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EXTENDED LIBOR MARKET MODELS WITH AFFINE AND QUADRATIC
VOLATILITY

CHRISTIAN ZÜHLSDORFF

ABSTRACT. Themarket modelof interestratesspecifiessimpleforwardor Libor ratesaslog-

normallydistributed,their stochasticdynamicshasa linearvolatility function.In this paper, the

modelis extendedto quadraticvolatility functionswhich aretheproductof a quadraticpolyno-

mial anda level-independentcovariancematrix. The extendedLibor market modelsallow for

closedform cappricing formulae,the implied volatilities of the new formulaearesmilesand

frowns.Wegiveexamplesfor thepossibleshapesof impliedvolatilities.Furthermore,wederive

anew approximativeswaptionpricingformulaanddiscussits properties.Themodelis calibrated

to market prices,it turnsout thatno extendedmodelspecificationoutperformsthe others.The

criteriafor modelchoiceshouldthusbetheoreticalpropertiesandcomputationalefficiency.

JEL ClassificationE43,G12,G13

Keywords forwardLibor rates,Libor market model,affine volatility, quadraticvolatility, der-

vativespricing,closedform solutions,LMM

INTRODUCTION

In thefollowing the termforward raterefersto a discretelycompoundedinterestrate.Models

for forward ratesarecalledLibor market modelsbecausethey describethebehaviour of rates

whicharedirectlyobservablein themarket,e.g.
�
- or � -monthLibor. This is amajoradvantage

overclassicalshortratemodelsor theHeath,Jarrow andMorton(1992)modelfor continuously-

compoundedrates.Continuously-compoundedforwardratesarea theoreticalconstructandare

only availableby someinterpolationalgorithm.

After theseminalarticleby Heathet al. (1992)who derive theno-arbitrageconditionsfor gen-

eralwhole-yield-curve modelsthenext stepin termstructuremodellingwasthedevelopment

of theLibor marketmodels:Miltersen,SandmannandSondermann(1997)provedthatby mod-

elling (simple)forwardratesaslognormaltheno-arbitragepriceof capsandfloorsaregivenby

theBlack(1976)formulausedby practitionersandthatthismodelcanbespecifiedin theHeath

et al. (1992) framework. Theseresultswereextendedby Brace,GatarekandMusiela(1997)

who derivedan approximative formula for swaptionpricesandJamshidian(1997)who intro-

ducedtheswapmarketmodel.
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The pricing formulaederived in the cited articlesrely on the assumptionthat the distribution

of the forward rate(or theswaprate)underthepricing measureis lognormal.In anempirical

analysisof theLibor market andtheswapmarket modelDe Jong,DriessenandPelsser(2001)

find systematicpricing errorswhich canbeexplainedby yield-spreadandyield-curvaturepa-

rameters.

AndersenandAndreasen(2000)werethefirst to introduceanextendedLibor marketmodel:the

constantelasticityof variance(CEV) Libor market modelwith volatility beinga power func-

tion. For this specificationthey derivea closed-formcappricing formulaandanapproximative

swaptionpricing formula.

In thefollowing we will proposeotherspecificationsof thevolatility functionwhich offer an-

alytical pricing formulaeandareeasyto implement.In Zühlsdorff (1998) it wasshown that

the pricing partial differentialequation(PDE) for a Europeancontingentclaim canbe solved

in a modelfor the (forward) price of an assetwith a quadraticvolatility function, the lognor-

mal specificationbeinga specialcase.This resultis usedin thefirst andsecondsectionof this

paperto extendtheLibor market modelto quadraticvolatility andderive closed-formpricing

formulaefor caps.

In the quadraticvolatility setupthe probability of attainingzeromay be postive so we have

to imposeabsorptionas the only arbitrage-freeboundarybehaviour consistentwith positive

interestrates.

In section4 we derive thedynamicsof swapratesin theextendedLibor market model.Given

this, it is possibleto show that theuseof thesamevolatility function for forwardasfor swap

ratesis a goodapproximationof thecorrectswapvolatility function for affine volatility mod-

els andapproximatelyconstantcovariancefactors.In this casethe model givesclosed-form

solutionsjointly for capsandfor swaptions.

In section5 differentmodelsarecalibratedto market pricesof capsandswaptions.All specifi-

cationsperformbetterthanthelognormalone,but noparticularmodeloutperformstheothers.

Section6 concludes.We will arguethat themodelwith affine volatility is themostinteresting

onefor furtherinvestigationfrom theoretical,computationalandempiricalpointsof view.

