ♣❡r✐♦❞ r❡♣♦rt✳

❈❧❛✐♠ ✶✿ ❋r♦♠ ✭ICs
2✮ ❛♥❞ ✭IC ′

1✮ ❢♦❧❧♦✇s ✭IC2✮ ❛♥❞ ✭IC1✮

✭IC2✮ tr✐✈✐❛❧❧② ❢♦❧❧♦✇s ❢r♦♠ ✭ICs
2✮✳ ✭IC1✮ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ❛s ✇❡❧❧✿ ❈♦♥s✐❞❡r s♦♠❡ ❛❣❡♥t

❛♥❞ ❛♥ ❛r❜✐tr❛r② r❡♣♦rt✐♥❣ str❛t❡❣②✳ ❇② ✭ICs
2✮✱ t❤❡ ❛❣❡♥t ❝❛♥ ❛❧✇❛②s ✇❡❛❦❧② ✐♠♣r♦✈❡ ❜②

r❡♣♦rt✐♥❣ tr✉t❤❢✉❧❧② ❛❜♦✉t ❤✐s s❡❝♦♥❞ ♣❡r✐♦❞ t②♣❡✳ ●✐✈❡♥ tr✉t❤❢✉❧ r❡♣♦rt✐♥❣ ❛❜♦✉t t❤❡

s❡❝♦♥❞ ♣❡r✐♦❞ t②♣❡✱ ❜② ✭IC ′
1✮ t❤❡ ❛❣❡♥t ❝❛♥ t❤❡♥ ✇❡❛❦❧② ✐♠♣r♦✈❡ ❜② r❡♣♦rt✐♥❣ tr✉t❤❢✉❧❧②

❛❜♦✉t t❤❡ ✜rst ♣❡r✐♦❞ t②♣❡✳

❈❧❛✐♠ ✷✿ ❆♥② ❡❧❡♠❡♥t ❢r♦♠ t❤❡ s❡t ♦❢ ❛❧❧♦❝❛t✐♦♥ r✉❧❡s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✶ s❛t✐s✜❡s ✭ICs
2✮

✐❢ p(r, a1) = p(r, a2) ∀r✳

✹✶



❚❤❡ ❝❧❛✐♠ ✐s s❤♦✇♥ ❜② ♣❧✉❣❣✐♥❣ ❛♥ ❛r❜✐tr❛r② ❡❧❡♠❡♥t ♦❢ t❤❡ s❡t ❛♥❞ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r✐❝❡s

✐♥t♦ ✭ICs
2✮ ✉s✐♥❣ ✭✶✮✿

❈❛s❡ ✶✿ r̂ ≤ b

✭ICs
2✮ ✐s s❛t✐s✜❡❞✱ ❛s

α(v−δr+r)+(1−α)(v−δr−r)−v ≥ (α−δ)(v−δr+r)+(1−α+δ)(v−δr−r)−v ∀r, α

❛♥❞

(1−α+δ)(v−δr+r)+(α−δ)(v−δr−r)−v ≥ (1−α)(v−δr+r)+α(v−δr−r)−v ∀r, α

❤♦❧❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢ δ ≥ 0✳

❈❛s❡ ✷✿ r̂ > b

✭ICs
2✮ ✐s s❛t✐s✜❡❞✱ ❛s

1·(v−δr+r)+0·(v−δr−r)−v−b(1−δ) ≥ 0·(v−δr+r)+1·(v−δr−r)−v−b(1−δ) ∀r, α.

�

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✿

❚♦ ♣r♦♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✱ ■ ✜rst s♦❧✈❡ ❛ r❡❧❛①❡❞ ♣r♦❜❧❡♠✱ ✇❤✐❝❤ ❣✐✈❡s ❛♥ ✉♣♣❡r ❜♦✉♥❞ ♦♥

♣r♦✜ts✱ ❛♥❞ t❤❡♥ s❤♦✇ t❤❛t ❛♥② s♦❧✉t✐♦♥ t♦ t❤❡ r❡❧❛①❡❞ ♣r♦❜❧❡♠ ✐s ✐♠♣❧❡♠❡♥t❛❜❧❡ ✐♥ P ✳

❉❡✜♥❡ P∗ ❛s Po ✇✐t❤ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥t

x1(r, a1) + x2(r, a2) ≥ x1(r, a2) + x2(r, a1) ∀r. ✭✯✮

❈❧❛✐♠ ✶✿ P∗ ✐s ❛ r❡❧❛①❡❞ ♣r♦❜❧❡♠ ♦❢ P

■t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t ✭✯✮ ❢♦❧❧♦✇s ❢r♦♠ IC2✳ IC2 st❛t❡s t❤❛t ∀r ❤♦❧❞

u(r, r, a1, a1) ≥ u(r, r̂, a1, a2) ❛♥❞

u(r, r, a2, a2) ≥ u(r, r̂, a2, a1).

✹✷



❚❤✐s ✐s ❡q✉✐✈❛❧❡♥t t♦

v+(r) · (x1(r, a2)− x1(r, a1)) + v−(r) · (x2(r, a2)− x2(r, a1))

≤ p(r, a2)− p(r, a1)

≤ v+(r) · (x2(r, a2)− x2(r, a1)) + v−(r) · (x1(r, a2)− x1(r, a1)) ∀r.
❆♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ✐s

v+(r) · [(x2(r, a2)− x2(r, a1))− (x1(r, a2)− x1(r, a1))]

≥ v−(r) · [(x2(r, a2)− x2(r, a1))− (x1(r, a2)− x1(r, a1))] ∀r,
✇❤✐❝❤ ✐s ❡q✉✐✈❛❧❡♥t t♦

x1(r, a1) + x2(r, a2) ≥ x1(r, a2) + x2(r, a1) ∀r. ✭✯✮

❉❡✜♥❡ e = sup{r ∈ R|r − 1−F (r)
f(r)

≤ v
δ
}✮ ✇❤❡♥❡✈❡r t❤❡ s✉♣r❡♠✉♠ ❡①✐sts ❛♥❞ e = 0

♦t❤❡r✇✐s❡✳

❈❧❛✐♠ ✷✿ ❚❤❡ s♦❧✉t✐♦♥ t♦ P∗ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❋♦r r > b : x1(r, a1) = x2(r, a2) = 1, x1(r, a2) = x2(r, a1) = 0

❛♥❞ Ea[p(r
′, a)] = v + b(1− δ).

❋♦r r ∈ [e, b] : x1(r, a1) = x1(r, a2) = α, x2(r, a2) = x2(r, a1) = 1− α α ∈ [0, 1]

❛♥❞ Ea[p(r
′, a)] = v − δe.

❋♦r r < e : xi(r, aj) = 0 ∀i, j ∈ 1, 2

❛♥❞ Ea[p(r
′, a)] = 0.