1. EXTENDED LIBOR MARKET MODELS

Westarttheconstructionof thebondmarketwith a tenorstructure, anincreasinglist of maturity

dates: ����� �	��
�
�

� � ��� ����� ����� � � � ��� � ��� � � ���! #"$"% '&
All the cashflows we will considerwill take placeat oneof thesedates.The daycountfrac-

tions �(� areusuallytime intervalsof lengththreeor six months(up to daycountcorrections).

Ourbasicunderlyingsarethezerocouponbondswhich matureat thesedates:) �*� ) �
+ �-, � ) + �  � � , for � ���! #"$"$ '&/.0�
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If our modelis arbitragefree,we canassociateto eachbond
) � a measure1 � suchthatcash-

flows discountedby
) � are local martingalesunder 1 � . The measure1 � will be called the� -forwardmeasure.

1.1. Specification. Giventhetenorstructure,thesimplecompoundingforward ratesor Libor

rates2 � aredefinedby 2 ��� ) �3� ) � � ��(� ) � � � for � ���4 #"%"$ '&5"
It holds ) �*� ) ��� � �6798 � +:�;.<� 7 2 7 , � ) � �>=?�67-8 � +:�@.<� 7 2 7 , =?� for � ���4 #"%"$ '&/.��! 
emptyproductsare � by definition.As Libor ratesarenominalrates,we imposethecondition

that they arenon-negative.Or, we couldsaythatwe want thediscountcurve ACBD ) + �  � . A ,
to benon-increasing.

As the Libor ratesare simple portfolios of discountedbonds,the usualargumentapplies:if

themodelallows therateto attainzero,for no-arbitrageto hold it hasto beabsorbedin zero.

Supposethaton thecontrarytherateis reflected(immediatelyor afterastoppingtime):2 ��� �
implies ) � � �E� ) �F 
in thatcaseany arbitrageurwouldbuy

) � andsell
) � � � at zerocostandwait until) ��� ) � � �( 

makinga risklessprofit by closinghis position.For an elaborationof the sameproblemfor

continuously-compoundedforwardratesseeGoldsteinandKeirstead(1997).

Takenow asgivenastochasticbase+HGI )  KJ�LNMPORQ9STMUSWV , which satisfiestheusualconditionsand

an adaptedX -dimensionalWiener processY for an integer X � �
. Vectorswill be column

vectorsand Z will denotetransposition.We call a stochasticmodelfor thedynamicsof forward

Libor ratesof theform XT2 ����
�
�
 X � .\[]+ 2 � ,_^ Z� XFY
anextendedLibor market modelif thefollowing holds:[ is a deterministicfunctionandthe

^ �
are X -dimensionalstochasticprocessesindependentof the 2 � . In the following the

^
s will be

called the covariancefactorsof the model and [ the volatility function. Given the extended

dynamics,thecovariationof theratesisXa`b2 �F 2 7dc �e[]+ 2 � ,f^ Z� ^ 7 []+ 2 7 , X � "
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1.2. No-Arbitrage.

Lemma 1.1. Thearbitrage-freedynamicsof theLibor ratesundertheforward martingalemea-

sure 1hg with numeraire
) g isXF2 � � [_+ 2 � ,f^ Z� XFY g . �i 798 � � 7 []+ 2 � , []+ 2 7 ,�@.<� 7 2 7 ^ Z� ^ 7 X � � g =?�i 798 � � 7 []+ 2 � , []+ 2 7 ,�@.<� 7 2 7 ^ Z� ^ 7 X �� [_+ 2 � ,f^ Z�kj XFY g . �i 7-8 �ml +H� 7  2 7 ,n^ 7 X � � g =?�i 798 ��l +H� 7  2 7 ,o^ 7 X �qp

with l +r�� 2 , � �'[]+ 2 ,�;.<� 2 "
Emptysumsarezero bydefinition.

Proof. We have to show that underthe specifieddynamicsfor 2 discountedbondpricesare

martingales,sotheproof consistsof verifying thatthedynamicsof thediscountedbondpricess ��� ) �) g
is X s �s � � j �i 7-8 � l +r� 7  2 7 ,k^ 7 � �i798 g l +r� 7  2 7 ,o^ 7 p Z XFY g "
The trivial but tediouscalculationof the derivativesof the

s
s with respectto the 2 s andthe

applicationof Itô’s formulais in appendixA.1. t
Now thatwehaveknow thearbitrage-freedynamicsof theLibor rates,wehave to checkunder

whichconditionsthethusspecifiedSDEis well-defined,ie, wetherthearbitrage-freedynamics

hasa strongnon-explodingsolution.