❆s t❤❡ ✜rst ♣❡r✐♦❞ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts ❛r❡ ✐❞❡♥t✐❝❛❧ ✐♥ Po ❛♥❞ P∗✱ ▲❡♠♠❛ ✷ ❛♣♣❧✐❡s✳

▲❡♠♠❛ ✷✿ ❚❤❡ ✜rst ♣❡r✐♦❞ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts IC ′
1 ❛r❡ s❛t✐s✜❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢

∂U(r, ida)/∂r = K(r, δ) ❛✳❡✳ ✭ENV ✮

❛♥❞ K(r, δ) ✐s ♠♦♥✳ ✐♥❝r❡❛s✐♥❣ ✐♥ r. ✭MON✮

✭✯✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ x+(r) ≥ x−(r) ❛♥❞ ❢r♦♠ ✭✯✮ ❛♥❞ δ < 0 ❢♦❧❧♦✇s K(r, δ) ≥ 0✳ ❍❡♥❝❡ ✐♥

t❤❡ ♦♣t✐♠✉♠ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ ❡① ❛♥t❡ t②♣❡s ❡✈❡r②✇❤❡r❡ ❛♥❞ t❤❡ ❧♦✇❡st

❡① ❛♥t❡ t②♣❡✬s ♣❛rt✐❝✐♣❛t✐♦♥ ❝♦♥str❛✐♥t ✐s ❜✐♥❞✐♥❣✳ ❋♦❧❧♦✇✐♥❣ t❤❡ st❛♥❞❛r❞ ❛♣♣r♦❛❝❤✱ t❤❡

✹✸



♣r♦❜❧❡♠ ❝❛♥ ❜❡ r❡st❛t❡❞ ❛s

max
x

r
∫

0

f(r)

[

v[x+(r) + x−(r)] +K(r, δ)

(

1− 1− F (r)

f(r)

)]

dr

s✳t✳ MON ✱ ✭❋✮✱ ✭✯✮✳

❆ s♦❧✉t✐♦♥ t♦ t❤✐s ♣r♦❜❧❡♠ ✐s ❢♦✉♥❞ ❜② ♣♦✐♥t✇✐s❡ ♠❛①✐♠✐③❛t✐♦♥ ♦❢ t❤❡ r❡❧❛①❡❞ ✈❡rs✐♦♥

✇✐t❤♦✉t t❤❡ ♠♦♥♦t♦♥✐❝✐t② ❝♦♥str❛✐♥t✳

❈❛s❡ ✶✿ r > b

❱✐rt✉❛❧ ✈❛❧✉❡ ✐s ♣♦s✐t✐✈❡✳ P♦✐♥t✇✐s❡ ♠❛①✐♠✐③❛t✐♦♥ ❣✐✈❡s x+(r) = 1 ❛♥❞ x−(r) = 0✳

❋♦r ❛ ❢♦r♠❛❧ ❞❡r✐✈❛t✐♦♥ s❡❡ ▲❡♠♠❛ ✸✳ ❚❤❡ ❝♦♥tr❛❝t tr✐✈✐❛❧❧② s❛t✐s✜❡s ✭✯✮✳

❈❛s❡ ✷✿ r ≤ b

❱✐rt✉❛❧ ✈❛❧✉❡ ✐s ♥❡❣❛t✐✈❡✳ ▼❛①✐♠✐③❛t✐♦♥ ✐s ❞♦♥❡ ✐♥ t✇♦ st❡♣s✿

❋✐rst✱ ❢♦r ❛♥② ✜①❡❞ x+(r) + x−(r) = m✱ ✉♥❞❡r t❤❡ r❡str✐❝t✐♦♥ ✭✯✮ ✈✐rt✉❛❧ s✉r♣❧✉s ✐s

♠❛①✐♠✐③❡❞ ❢♦r x+(r) = x−(r) = m/2✳

❙❡❝♦♥❞✱ ♠ ✐s ❝❤♦s❡♥ t♦ s❛t✐s❢② ✭❋✮ ❛♥❞ ♠❛①✐♠✐③❡

v ·m− δ ·m
(

1− 1− F (r)

f(r)

)

.

❚❤❡ s♦❧✉t✐♦♥ t♦ t❤✐s ❧✐♥❡❛r ♣r♦❜❧❡♠ ✐s

m =

{

1, ✐❢ r − [1− F (r)]/f(r) ≥ v/δ

0, ✐❢ r − [1− F (r)]/f(r) < v/δ

❈❛s❡s ✶ ❛♥❞ ✷ ❣✐✈❡ t❤❡ ❛❧❧♦❝❛t✐♦♥ r✉❧❡s ♦❢ ❈❧❛✐♠ ✷✱ ✇❤✐❝❤ s❛t✐s❢② t❤❡ ♠♦♥♦t♦♥✐❝✐t② ❝♦♥✲

str❛✐♥t✳ ❊①♣❡❝t❡❞ ♣r✐❝❡s ❛r❡ ✜①❡❞ ❜② ❡q✉❛t✐♦♥ ✭✹✮✳

❈❧❛✐♠ ✸✿ ❆♥② s♦❧✉t✐♦♥ t♦ P∗ ✐s ✐♠♣❧❡♠❡♥t❛❜❧❡ ✐♥ P ✇✐t❤ ❡① ♣♦st t②♣❡ ✐♥❞❡♣❡♥❞❡♥t ♣r✐❝❡s✳

■t ✐s ❧❡❢t t♦ ♣r♦✈❡ t❤❛t ❢♦r p(r, a1) = p(r, a2) ∀r ❛♥② ❛❧❧♦❝❛t✐♦♥ r✉❧❡ s❛t✐s✜❡s ✭IC1✮ ❛♥❞

✭IC2✮✳

❆❝❝♦r❞✐♥❣ t♦ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶ ✐t s✉✣❝❡s t♦ s❤♦✇ t❤❛t ❢♦r p(r, a1) = p(r, a2) ❛♥②

s♦❧✉t✐♦♥ t♦ P∗ s❛t✐s✜❡s IC
s
2 ✳

✹✹



❆s s❤♦✇♥ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✱ t❤❡ ❝♦♥tr❛❝t ❢♦r t②♣❡s r > b s❛t✐s✜❡s ICs
2 ✳ ❚❤❡

❝♦♥tr❛❝t ❢♦r t②♣❡s r ≤ b tr✐✈✐❛❧❧② s❛t✐s✜❡s ICs
2 ✱ ❛s t❤❡ r❡♣♦rt ❛❜♦✉t t❤❡ ❡① ♣♦st t②♣❡ ❤❛s

♥♦ ✐♥✢✉❡♥❝❡ ♦♥ t❤❡ ❛❧❧♦❝❛t✐♦♥✳

❋r♦♠ ❝❧❛✐♠s ♦♥❡✱ t✇♦ ❛♥❞ t❤r❡❡ ❢♦❧❧♦✇s t❤❡ ♣r♦♣♦s✐t✐♦♥✳ �

▲❡♠♠❛ ✾✳ ∂/∂r [Ea(vr,a(k))] ≤ 0 ∀k ∈ S ✐❢ ❛♥❞ ♦♥❧② ✐❢ δ ≥ 0✳

Pr♦♦❢✿

❋r♦♠ str❛✐❣❤t❢♦r✇❛r❞ ❛❧❣❡❜r❛✐❝ r❡❢♦r✉♠❧❛t✐♦♥s ❢♦❧❧♦✇s

∂

∂r
Ea(vr,a(k)) =

∂

∂r

[∫ 1

0

v + (1− δ)r − 4r|a− k|da
]

=
∂

∂r

[

v + r − δr − 4r

(

k2

2
+

(1− k)2

2

)]

= 1− δ − 4

(

k2

2
+

(1− k)2

2

)

≤ 1− δ − 4

(

(1/2)2

2
+

(1− (1/2))2

2

)

= −δ.

❆♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ✐s ∂/∂r [Ea(vr,a(k))] ≤ 0 ∀k ∈ S ✐❢ δ ≥ 0✳

◆❡❝❡ss✐t② ❢♦❧❧♦✇s ❛s ∂/∂r [Ea(vr,a(1/2))] > 0 ✐❢ δ < 0✳ �

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✻✿

❘❡♠❡♠❜❡r✱ K̃(r̂, δ) =
1
∫

0

1
∫

0

1− δ − 4|a− s|dX(r̂, a)[s]da✳

❆♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ❢r♦♠ t❤❡ s✐♠✐❧❛r str✉❝t✉r❡ ♦❢ t❤❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t✐❡s ✭✽✮ ❛♥❞

✭✷✮ ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t②✿

❚❤❡ ✜rst ♣❡r✐♦❞ ✐♥❝❡♥t✐✈❡ ❝♦♥str❛✐♥ts ✭IC ′
1✮ ❛r❡ s❛t✐s✜❡❞ ✐❢ ❛♥❞ ♦♥❧② ✐❢

∂U(r, ida)/∂r = K̃(r, δ) ❛✳❡✳ ✭ENV ✮

❛♥❞ K̃(r, δ) ✐s ♠♦♥✳ ✐♥❝r❡❛s✐♥❣ ✐♥ r. ✭MON✮

❚❤❡r❡❢♦r❡ ♠❛①✐♠✐③✐♥❣ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♥str❛✐♥ts ✭IC ′
1✮✱ ✭IR✮ ❛♥❞ ✭F ✮ ✐s ❡q✉✐✈❛❧❡♥t

t♦ t❛❦✐♥❣ (ENV )✱ ✭MON✮✱ (IR) ❛♥❞ (F ) ❛s ❝♦♥str❛✐♥ts✳ ❉❡♣❡♥❞✐♥❣ ♦♥ r✱ t❤❡ t❡r♠

✹✺



K̃(r, δ) ❝❛♥ t❛❦❡ ❜♦t❤ ♥❡❣❛t✐✈❡ ❛♥❞ ♣♦s✐t✐✈❡ ✈❛❧✉❡s✳

❚❤❡ s♦❧✉t✐♦♥ ❝♦♥❝❡♣t ♣r❡s❡♥t❡❞ ✐♥ t❤❡ ❧❛st ♣❛rt ✐s ❛♣♣❧✐❡❞ ❤❡r❡ ❛s ✇❡❧❧✿ ■t ✐s ❦♥♦✇♥ t❤❛t ✐♥

❡✈❡r② s♦❧✉t✐♦♥✱ t❤❡r❡ ❡①✐sts ❛♥ ❡① ❛♥t❡ t②♣❡ z ∈ [0, r] s✉❝❤ t❤❛t U(z, ida) ≤ U(r, ida)∀r ∈
R✳ ■♥ t❤❡ ✜rst st❡♣ ■ ❛r❜✐tr❛r✐❧② ✜① z ❛♥❞ s♦❧✈❡ ♣r♦❜❧❡♠ Pz

o ✱ ✇❤✐❝❤ ✐s ♣r♦❜❧❡♠ Po ✇✐t❤ t❤❡

❛❞❞✐t✐♦♥❛❧ ❝♦♥str❛✐♥t U(r, ida) ≥ U(z, ida)∀r ∈ R✳ ■♥ t❤❡ s❡❝♦♥❞ st❡♣ ♣r♦✜t ✐s ♠❛①✐♠✐③❡❞

✐♥ z✳

Pr❡❧✐♠✐♥❛r② ❙t❡♣✿ ❘❡❢♦r♠✉❧❛t✐♦♥ ♦❢ Pz
o

❇② ✭ENV ✮ ❛♥❞ ✐♥❞✐✈✐❞✉❛❧ r❛t✐♦♥❛❧✐t②✱ ✐♥ t❤❡ ♦♣t✐♠✉♠✱ U(z, ida) = 0 ❛♥❞ ❛♥② ❡① ❛♥t❡

t②♣❡✬s ❡①♣❡❝t❡❞ ✉t✐❧✐t② ❝❛♥ t❤❡♥ ❜❡ ✇r✐tt❡♥ ❛s

U(r, ida) = U(z, ida) +

r
∫

z

K̃(y, δ)dy =

r
∫

z

K̃(y, δ)dy. ✭✶✷✮

❇② ✭✽✮ ❛♥❞ ✭✶✷✮ ♣r✐❝❡s ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❛❧❧♦❝❛t✐♦♥✿

1
∫

0

p(r, a)da = v





1
∫

0

X(r, a)[1]da



+ r · K̃(r, δ)−
r

∫

z

K̃(y, δ)dy. ✭✶✸✮

P❧✉❣❣✐♥❣ ✭✶✸✮ ✐♥t♦ t❤❡ ♦❜❥❡❝t✐✈❡ r❡❞✉❝❡s ♣r♦❜❧❡♠ Pz
o t♦

max
x

r
∫

0

f(r)

(

v

1
∫

0

X(r, a)[1]da+ r · K̃(r, δ)−
r

∫

z

K̃(y, δ)dy

)

dr

s✳t✳ ✭MON✮✱ ✭F ✮ ❛♥❞ U(z, ida) ≥ U(r, ida) ∀r ∈ R✳

❇② ♣❛rt✐❛❧❧② ✐♥t❡❣r❛t✐♥❣ ❛♥❞ r❡❢♦r♠✉❧❛t✐♥❣ t❤❡ ♣r♦❜❧❡♠ ❝❛♥ ❜❡ r❡✇r✐tt❡♥ ❛s

max
x

z
∫

0

f(r)



v

1
∫

0

X(r, a)[1]da+ K̃(r, δ) ·
(

r +
F (r)

f(r)

)



 dr

+

r
∫

z

f(r)



v

1
∫

0

X(r, a)[1]da+ K̃(r, δ) ·
(

r − 1− F (r)

f(r)

)



 dr

✭✶✹✮

s✳t✳ ✭MON✮✱ ✭F ✮ ❛♥❞ U(z, ida) ≥ U(r, ida) ∀r ∈ R✳

✹✻



❈❧❛✐♠ ✶✿ ❆ ❢❡❛s✐❜❧❡ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ ✇❤✐❝❤ s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥ ✭❘❖✮ ✐s ❛ s♦❧✉t✐♦♥ t♦ Pz
o ✳

■❢ t❤❡r❡ ❡①✐sts ❛ ❢❡❛s✐❜❧❡ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ t❤❛t s❛t✐s✜❡s ✭❘❖✮ t❤❡♥ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ❛❧s♦

♥❡❝❡ss❛r② ❢♦r ❛♥ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ t♦ ❜❡ ❛♥ ♦♣t✐♠✉♠ t♦ Pz
o ✳

∫ 1

0

X(r, a)[1]da =1 ❛♥❞ K̃(r, δ) = 0 ✐❢ r ≤ max{b, z}
∫ 1

0

X(r, a)[1]da =1 ❛♥❞ K̃(r, δ) = 1− δ ✐❢ r > max{b, z}
✭❘❖✮

▼❛①✐♠✐③❛t✐♦♥ ♣r♦❜❧❡♠ ✭✶✹✮ ✐s s♦❧✈❡❞ ❜② ♣♦✐♥t✇✐s❡ ♠❛①✐♠✐③❛t✐♦♥ ❢♦r ❡✈❡r② ❡① ❛♥t❡ t②♣❡

r✳ ❘❡❝❛❧❧ b = sup{r ∈ R|(r − 1−F (r)
f(r)

≤ 0}✳
❆s z ❜② ❞❡✜♥✐t✐♦♥ ♠✐♥✐♠✐③❡s ❡①♣❡❝t❡❞ ✉t✐❧✐t②✱ ❢r♦♠ (ENV ) ❛♥❞ (MON) ❢♦❧❧♦✇s

K̃(r, δ) ≤ 0 ❢♦r r < z

❛♥❞ K̃(r, δ) ≥ 0 ❢♦r r > z.
✭✶✺✮

❋✉rt❤❡r♠♦r❡ ❢r♦♠ t❤❡ ❢❡❛s✐❜✐❧✐t② ❝♦♥str❛✐♥ts ✭F ✮ ❢♦❧❧♦✇s

∫ 1

0

X(r, a)[1]da ≤ 1 ❛♥❞

K̃(r, δ) =

∫ 1

0

∫ 1

0

(1− δ − 4|a− s|)dX(r, a)[s]da ≤
∫ 1

0

∫ 1

0

(1− δ)dX(r, a)[s]da ≤ 1− δ.