Proposition 1.2. Assumethat thevolatility function [ is locally Lipschitz-continuousandthat

thecovariation factorsaredeterministicfunctionssuch that�Nu ��^ �?+ �-, Z ^ 7 + �-,	� u for all

�
and � � �  wv � &

for a constantuyx �
. Thenthemodelis well-definedundertheterminalmeasure 1 V � 1 ��� � .

The proof is in appendixA.2. Note that any continuouslydifferentiablevolatility function is

locally Lipschitz-continuous,sothepropositioncoversa largeclassof possiblespecifications.

Under 1 ��� � discountedbondprices
s � arelocal martingalesandsatisfys � � �z� ) � � �) ��� � � ��@.<��� 2 � ) �) ��� � � ) �) ��� � � s �

asby construction2 ��x �
. Thusthespecificationsatisfiestheno-arbitrageconditionof Musiela

andRutkowski (1997,2.3).UsingthebackwardinductiontechniquefromMusielaandRutkowski
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(1997,4.1),the � -forwardmeasure1 � is specifiedby theGirsanov densitiesXF1 �XF1 � � �|{{{{~}F� �0�e�a� MQ l +r���� 2 � ,k^ Z� XFY � � �q�
giventhe � .�� -forwardmeasure1 � � � . Weobtainthedynamicsof lemma1.1for theassociated

Wienerprocesses XFY � � XFY � � � � l +r���� 2 � ,m^ � X � "
1.3. Monte-Carlo Simulation. The standardway to discretizethe dynamicsof 2 for Monte

CarlopricingareEulersteps:2 �|+ �w� � � , � 2 �?+ �w�r, .�[]+ 2 �?+ �w��,9,w^ �?+ �w��, Zj;� � �U�>� . �i 798 � l +r� 7  2 7 + �w��,-,_^ 7 + �w�r, � � � g =?�i 798 � l +r� 7  2 7 + �w��,-,_^ 7 + �w�r, � ��p
for independentX -dimensionalnormalrandomvariates

���
. This Eulerschemeis advocatedas

approximationby Hull andWhite (2000a)andHull andWhite (2000b)in the lognormalcase.

They arguethatoneEulerstepoffers sufficient accuracy for practicalpurposesandis easyto

implement.Hunter, Jäckel andJoshi(2001)proposea predictor-correctorEulermethodwhich

improveson this simplescheme.

GlassermanandZhao (2000)argue that it is possibleto avoid problemsassociatedwith the

discretizationof thedrift. They proposeto simulateothercloselyrelatedmartingales,e.g.dis-

countedbond prices
s � . In a detailedanalysisof the pricing error they find that underthe

terminalmeasure1 ��� � themartingales� ��� s �3� s � � ���� � 2 � s � � ��� 2 � �67-8 � � � +:�;.e� 7 2 7 , � ) �3� ) � � ��(� ) ��� �
givebetterresultsfor derivativespricing thanothercandidates.It holdss ��� ) �) ��� � ���	. �i 7-8 � � 7 � 7 "
Giventhedynamicsof thediscountedbonds

s
, thedynamicsof the

� � isX � �� � � X s �3� X s � � ���� � �� ��(� � � j s � �i 7-8 � l +H� 7  2 7 ,f^ 7 � s � � � �i798 � � � l +r� 7  2 7 ,f^ 7 p Z XFY ��� �
� j s �� � [_+ 2 � ,�@.<��� 2 � ^T� . �i798 � � � l +H� 7  2 7 ,_^ 7 p Z XFY ��� �
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so X � � � � � j []+ 2 ��,2 � ^T� . �i798 � � ��l +H� 7  2 7 ,_^ 7 p Z X�Y ��� �
� j s � � ��[_+ � �4� s � � � ,f^ ��. �i798 � � � � 7 s 79� ��[]+ � 7 � s 7-� � ,s 7 ^ 7 p Z XFY ��� � "

For � ��& it holds X � � � XF2 � �e[_+ � � ,f^ Z� XFY ��� � "
For the lognormalspecification[]+ 2 , � 2 we obtain formula (19) of GlassermanandZhao

(2000): X � �� � � j ^ ��. �i7-8 � � � � 7 2 7�@.<� 7 2 7 ^ 7 p Z XFY ��� �
2. CAPLET PRICING

A capletis acall ona forwardratepayedin arrears,ie, thecontingentclaimgivenby thepayoff�(��+ 2 �
+ � � , �e� , �
at time