✭✶✻✮

❈❛s❡ ✶✿ r > z

❚❤❡ ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ ♠❛①✐♠✐③❡s

v

1
∫

0

X(r, a)[1]da+ K̃(r, δ) ·
(

r − 1− F (r)

f(r)

)

.

❈❛s❡ ✶✳✶✿ r > b

❚❤❡ ✈✐rt✉❛❧ ✈❛❧✉❡ ✐s ♣♦s✐t✐✈❡✳ ■❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♥tr❛❝t s✉❝❤ t❤❛t
∫ 1

0
X(r, a)[1]da = 1

❛♥❞ K̃(r, δ) = 1− δ✱ ❜② ✭✶✻✮ ✐t ✐s ♦♣t✐♠❛❧ ❛t ♣♦✐♥t r✳

❈❛s❡ ✶✳✷✿ r ≤ b

❚❤❡ ✈✐rt✉❛❧ ✈❛❧✉❡ ✐s ✇❡❛❦❧② ♥❡❣❛t✐✈❡✳✷✷ ■❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♥tr❛❝t s✉❝❤ t❤❛t
∫ 1

0
X(r, a)[1]da =

✷✷✇✳❧✳♦✳❣✳ ❧❡t b ❛♥❞ t②♣❡s ✇✐t❤ r − 1−F (r)
f(r) = 0 ❣❡t t❤❡ ❛❧❧♦❝❛t✐♦♥ ♦❢ ❧♦✇ t②♣❡s

✹✼



1 ❛♥❞ K̃(r, δ) = 0✱ ❜② ✭✶✺✮ ❛♥❞ ✭✶✻✮ ✐t ✐s ♦♣t✐♠❛❧ ❛t ♣♦✐♥t r✳

❈❛s❡ ✷✿ r < z

❚❤❡ ♦♣t✐♠❛❧ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ ♠❛①✐♠✐③❡s

v

1
∫

0

X(r, a)[1]da+ K̃(r, δ) ·
(

r +
F (r)

f(r)

)

.

❚❤❡ ✈✐rt✉❛❧ ✈❛❧✉❡
(

r + F (r)
f(r)

)

✐s ♣♦s✐t✐✈❡ ❢♦r ❛❧❧ r ∈ R✳ ■❢ t❤❡r❡ ❡①✐sts ❛ ❝♦♥tr❛❝t s✉❝❤

t❤❛t
∫ 1

0
X(r, a)[1]da = 1 ❛♥❞ K̃(r, δ) = 0✱ ❜② ✭✶✺✮ ❛♥❞ ✭✶✻✮ ✐t ✐s ♦♣t✐♠❛❧ ❛t ♣♦✐♥t r✳

Pr♦✈✐❞❡❞ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛ ❢❡❛s✐❜❧❡ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ ✇✐t❤ t❤❡ ❞❡t❡r♠✐♥❡❞ ❝❤❛r❛❝t❡r✐st✐❝s✱

❛♥② s♦❧✉t✐♦♥ t♦ t❤❡ r❡❧❛①❡❞ ♣r♦❜❧❡♠ ❤❛s t❤❡ ♣r♦♣❡rt✐❡s ✭❘❖✮✳ ▼♦♥♦t♦♥✐❝✐t② ✐s s❛t✐s✜❡❞✳

❈❧❛✐♠ ✷✿ ●✐✈❡♥ ❢❡❛s✐❜❧❡ ❛❧❧♦❝❛t✐♦♥ r✉❧❡s t❤❛t ✭❘❖✮ ❡①✐st✱ z ✐s ♦♣t✐♠❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ z ≤ b✳

■♥s❡rt t❤❡ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s ✭❘❖✮ ✐♥t♦ ♦❜❥❡❝t✐✈❡ ✭✶✹✮✿

z
∫

0

f(r)



v

1
∫

0

X(r, a)[1]da+ K̃(r, δ) ·
(

r +
F (r)

f(r)

)



 dr

+

r
∫

z

f(r)



v

1
∫

0

X(r, a)[1]da+ K̃(r, δ) ·
(

r − 1− F (r)

f(r)

)



 dr

=

z
∫

0

f(r)

[

v + 0 ·
(

r +
F (r)

f(r)

)]

dr +

r
∫

z

f(r)vdr +

r
∫

max{b,z}

f(r)(1− δ) ·
(

r − 1− F (r)

f(r)

)

dr

=v +

r
∫

max{b,z}

f(r)(1− δ) ·
(

r − 1− F (r)

f(r)

)

dr

❇② ❞❡✜♥✐t✐♦♥✱ r − 1−F (r)
f(r)

> 0 ∀r > b✳ ❍❡♥❝❡✱ z ✐s ♦♣t✐♠❛❧ ✐❢ ❛♥❞ ♦♥❧② ✐❢ z ≤ b✳

❋✐♥❛❧❧②✱ ■ ♣r❡s❡♥t ❛ ❞❡t❡r♠✐♥✐st✐❝ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ ✭▲❊✮ ✇❤✐❝❤ s❛t✐s✜❡s ✭❘❖✮✳

✹✽



❉❡♥♦t❡ t❤❡ s✐♥❣❧❡ ♠❛ss ♣♦✐♥t ♦❢ ♠❛ss ♦♥❡ ♦❢ X(r, a) ✐♥ ✭▲❊✮ ❜② xLE(r, a)✿

❋♦r r > b

xLE(r, a) = a ❛♥❞ p(r, a) = v + b(1− δ) ∀a;
❋♦r r ≤ b

xLE(r, a) =
√
1− δ/2 ❢♦r a <

√
1− δ/2,

xLE(r, a) = a ❢♦r a ∈ [
√
1− δ/2; 1−

√
1− δ/2],

xLE(r, a) = 1−
√
1− δ/2 ❢♦r a > 1−

√
1− δ/2,

p(r, a) = v ∀a.

✭▲❊✮

❋❡❛s✐❜✐❧✐t② ✐s str❛✐❣❤t ❢♦r✇❛r❞ t♦ s❡❡ ❛♥❞ ✭❘❖✮ ❝❛♥ ❜❡ ❡❛s✐❧② ❝❤❡❝❦❡❞ ❛s ✇❡❧❧✳ ❋r♦♠ ❡①✐s✲

t❡♥❝❡ ♦❢ ❛ ❢❡❛s✐❜❧❡ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ t♦❣❡t❤❡r ✇✐t❤ ❈❧❛✐♠s ✶ ❛♥❞ ✷ ❢♦❧❧♦✇s ▲❡♠♠❛ ✻✳

�

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✼✿

■t s✉✣❝❡s t♦ s❤♦✇ t❤❛t t❤❡ s✉❣❣❡st❡❞ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ ✭▲❊✮ ✐s ✐♠♣❧❡♠❡♥t❛❜❧❡ ✐♥ t❤❡ ♦r✐❣✐♥❛❧

♣r♦❜❧❡♠ ✇✐t❤ ♣r✐✈❛t❡ ❡① ♣♦st t②♣❡s✳ ▲❡♠♠❛ ✼ t❤❡♥ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✺✳

■♥ ❧✐♥❡ ✇✐t❤ ❙❡❝t✐♦♥ ✷ ■ s❤♦✇ t❤❛t ✭▲❊✮ s❛t✐s✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ str❡♥❣t❤❡♥❡❞ ✈❡rs✐♦♥ ♦❢

IC2✿

1
∫

0

vr,a(s)dX(r̂, a)[s]− p(r̂, a) ≥
1

∫

0

vr,a(s)dX(r̂, â)[s]− p(r̂, â) ∀r, r̂, a, â. ✭ICs
2✮

✭ICs
2✮ st❛t❡s t❤❛t ❡✈❡r② ❛❣❡♥t ❤❛s ❛♥ ✐♥❝❡♥t✐✈❡ t♦ tr✉t❤❢✉❧❧② r❡♣♦rt ❤✐s s❡❝♦♥❞ ♣❡r✐♦❞

t②♣❡ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❤✐s ✜rst ♣❡r✐♦❞ r❡♣♦rt✳ ❆s ❛r❣✉❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✱ t❤✐s

✐s s✉✣❝✐❡♥t t♦ s❤♦✇ ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t②✳

❆s ✭▲❊✮ s❛t✐s✜❡s p(r̂, â) = p(r̂, â′) ∀r ≤ b ∀â, â′ ∈ A✱ ✭▲❊✮ s❛t✐s✜❡s ✭ICs
2✮ ✐❢ ❛♥❞ ♦♥❧② ✐❢✿

1
∫

0

vr,a(s)dX(r̂, a)[s] ≥
1

∫

0

vr,a(s)dX(r̂, â)[s] ∀r, r̂, a, â.

✹✾



❆s ✭▲❊✮ ✐s ❞❡t❡r♠✐♥✐st✐❝✱ ❞❡♥♦t❡ t❤❡ ❛❧❧♦❝❛t✐♦♥ ❜② xLE
r̂,â ∈ S✳ ❚❤❡♥ ✭▲❊✮ s❛t✐s✜❡s ✭ICs

2✮

✐❢ ❛♥❞ ♦♥❧② ✐❢✿

vr,a(x
LE
r̂,a ) ≥ vr,a(x

LE
r̂,â ) ∀r, r̂, a, â

⇔ v + (1− δ)r − 4r|a− xLE
r̂,a | ≥ v + (1− δ)r − 4r|a− xLE

r̂,â | ∀r, r̂, a, â.
✭✶✼✮

❆ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r ✭✶✼✮ ✐s✿

⇔ |a− xLE
r̂,a | ≤ |a− xLE

r̂,â | ∀r, r̂, a, â. ✭✶✽✮

❈❛s❡ ✶✿ r̂ ≤ b

❈❛s❡ ✶✳✶✿ a ∈ [
√
1− δ/2; 1−

√
1− δ/2]

❇② ❞❡✜♥✐t✐♦♥✱ xLE
r̂,â = â ∀â ∈ [

√
1− δ/2; 1−

√
1− δ/2]✳

✭✶✽✮ ✐s s❛t✐s✜❡❞✱ ❛s |a− xLE
r̂,a | = 0 ≤ |a− xLE

r̂,â | ∀r, a, â.

❈❛s❡ ✶✳✷✿ a <
√
1− δ/2

❇② ❞❡✜♥✐t✐♦♥✱ xLE
r̂,â ≥

√
1− δ/2 ∀â✳

✭✶✽✮ ✐s s❛t✐s✜❡❞✱ ❛s |a− xLE
r̂,a | = |a−

√
1− δ/2| ≤ |a− xLE

r̂,â | ∀r, a, â.

❈❛s❡ ✶✳✸✿ a > 1−
√
1− δ/2

❇② ❞❡✜♥✐t✐♦♥✱ xLE
r̂,â ≤

√
1− δ/2 ∀â✳

✭✶✽✮ ✐s s❛t✐s✜❡❞✱ ❛s |a− xLE
r̂,a | = |a− 1−

√
1− δ/2| ≤ |a− xLE

r̂,â | ∀r, a, â.

❈❛s❡ ✷✿ r̂ > b

❇② ❞❡✜♥✐t✐♦♥✱ xLE
r̂,â = â ∀â✳

✭✶✽✮ ✐s s❛t✐s✜❡❞✱ ❛s |a− xLE
r̂,a | = 0 ≤ |a− xLE

r̂,â | ∀r, a, â.

�

Pr♦♦❢ ♦❢ ▲❡♠♠❛ ✽✿

❚❤❡ ♣r♦♦❢ ✇♦r❦s ❜② ❝♦♥tr❛❞✐❝t✐♦♥✿

❆ss✉♠❡ t❤❡r❡ ✐s ❛ s♦❧✉t✐♦♥ s✉❝❤ t❤❛t ∃r′ < b ❛♥❞ A′, A′′ ⊆ A ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t②

✺✵



♠❡❛s✉r❡ s✉❝❤ t❤❛t p(r′, a′) > p(r′, a′′) ∀a′ ∈ A′, a′′ ∈ A′′✳

❈❧❛✐♠ ✶✿ ❋♦r ❛❧❧ (a′, a′′) ∈ A′ × A′′ ∃ra′,a′′ > 0 s✉❝❤ t❤❛t ∀r ≤ ra′,a′′ tr✉t❤t❡❧❧✐♥❣ ❛❜♦✉t

t❤❡ s❡❝♦♥❞ ♣❡r✐♦❞ t②♣❡ ✐s ♥♦t ♦♣t✐♠❛❧ ❢♦r ❛t ❧❡❛st ♦♥❡ a ∈ {a′, a′′}✳

❚❛❦❡ ❛♥② ♣❛✐r a′, a′′ ✇✐t❤ a′ ∈ A′ ❛♥❞ a′′ ∈ A′′✳ ❆♥ ❛r❜✐tr❛r② ❡① ❛♥t❡ t②♣❡ r t❤❛t ❤❛s

r❡♣♦rt❡❞ r′ ✇✐❧❧ r❡♣♦rt ❤♦♥❡st❧② ❛❜♦✉t ❤✐s s❡❝♦♥❞ ♣❡r✐♦❞ t②♣❡ ♦♥❧② ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥✲

❡q✉❛❧✐t✐❡s ❤♦❧❞✿

1
∫

0

vr,a′(s)dX(r′, a′)[s]− p(r′, a′) ≥
1

∫

0

vr,a′(s)dX(r′, a′′)[s]− p(r′, a′′), ✭✶✾✮

1
∫

0

vr,a′′(s)dX(r′, a′′)[s]− p(r′, a′′) ≥
1

∫

0

vr,a′′(s)dX(r′, a′)[s]− p(r′, a′). ✭✷✵✮

❯s✐♥❣ t❤❡ ❢✉❧❧ ❛ss✐❣♥♠❡♥t ♣r♦♣❡rt②✱ ✭✶✾✮ ❛♥❞ ✭✷✵✮ ❛r❡ ❡q✉✐✈❛❧❡♥t t♦





1
∫

0

|a′ − s|dX(r′, a′)[s]−
1

∫

0

|a′ − s|dX(r′, a′′)[s]



 ∗ 4r

≤ p(r′, a′′)− p(r′, a′)

≤





1
∫

0

|a′′ − s|dX(r′, a′)[s]−
1

∫

0

|a′′ − s|dX(r′, a′′)[s]



 ∗ 4r.