� � � � . It is usedto hedgethebuyeragainstupwardmovesof interestrates.We compute

theno-arbitragepriceof thecapletunderthe � .0� -forwardmeasure:u��H�(���HM-+ �-, ����� ) � � ��+ �-,-� � � ��� + 2 �|+ � � , �e� , ��� LNMU�
Usingtheresultsof Zühlsdorff (1998)weknow that� � � � � + 2 �?+ � � , �e� , � � LNM � ��� + �  2 �|+ �-,-,
for a function � thatsolvesthepricingPDE¡ �¡ � . �¢ ^ + �-,q£ []+ 2 ,:£ ¡ £ �¡ £ 2 � �  �n+��� 2 , �¤+ 2 �¥� , � "
Definethetimechange¦ by¦ £ + �-, � � M¨§M © ^ �
+rª , © £ X ªk� � M¨§M ^ �?+�ª , Z ^ �
+�ª , X ª_"
Thefollowing specificationsgive tractablemodelswith closed-formpricing rulesfor caplets.

2.1. Log-normal. []+ 2 , � 2
This is thestandardlognormalmarket modelof Miltersenet al. (1997).Thecapletis pricedby

theindustrystandardBlack formula«�¬ +b�­ 2  ¦ , � 2;® + X . ¦ � ¢ , �¯� ® + X � ¦ � ¢ , X �/°²±!³ 2 � °²±!³ �¦
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which was derived in a seminalarticle by FischerBlack (1976). The Libor rate 2 � is log-

normallydistributedunderthe � .´� -forwardmeasure,cf. thediscussionfor thequadraticspec-

ificationwith two realrootsin section2.4.

2.2. Normal. Theclassof Normal,Gaussian,or Bacheliermodelsis specifiedby[]+ 2 , ���!"
Libor rates 2 arenormally, forwards(forward bondprices)are lognormallydistributed.The

priceof acapletis givenby theBachelierformulawith absorption:«�µ4¶ � +b�­ 2  ¦ , � «�µ4¶ +b�­ 2  ¦ , � «�µ4¶ +b�­ d� 2  ¦ ,
with «�µ4¶ +H�­ 2  ¦ , � ¦_·~X�® + X , .¹¸�+ X ,qº X � 2 �e�¦
2.3. Affine. ThelognormalandtheGaussianmodelarespecialcasesof affine volatility ( »_¼ )

marketmodelswith [_+ 2 , � 2 �¯½
where½��N� �

is anon-attainableboundary. Thecaplet’spricing formulais»_¼ � +b�­ 2  ¦  '½ , � «¾¬ +b�¿�¥½w 2 �¥½w ¦ , � «¾¬ +9+H�¿��½ , +H½À� 2 , �4½w #�Á½w ¦ , "
2.4. Quadratic Volatility with two real roots.[_+ 2 , � 2 +:��� 2 ��ª , � �¹ª
Zeroand ª arenon-attainableboundsfor theLibor rates,thecapletpriceis����Â ¢ +b�a 2  ¦  Ãª , � «¾¬ +b�À+:��� 2 ��ª ,  2 +:�¾�e�Ä��ª ,  ¦ , "
Thisspecificationof theLibor dynamicsis a very intuitiv one,it putsa naturalupperboundon

theforwardinterestrateandweknow from thework of Ingersoll(1997)thattheratewill never

attainits lower boundzeroor its upperbound ª . Ingersoll(1997)useda dynamicslike this for

anexchangerate.Usingthecorollaryfrom section1 in Zühlsdorff (1998),wecaneasilyrecover

formula(11) from Ingersoll(1997)for thetransitiondensity) � � � + 2 �?+ � � ,	Å XWÆ � 2 �|+ �-, � A , ��Ç =TÈ(ÉPÊPË A +q��� A ,ÆFÌ +q��� Æ , Ì�Í � °²±!³ � Æ��� Æ ��Î ¦  °²±4³ � A��� A �Á�
where Í + Æ Î ¦  A , is the transitiondensityof Brownian motion.Miltersenet al. (1997)showed

thatin thelognormalLibor marketmodelthedynamicsof the � .0� –bond’s forwardprices � � �E� ) � � �) �
underthe � -forwardmeasure1 � is of thefollowing form:X s � � �z�¤� s � � �m+:��� s � � � ,h^ Z� XFY �
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Again,wefind atransitiondensityof theform givenabove,seeequation(12) in Miltersenetal.

(1997).