✭✷✶✮

❙✐♥❝❡ p(r′, a′′)−p(r′, a′) 6= 0✱ ∃ra′,a′′ > 0 s✉❝❤ t❤❛t ∀r ≤ ra′,a′′ ✭✷✶✮ ❞♦❡s ♥♦t ❤♦❧❞✳ ❍❡♥❝❡✱

❜② ✭✶✾✮ ❛♥❞ ✭✷✵✮ ❛♥② t②♣❡ r ≤ ra′,a′′ t❤❛t ❤❛s ❝❧❛✐♠❡❞ t♦ ❜❡ ♦❢ t②♣❡ r′ ❤❛s ❛ str✐❝t

✐♥❝❡♥t✐✈❡ t♦ ❧✐❡ ❛❜♦✉t ❤✐s ❡① ♣♦st t②♣❡ ✇❤❡♥ ❜❡✐♥❣ ❡✐t❤❡r a′ ♦r a′′✳

❈❧❛✐♠ ✷✿ ❉❡✜♥❡ rA′,A′′ = ✐♥❢ {ra′,a′′ |a′ ∈ A′, a′′ ∈ A′′}✳ ❆♥② t②♣❡ r ≤ rA′,A′′ t❤❛t ❤❛s

❝❧❛✐♠❡❞ t♦ ❜❡ ♦❢ t②♣❡ r′ ❤❛s ❛ str✐❝t ✐♥❝❡♥t✐✈❡ t♦ ❧✐❡ ♦♥ ❛ s❡t ♦❢ ❡① ♣♦st t②♣❡s t❤❛t ❤❛s

♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✳

❇② ❝♦♥str✉❝t✐♦♥✱ ❛♥② t②♣❡ r ≤ rA′,A′′ ❤❛s ❛ str✐❝t ✐♥❝❡♥t✐✈❡ t♦ ❧✐❡ ✇❤❡♥ ❜❡✐♥❣ ❡✐t❤❡r a′

♦r a′′ ❢♦r ❛♥② ♣❛✐r (a′, a′′) ∈ (A′, A′′)✳ ❆ss✉♠❡ ✜rst ∃a′ ∈ A′ ❛♥❞ A′′
s ⊆ A′′ ✇✐t❤ ♣♦s✐t✐✈❡

♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ s✉❝❤ t❤❛t t②♣❡s ✭r, a′✮✱ r ≤ rA′,A′′ ❤❛✈❡ ♥♦ str✐❝t ✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡

t♦ ❛♥② a ∈ A′′
s ✳ ❇✉t t❤❡♥ ❜② ❈❧❛✐♠ ✶ t❤❡ t②♣❡s r ≤ rA′,A′′ ❤❛✈❡ ❛♥ ✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡ ♦♥

A′′
s ✱ ✇❤✐❝❤ ❤❛s ♣♦s✐t✐✈❡ ♠❡❛s✉r❡✳ ❙❡❝♦♥❞ ❛ss✉♠❡ t❤❛t ❢♦r ❛♥② a′ t❤❡r❡ ✐s ♥♦ s✉❝❤ s✉❜s❡t

✺✶



A′′
s ✳ ❇✉t t❤❡♥ ❜② ❈❧❛✐♠ ✶ t❤❡ t②♣❡s r ≤ rA′,A′′ ❤❛✈❡ ❛ str✐❝t ✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡ ♦♥ t❤❡

❡♥t✐r❡ s❡t A′✱ ✇❤✐❝❤ ❤❛s ♣♦s✐t✐✈❡ ♠❡❛s✉r❡✳

❈❧❛✐♠ ✸✿ ■❢ ❛♥ ❡① ❛♥t❡ t②♣❡ r r❡♣♦rts r′′ ≤ b ❛♥❞ t❤❡♥ tr✉t❤❢✉❧❧② r❡✈❡❛❧s ❤✐s ❡① ♣♦st t②♣❡

a✱ ❤✐s ❡① ❛♥t❡ ❡①♣❡❝t❡❞ ✉t✐❧✐t② ✐s ③❡r♦ ✭U(r′′, r, ida) = 0✮✳

❇② ❛ss✉♠♣t✐♦♥ t❤❡ ❛❧❧♦❝❛t✐♦♥ r✉❧❡ ✐s ♦♣t✐♠❛❧ ❛♥❞ t❤❡r❡❢♦r❡ ❜② ▲❡♠♠❛ ✼ s❛t✐s✜❡s t❤❡

♣r♦♣❡rt✐❡s ♦❢ ▲❡♠♠❛ ✻✳ ■♥s❡rt✐♥❣ t❤❡ ♦♣t✐♠❛❧✐t② ♣r♦♣❡rt✐❡s ❢r♦♠ ▲❡♠♠❛ ✻ ✐♥t♦ ✉t✐❧✐t②

✭✽✮ r❡✈❡❛❧s t❤❛t

U(r′′, r, ida) = U(r′′′′, r′′′, ida) ∀r, r′′′ ∈ R, ∀r′′, r′′′′ < b.

❋r♦♠ t❤✐s ❢♦❧❧♦✇s

U(r′′, r, ida) = U(r′′, ida) = U(z, ida) = 0 ∀r ∈ R, ∀r′′ < b.

❋✐♥❛❧ ❙t❡♣✿ ❇② ❈❧❛✐♠ ✸ U(r′, r, ida) = 0✳ ■❢ ❛♥ ❡① ❛♥t❡ t②♣❡ r ✇✐t❤ r ≤ ♠✐♥{rA′,A′′ , b}
r❡♣♦rts r′✱ ❜② ❈❧❛✐♠ ✷ ❤❡ ❤❛s ❛ str✐❝t ✐♥❝❡♥t✐✈❡ t♦ ❞❡✈✐❛t❡ ❢r♦♠ tr✉t❤❢✉❧❧② r❡✈❡❛❧✐♥❣ ❤✐s

❡① ♣♦st t②♣❡ a ♦♥ ❛ s❡t ♦❢ ❡① ♣♦st t②♣❡s ✇✐t❤ ♣♦s✐t✐✈❡ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡✳ ❋r♦♠ t❤✐s

❢♦❧❧♦✇s U(r′, r, σ∗) > 0 ∀r ≤ rA′,A′′ ✱ ✇❤❡r❡ σ∗(a, r, r′) ✐s ❛♥ ❛❣❡♥t✬s ♦♣t✐♠❛❧ str❛t❡❣②

❛❜♦✉t r❡♣♦rt✐♥❣ ❡① ♣♦st t②♣❡s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❤✐s tr✉❡ a✱ ✇❤❡♥ ❜❡✐♥❣ ♦❢ t②♣❡ r ❛♥❞

❤❛✈✐♥❣ r❡♣♦rt❡❞ r′✳ ❋r♦♠ IC1 ❢♦❧❧♦✇s t❤❡♥ U(r, ida) ≥ U(r′, r, σ∗) > 0✳ ❚❤✐s ❝♦♥tr❛❞✐❝ts

♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥ U(r, ida) = v − v = 0✱ ✇❤✐❝❤ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✻✳ �

Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✿

▲❡♠♠❛s ✻ t♦ ✽ s❤♦✇ t❤❛t t❤❡ ♣r♦♣❡rt✐❡s ❣✐✈❡♥ ✐♥ t❤❡ ❢♦✉r ❜✉❧❧❡t ♣♦✐♥ts ❛r❡ ♥❡❝❡ss❛r② ❢♦r ❛

s♦❧✉t✐♦♥✳ ❚❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥ ✸ ✐♠♣❧② ❛❧❧ ❝♦♥❞✐t✐♦♥s ♦❢ ▲❡♠♠❛ ✻✳ ❍❡♥❝❡✱ ✐❢ t❤❡