2.5. Quadratic Volatility with two real roots and unbounded domain. This specification

hastwo realroots,theupperonein zero.Thedomainof theLibor rateis from zeroto infinity.[]+ 2 , � 2 +:�@. 2 � X , X � �
Thevalueof thecapletisÂ ¢RÏ +H�­ 2  ¦  X , � «¾¬ÑÐ �m+ 2 � X .0� ,  2 +b�Ä� X .�� ,  ¦ Ò "
2.6. Quadratic Volatility with onereal root. Thequadraticspecification[]+ 2 , �¤+ 2 �¥½ , £
with root in ½ alsoallows for aclosed-formcapletpricing formulaÂ � +H�­ 2  ¦  '½ , �¤+ 2 ��½ , +b�E��½ ,3Ó «�µ4¶ � � �2 �¯½  ��¿�¥½  ¦ � � «�µ�¶ � � �2 �¯½  ½­� ¢ 2+ 2 �¯½ , +b�Ô�¯½ ,  ¦ ��Õ
asthesumof two positiveBachelierformulae.

2.7. Quadratic Volatility with no real root.[_+ 2 , � XÑÖ �@. � 2 ��×X � £-Ø X � �
Theparameter× definestheminimumof theparabolaand X its slope.����Â � +H�­ 2  ¦  Ã×\ X , � Ç È É Ê £dÙ XÚ ¶ ±4Û +HÜN.<Ý , i �>ÞFQÀß �!Çd�?+ ¦ £ , Û9à%á �?+rÜ ,Ý¿� µ4â9¶�ã'µ á +:��×5� X , Ü�� µ4â9¶�ã'µ á � 2 �¥×X � �¥Ý ä�� Ú � ¢ �¯ÝÇd�?+ ¦ £ , �0å(æ�ç]+:� � £ Ú £ ¦ £ � ¢ ä £ , Û-à²á �
+HÜ , � Û-à²á + � Ú Ü!�Tä ,
Theconstantsß � aregivenin appendixB, for theimplementationseeZühlsdorff (1998).

2.8. Constant Elasticity of Variance. AndersenandAndreasen(2000)specify the constant

elasticityof variance(CEV) marketmodelwherevolatility is apower function:[]+ 2 , � 2�è for é x �
If é �ê� it is possiblethat the forward rateattainszeroandAndersenandAndreasen(2000)

modelthis boundaryarbitrage-freeasabsorbing.Like in the classicalCEV modelsfor assets

of CoxandRoss(1976)they wereableto deriveclosed-formcapprices.DefineÝ¿� � £9ë �w= èRì+q��� é , £ ¦ £ í � ���� é ß � 2 £9ë �w= èRì+q��� é , £ ¦ £
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For

� � é ��� it holdsî�ï ¼ +b�­ 2  ¦  é , � 2 +q����ð £ +HÝ? í . ¢  ß ,9, �¯�Fð £ + ß  í  ÃÝ ,
andfor �*� é î�ï ¼ +b�­ 2  ¦  é , � 2 +:���¥ð £ + ß  í  'Ý ,9, �e��ð £ +rÝ? ¢ � í  ß ,
where ð £ +:
² 'ñ� 9ò , is thenon-centralchi-squaredistribution functionwith ñ degreesof freedom

andnon-centralityparameterò .
Implementing theConstantElasticity of Varianceformula. AndersenandAndreasen(2000)

proposeto computethe ð £ distribution functionusingtheseriesexpansiondevelopedby Ding

(1999): ð £ + A , � ) JRð £ +ró| 9ò ,;� A Oh� ôi 798 Q ó 7 � 7ó>Q	�0ª|Q��0å�æ�ç]+:��òT� ¢ , ó 7 �0ó 7 =?�m.¯ª 7 ª 7 �0ª 7 =?�PòW� ¢ v � 7 � � 7 =?� AòN. ¢ v
This expansionis theoreticallyvery usefull, becausethe computationgivesan explicit error

bound õ �*� ôi 798 � ó 7 � 7 � ôi 798 � � 7 � � ��=?� Aò�. ¢ � � A  
but in our experienceis too slow for practicaluses.We preferthe improvedfirst orderWiener

germ approximationby Dinges(1989),which givesaccuratevaluesfast for small and large

valuesof non-centrality. Defineö ��òW�!ñ ÷I� � �@.eø A ö �>ó��ù�¢ ö
and ú ��óÀ+H÷��ù� , £ � �¢ ÷ . ö ��û +:���e÷ ,÷ � . ¢ +:�@. � ö , £ü ó­+:�;. ¢ ö , Ì � °²±4³ � �÷ � ¢ ÷ û +:���¯÷ ,�@. ¢ ö ÷ �
for û + Æ , � �Æ Ó � �Æ �ù� � °²±4³ +:��� Æ , .0� Õ � �¢
then ð £ + A ,�ý� þÿ� ÿ� ® + Ù ú , ÷�����R� ¢ ÷I� �® +q� Ù ú , ÷����
For a touroughcomparisonof differentapproximationtechniquesfor the ð £ distribution func-

tion seePenev andTaykov (2000).