♣r♦♣❡rt✐❡s ❛♥❞ ❡① ♣♦st t②♣❡ ✐♥❞❡♣❡♥❞❡♥t ♣r✐❝❡s ❛r❡ s✉✣❝✐❡♥t ❢♦r ✐♥❝❡♥t✐✈❡ ❝♦♠♣❛t✐❜✐❧✐t②✱

t❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡❞✳

❆❣❛✐♥✱ ✐t ✐s s✉✣❝✐❡♥t t♦ s❤♦✇ t❤❛t ✭ICs
2✮ ✐s s❛t✐s✜❡❞✳ ❯s✐♥❣ ❡① ♣♦st t②♣❡ ✐♥❞❡♣❡♥❞❡♥❝❡

✺✷



♦❢ ♣r✐❝❡s p(r, a) = p(r, a′) ∀r ∈ R ∀a, a′ ∈ A✱ ✭ICs
2✮ ❝❛♥ ❜❡ r❡❢♦r♠✉❧❛t❡❞✿

1
∫

0

vr,a(s)dX(r̂, a)[s]− p(r̂, a) ≥
1

∫

0

vr,a(s)dX(r̂, â)[s]− p(r̂, â) ∀r, r̂, a, â

⇔
1

∫

0

v + (1− δ)r − 4r|a− s|dX(r̂, a)[s] ≥
1

∫

0

v + (1− δ)r − 4r|a− s|dX(r̂, â)[s] ∀r, r̂, a, â

⇔
1

∫

0

|a− s|dX(r̂, a)[s] ≤
1

∫

0

|a− s|dX(r̂, â)[s] ∀r, r̂, a, â

❈❛s❡ ✶✿ r̂ ≤ b

✭ICs
2✮ ✐s ✐♥❞❡♣❡♥❞❡♥t ♦❢ t❤❡ tr✉❡ ❡① ❛♥t❡ t②♣❡ r ❛♥❞ r❡❧❛❜❡❧✐♥❣ r̂ ❛s r ❣✐✈❡s ✭✾✮✳ ❇② t❤❡

s❡❝♦♥❞ ♣r♦♣❡rt② ♦❢ Pr♦♣♦s✐t✐♦♥ ✸ ✭✾✮ ✐s s❛t✐s✜❡❞✳

❈❛s❡ ✷✿ r̂ > b

❇② t❤❡ ✜rst ♣r♦♣❡rt② ❢♦❧❧♦✇s✿

1
∫

0

|a− s|dX(r̂, a)[s] = 0 ≤
1

∫

0

|a− s|dX(r̂, â)[s] ∀r, r̂, a, â.

�

❘❡❢❡r❡♥❝❡s✿

❆❦❛♥ ▼✳✱ ❆t❛ ❇✳ ❛♥❞ ❏✳ ❉❛♥❛ ✭✷✵✶✶✮✳ ✬❘❡✈❡♥✉❡ ▼❛♥❛❣❡♠❡♥t ❜② ❙❡q✉❡♥t✐❛❧ ❙❝r❡❡♥✐♥❣✳✬

♠✐♠❡♦

❇❛r♦♥✱ ❉✳ ❛♥❞ ❉✳ ❇❡s❛♥❦♦ ✭✶✾✽✹✮✳ ✬❘❡❣✉❧❛t✐♦♥ ❛♥❞ ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❛ ❝♦♥t✐♥✉✐♥❣ r❡❧❛t✐♦♥✲

s❤✐♣✳✬ ■♥❢♦r♠❛t✐♦♥ ❊❝♦♥♦♠✐❝s ❛♥❞ P♦❧✐❝② ✶✱ ✷✻✼✲✸✵✷✳

❈♦✉rt②✱ P✳ ❛♥❞ ❍✳ ▲✐ ✭✷✵✵✵✮✳ ✬❙❡q✉❡♥t✐❛❧ ❙❝r❡❡♥✐♥❣✬✳ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s ✻✼✱

✻✾✼✲✼✶✼✳

❈♦✉rt② P✳ ✭✷✵✵✸✮✳ ✬❙♦♠❡ ❊❝♦♥♦♠✐❝s ♦❢ ❚✐❝❦❡t ❘❡s❛❧❡✳✬ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ P❡rs♣❡❝t✐✈❡s

✶✼ ✽✺✲✾✼✳

❈♦✉rt② P✳ ✭✷✵✵✸✮✳ ✬❚✐❝❦❡t ♣r✐❝✐♥❣ ✉♥❞❡r ❞❡♠❛♥❞ ✉♥❝❡rt❛✐♥t②✳✬ ❏♦✉r♥❛❧ ♦❢ ▲❛✇ ❛♥❞ ❊❝♦✲

♥♦♠✐❝s ✹✻ ✷✼✕✻✺✷✳

❉❡❜✱ ❘✳ ❛♥❞ ▼✳ ❙❛✐❞ ✭✷✵✶✹✮✳ ✬❉②♥❛♠✐❝ ❙❝r❡❡♥✐♥❣ ✇✐t❤ ▲✐♠✐t❡❞ ❈♦♠♠✐t♠❡♥t✳✬ ♠✐♠❡♦

✺✸



❉❡●r❛❜❛ P✳ ✭✶✾✾✺✮✳ ✬❇✉②✐♥❣ ❢r❡♥③✐❡s ❛♥❞ s❡❧❧❡r✲✐♥❞✉❝❡❞ ❞❡♠❛♥❞✳✬ ❘❆◆❉ ❏♦✉r♥❛❧ ♦❢

❊❝♦♥♦♠✐❝s ✷✻ ✸✸✶✲✸✹✷✳

❊sö✱ P✳ ❛♥❞ ❇✳ ❙③❡♥t❡s ✭✷✵✵✼✮✳ ✬❖♣t✐♠❛❧ ■♥❢♦r♠❛t✐♦♥ ❉✐s❝❧♦s✉r❡ ✐♥ ❆✉❝t✐♦♥s ❛♥❞ t❤❡

❍❛♥❞✐❝❛♣ ❆✉❝t✐♦♥✳✬ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝ ❙t✉❞✐❡s ✼✹✱ ✼✵✺✕✼✸✶✳

●❛❧❡✱ ■✳ ❛♥❞ ❚✳ ❍♦❧♠❡s ✭✶✾✾✷✮✳ ✬❚❤❡ ❡✣❝✐❡♥❝② ♦❢ ❛❞✈❛♥❝❡✲♣✉r❝❤❛s❡ ❞✐s❝♦✉♥ts ✐♥ t❤❡

♣r❡s❡♥❝❡ ♦❢ ❛❣❣r❡❣❛t❡ ❞❡♠❛♥❞ ✉♥❝❡rt❛✐♥t②✳✬ ■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ■♥❞✉str✐❛❧ ❖r❣❛♥✐✲

③❛t✐♦♥ ✶✵✱ ✹✶✸✕✹✸✼✳

●❛❧❡✱ ■✳ ❛♥❞ ❚✳ ❍♦❧♠❡s ✭✶✾✾✸✮✳ ✬❆❞✈❛♥❝❡✲♣✉r❝❤❛s❡ ❞✐s❝♦✉♥ts ❛♥❞ ♠♦♥♦♣♦❧② ❛❧❧♦❝❛t✐♦♥

♦❢ ❝❛♣❛❝✐t②✳✬ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❘❡✈✐❡✇ ✽✸ ✶✸✺✕✶✹✻✳

●❛❧❡ ■✳ ✭✶✾✾✸✮✳ ✬Pr✐❝❡ ❞✐s♣❡rs✐♦♥ ✐♥ ❛ ♠❛r❦❡t ✇✐t❤ ❛❞✈❛♥❝❡✲♣✉r❝❤❛s❡s✳✬ ❘❡✈✐❡✇ ♦❢ ■♥❞✉s✲

tr✐❛❧ ❖r❣❛♥✐③❛t✐♦♥ ✹ ✹✺✶✲✹✻✹✳

■♥❞❡rst✱ ❘✳ ❛♥❞ ▼✳ P❡✐t③ ✭✷✵✶✷✮✳ ✬■♥❢♦r♠✐♥❣ ❝♦♥s✉♠❡rs ❛❜♦✉t t❤❡✐r ♦✇♥ ♣r❡❢❡r❡♥❝❡s✳✬

■♥t❡r♥❛t✐♦♥❛❧ ❏♦✉r♥❛❧ ♦❢ ■♥❞✉str✐❛❧ ❖r❣❛♥✐③❛t✐♦♥ ✸✵ ✹✶✼✲✹✷✽✳

❏✉❧❧✐❡♥✱ ❇✳ ✭✷✵✵✵✮✳ ✬P❛rt✐❝✐♣❛t✐♦♥ ❈♦♥str❛✐♥ts ✐♥ ❆❞✈❡rs❡ ❙❡❧❡❝t✐♦♥ ▼♦❞❡❧s✳✬ ❏♦✉♥❛❧ ♦❢

❊❝♦♥♦♠✐❝ ❚❤❡♦r② ✾✸ ✶✲✹✼✳

❑rä❤♠❡r✱ ❉✳ ❛♥❞ ❘✳ ❙tr❛✉s③ ✭✷✵✶✹✮✳ ✬❖♣t✐♠❛❧ ❙❛❧❡s ❈♦♥tr❛❝ts ✇✐t❤ ❲✐t❤❞r❛✇❛❧ ❘✐❣❤ts✳✬

♠✐♠❡♦

❑rä❤♠❡r✱ ❉✳ ❛♥❞ ❘✳ ❙tr❛✉s③ ✭✷✵✶✹✮✳ ✬❊① ♣♦st ✐♥❢♦r♠❛t✐♦♥ r❡♥ts ✐♥ s❡q✉❡♥t✐❛❧ s❝r❡❡♥✐♥❣✳✬

♠✐♠❡♦

▲❡✇✐s✱ ❚✳ ❛♥❞ ❉✳ ❙❛♣♣✐♥❣t♦♥ ✭✶✾✽✾✮✳ ✬❈♦✉♥t❡r✈❛✐❧✐♥❣ ■♥❝❡♥t✐✈❡s ✐♥ ❆❣❡♥❝② Pr♦❜❧❡♠s✳✬

❏♦✉♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❚❤❡♦r② ✹✾ ✷✾✹✲✸✶✸✳

▼❛❣❣✐✱ ●✳ ❛♥❞ ❆✳ ❘♦❞r✐❣✉❡③✲❈❧❛r❡ ✭✶✾✾✺✮✳ ✬❖♥ ❈♦✉♥t❡r✈❛✐❧✐♥❣ ■♥❝❡♥t✐✈❡s✳✬ ❏♦✉♥❛❧ ♦❢

❊❝♦♥♦♠✐❝ ❚❤❡♦r② ✻✻ ✷✸✽✲✷✻✸✳

▼✐❧❣r♦♠✱ ❘✳ ❛♥❞ ■✳ ❙❡❣❛❧ ✭✷✵✵✷✮✳ ✬❊♥✈❡❧♦♣❡ ❚❤❡♦r❡♠s ❢♦r ❆r❜✐tr❛r② ❈❤♦✐❝❡ ❙❡ts✳✬ ❊❝♦♥♦✲

♠❡tr✐❝❛ ✼✵ ✺✸✽✕✻✵✶✳

▼ö❧❧❡r✱ ▼✳ ❛♥❞ ▼✳ ❲❛t❛♥❛❜❡ ✭✷✵✶✵✮✳ ✬❆❞✈❛♥❝❡ ♣✉r❝❤❛s❡ ❞✐s❝♦✉♥ts ✈❡rs✉s ❝❧❡❛r❛♥❝❡

s❛❧❡s✳✬ ❚❤❡ ❊❝♦♥♦♠✐❝ ❏♦✉r♥❛❧ ✶✶✵ ✶✶✷✺✲✶✶✹✽✳

▼ö❧❧❡r✱ ▼✳ ❛♥❞ ▼✳ ❲❛t❛♥❛❜❡ ✭✷✵✶✸✮✳ ✬❈♦♠♣❡t✐t✐♦♥ ✐♥ t❤❡ Pr❡s❡♥❝❡ ♦❢ ■♥❞✐✈✐❞✉❛❧ ❉❡✲

♠❛♥❞✳✬ ♠✐♠❡♦

▼②❡rs♦♥✱ ❘✳ ✭✶✾✽✶✮✳ ✬❖♣t✐♠❛❧ ❛✉❝t✐♦♥ ❞❡s✐❣♥✳✬ ▼❛t❤❡♠❛t✐❝s ♦❢ ❖♣❡r❛t✐♦♥s ❘❡s❡❛r❝❤ ✻

✺✽✕✼✸✳

▼②❡rs♦♥✱ ❘✳ ✭✶✾✽✻✮✳ ✬▼✉❧t✐st❛❣❡ ●❛♠❡s ✇✐t❤ ❈♦♠♠✉♥✐❝❛t✐♦♥✳✬ ❊❝♦♥♦♠❡tr✐❝❛ ✺✹ ✸✷✸✕✸✺✽✳

◆♦❝❦❡ ❱✳✱ P❡✐t③ ▼✳ ❛♥❞ ❋✳ ❘♦s❛r ✭✷✵✶✶✮✳ ✬❆❞✈❛♥❝❡✲♣✉r❝❤❛s❡ ❞✐s❝♦✉♥ts ❛s ❛ ♣r✐❝❡ ❞✐s✲

❝r✐♠✐♥❛t✐♦♥ ❞❡✈✐❝❡✳✬ ❏♦✉♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❚❤❡♦r② ✶✹✻ ✶✹✶✲✶✻✷✳

◆ö❧❞❡❦❡✱ ●✳ ❛♥❞ ▲✳ ❙❛♠✉❡❧s♦♥ ✭✷✵✵✼✮✳ ✬❖♣t✐♠❛❧ ❇✉♥❝❤✐♥❣ ✇✐t❤♦✉t ❖♣t✐♠❛❧ ❈♦♥tr♦❧✳✬

✺✹



❏♦✉♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❚❤❡♦r② ✶✸✹ ✹✵✺✲✹✷✵✳

P❛✈❛♥ ❆✳✱ ❙❡❣❛❧ ■✳ ❛♥❞ ❏✳ ❚♦✐❦❦❛ ✭✷✵✶✹✮✳ ✬❉②♥❛♠✐❝ ▼❡❝❤❛♥✐s♠ ❉❡s✐❣♥✿ ❆ ▼②❡rs♦♥✐❛♥

❆♣♣r♦❛❝❤✳✬ ❊❝♦♥♦♠❡tr✐❝❛ ✽✷ ✻✵✶✕✻✺✸✳

✺✺