3. EXAMPLES OF IMPLIED VOLATILITIES

As we had an extensive discussionof the differentshapesof implied volatility for the qua-

draticspecificationsin Zühlsdorff (1998),we givehereonly a shortcomparisonof theimplied
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volatilities of quadraticand

î�ï ¼ models.Considerthe following specificationsof extended

volatility:

Lognormal: with � � � " ¢
Sqrt: aCEV modelwith é � �R� ¢ and � ��" � ø�� ü!ü
AV: affinewith ½f� ��� and � � � "%�
CEV: CEV with é � �!"�� and � � � "��Ä� � �
Q1: quadraticwith oneroot, ½f� � ��� and � ���!"	��
��

Supposethat the initial termstructureof forwardratesis constant��� . Theparametersfor the

examplesare choosensuchthat the at-the-money volatility is � ¢ � . The »_¼ modelapproxi-

matestheSqrtmodelandthe ÂÔ� modelthe

î�ï ¼ specification.In figures1 and2 thevolatility

functionsand their correspondingimplied volatilities are plotted for a maturity of oneyear.

The

î�ï ¼ pricesandthe pricesof the ÂÔ� and »_¼ specificationsaredistinguishableonly for

strikesfar in- andout-of-the-money.

Using the resultsof an empirical comparison,we will argue in section5.2 that for practical

purposestheparametricform of thevolatility functionis irrelevant.Theonly importantfeature

of any parametricform is thenumberof freeparameters.

4. SWAPTION PRICING

A (payer)swap with fixed-leg � is given by the differencein cashflows betweena floating

investmentin therates2 � againstonewith thefixedrate � . Thiscontractpays�(� ·�2 �
+ � � , �e� º in

� � � � for � �¤�4 #"%"$ '&5"
Thevalueof theswapis�i � 8 � �(��+ 2 �h�¥� , ) � � ��� ) ��� ) ��� �z�¯�
� for �¤� �i � 8 � ��� ) � � �("
The bond � is an annuitywhich pays ��� units of currency in

� � � � for each� � �4 #"%"$ '& . The

(equilibrium) swap rateor par rate � is the valueof � which makesthe swap’s presentvalue

zero: � � ) ��� ) ��� �� ��� �� 8 � ��� ) � � � 2 �� � 2 Z��
if we defineweights � �C� ��� ) � � �-��� . It holds � Z � � � where � is the & -dimensionalunit

vector. Theformulashowstwo importantpropertiesof theswaprate:� Theswaprateis aweightedaverageof Libor rates.� Underthepricingmeasure1�� with numeraire� theswaprateisalocalmartingale.Jamshid-

ian (1997)calls 1�� theforwardswapmeasure.



QUADRATIC VOLATILITY LIBOR MARKET MODELS 12

A (Europeanpayer)swaptionwith strike � andmaturity

� � is theright to enteraswapwith fixed

leg � startingin

� � . Its valueat time

����� � is therefore�k+ �-,�� � Ó +:��� ) ��� �K+ � � , �¯�
�k+ � � ,-, ��n+ � � , � LNM Õ ���k+ �-,]� � � + � + � � , �e� , � � L�M �
where

� � denotesexpectationunderthetheforwardswapmeasure1�� . In practice,marketpar-

ticipantsusethelog-normalmodelfor theswapasfor theforwardrates,ie, they priceswaptions

asif X�� � � ^ Z X�� Y
where � Y is the Brownianmotion associatedwith the forward swapmeasure1�� . This yields

the sameclosed-formsolution,the Black formula, for the swaptionprice asfor caplets,only

with adifferentnumeraire� which is theforwardswapnumeraire.

We will now derive the correct stochasticbehaviour of the swap rate and then use this to

find a well behaved approximation.Write the dynamicsof the & -dimensionalprocess2 �+ 2 �' #"%"$ 2 � , Z as XT2 ��
�
�
 X � .�� X�� Y
for an & � X –dimensionalstochasticprocess� . If we specifyan extendedmarket modelthe

componentsof � aregivenby� �� �e[]+ 2 � ,q^ �� for � � �! #"$"% Ã& and ! ���! #"$"% X "
To determinethevolatility of the swap rate � , we have to computeits derivative with respect

to 2 . Therate � is a linearfunctionof � and 2 , andtheweightvector � is againafunctionof 2 .

In vectornotationthedifferentialof � with respectto 2 is an & –dimensionalvector¡ �¡ 2 � ¡ + 2 Z � ,¡ 2 � �EZ . 2 Z"�$# for �%# � ¡ �¡ 2 � Ó ¡ � 7¡ 2 � Õ �wS 7 S ��wST�>S �
or componentwise ¡ �¡ 2 � � � ��. �i 7-8 � 2 7 ¡ � 7¡ 2 � for � ���! #"$"% '&5"
Now wecancomputethedynamicsof theswaprate � usingthemulti-dimensionalItô formula:X
� � Ð � Z . 2 Z �%# Ò � X � Y� &i � 8 � Ð �EZ . 2 Z"�%# Ò � � X�� Y �

� &i � 8 � �i � 8 � j � ��. �i 7-8 � 2 7 ¡ � 7¡ 2 � p � �� X � Y �
� +('ù.*) , Z X�� Y
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for X -dimensionalprocesses' Z � �EZ � and ) Z � 2 Z"�%# �E"
This is the correctdynamicsof � under 1�� . To find a tractableapproximation,we will first

examinethesecondterm ) of its volatility with components) � � 2 Z �%# � � � �i � 8 � �i 798 � 2 7 ¡ � 7¡ 2 � � ��
As � Z � �¤�
thedifferentialof this expressionasa functionof 2 is zero,thereforeit holds� Z"�%#�+ � �

for all + Å-, . � "
This impliesthatif weadd(or subtract)acertainlevel ß to theLibor curve2 � 2 . ß � � + 2 �_. ß  #"d"#"d 2 � . ß , Z
wegetthesamevalue2 Z �$#�+ � + 2 . ß � , Z �%#�+ � 2 Z �%#�+ . ß � Z �$#�+ � 2 Z �%#�+
for all directions+ Å*, . � . This meansthat thesecondterm ) of theswapratevolatility does

not dependon theforwardratecurvebut on thedeviation of theforwardcurve from a constant

level. In particular, for a flat forwardLibor curve thetermvanishes.This factdoesnot depend

on thespecialmodelwehavechoosen,thereasoningis independentof theform of � . As afirst

approximationof theswapratedynamicswewill just omit thesecondterm ) .

Now assumeadeterministicextendedmarket model,ie� �� �¯[]+ 2 � ,q^ �� "
Thenthefirst componentof theswapratevolatility, the X –dimensionalprocess' , is aweighted

sumof theLibor ratefactorŝ � :' Z � � Z �\� �i � 8 � � �([]+ 2 � ,q^ Z� �¯[_+ � , �i � 8 � � �K[]+ 2 � ,[]+ � , ^ Z�
For this first term ' of theswapratedynamics,we proposeanapproximationwhich fixesthe

weightsat thebeginningof thelife of theswaption:' Z0/ [_+ � ,21 Z ^ �¯[]+ � , �i � 8 � 1 � ^ Z� for

1 ��� � �
+ � Q , []+ 2 �
+ � Q ,-,[]+ � + � Q ,9,
wherê is the &3� X matrix Ð ^ �� Ò �wS � S &�wST�>S � "
Theapproximationis by constructionexact in

� Q . In their empiricalanalysisof the lognormal

Libor market model,De Jonget al. (2001)statethat althoughswaptionpricesdo dependon
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thecorrelationbetweeninterestratesof differentmaturities,this turnsout to bea secondorder

effect; swaptionpricesare primarily determinedby the volatilities of interest rates.Our ap-

proximationof ' usesthis observationby fixing theweights,which definethetime dependent

correlation,to beconstant.TheapproximativeswapratedynamicsX�� �e[]+ � ,%1 Z ^ X�� Y
canbeusedto pricingswaptionswith theformulaefrom section2, numeraire� , and¦ £4 + �-, � � M65M © 1 Z ^ +rª , © £ X ª_"
It is a stylized fact of the empiricsof the term structurethat the averagelevel of the curve

accountsfor mostof its variance.A first simplemarket modelis therefore� aone-facormodelwith� aflat covariancefactor

^ �� + �-, � ^ + �-, , and� anaffinevolatility function []+ 2 , � 2 �¥½ .
This one-factormodelhastwo inputs,its left boundary½ andthe level

^
which may be time

dependend.Notice that for this specificationthe approximationof ' is exact: asfor an affine

functiontheweightssumto one�i � 8 � � �
+ �-, [_+ 2 �?+ �-,9,[]+ � + �-,9, � � �� 8 � � �
+ �-, 2 �?+ �-, �¯½[]+ � + �-,9, �¤�
it holds �i � 8 � � �?+ �-, []+ 2 �?+ �-,9,[]+ � + �-,9, ^ + �-, � �i � 8 � � �Ä+ � Q , []+ 2 �
+ � Q ,-,[]+ � + � Q ,-, ^ + �-, � �i � 8 � 1 � ^ + �-, � ^ + �-, "
Combiningtheseobservations,weseethatif� theinitial termstructureis flat, and� weuseanaffineone-factormodelwith aflat (possiblytime-dependent)factor

theproposedapproximativeswapratedynamicsis exact.

5. EMPIRICAL RESULTS

In thissection,we usedataprovidedby WestdeutscheLandesbank(WestLB)on theirwebsite

www.westlb.de/swaps/

to calibratedifferentspecificationsof the extendedmarket models.We usedatafor 385 days

startingJanuary1, 1998to July 15, 1999.For thecalibrationsthecompletedatasetwasused,

nocleaningprocedure(checkfor outliers,etc.)wasperformed.

5.1. Calibration. In this subsection,we calibratedifferentmodelsto the data.As our main

interestis how thecalibrationis influencedby thechoiceof differentvolatility functions,weuse



QUADRATIC VOLATILITY LIBOR MARKET MODELS 15

0

5

10

15

980101 980401 980701 981001 990101 990401 990701

Normal
Log Normal

Square Root

FIGURE 3. Fit to Caps1998-01-01/ 1999-07-15

only asingleflat covariancefactor. Thefit of all specificationscouldbeimprovedconsiderably

by makingthefactortime-dependentor by usingamulti-factormodel.ThemodelisXT2 �¤
�
�
 X � .�[]+ 2 ,w^ X�Y "
The numberof parametersof the model is one(for

^
) plus the numberof parametersfor the

specificationof [ . For example,the lognormalspecificationis a one-parametermodel,the Â ¢
specificationis a two-parametermodel.

First, we have to definehow to measurethedeviation of themodelspricesfrom theobserved

ones.Pricesarequotedin basispoints.WestLBprovidesbid/askpricesandwetakeinto account

this additionalinformationby consideringonly thedeviation from thebis/askbounds.Denote

theobservedcapaskpriceby Ý , thebid by
í

andthemodelcappriceby ß . For agivendate,we

minimizethedistanceX definedbyX � �7 J í ��Ý?O i 8 ÊP�:9 µ æaJ>Ý�� ß  ß � í  � O £
wherethe sumis over all bid/askcapprices.The metric is suchthat any price which lies in

thebid/askspreadcountsasa perfectfit to thedata.Thesumis normalizedby thenumberof

bid/askpriceswhichisdenotedby
7 J í �4Ý
O . Thequadraticmetricwasusedasit isstandardin the

literature,seee.g.Amin andMorton (1994)or ChristiansenandStruckHansen(2001).Weuse

thePowell algorithmfor minimizing functionswithout computingderivatives,seesection10.6

in Press,Teukolsky, VetterlingandFlannery(1992).
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Figure3 plotsthefit of threesimplemodels:Lognormal,Square-root(CEV with é � "�� fixed)

andNormal (Bachelier/constantvolatility). We seethat in thebeginningof 1998thereis a big

frown in thedataastheBachelierandthesquare-rootspecificationfit thedatabetterthanthe

log-normalmodel.Thesituationreversesat theendof theyear1998andduringthebeginning

of 1999wheretheBacheliermodelperformsverybadandthelognormaloneis thebestfit.

Figure4 plots the fit of four extendedmodels,AV (affine volatility), Q0 (quadraticwith no

root, theminimum of theparabolaconstraintto zero: × � �
), Q2 (quadraticwith two roots),

andCEV. Obviously, onedegreeof freedomis sufficient to fit the smile in the data.All four

modelsperformequallywell which leedsus to concludethat for a betterfit oneshouldusea

moreelaborateform of thecovariancefactors.Figure5 plotsthefit of thelognormalandthe »]¼
modelto show theimprovementofferedby oneadditionelfreeparameterin thecalibration.As

thelognormalspecificationis aspecialcaseof theaffine one,it doesalwaysfit thedatabetter.

Now we investigatetheapproximativeswapratedynamicsproposedin section4. Thisapprox-

imation relieson the theoreticalreasoningthat the secondterm ) of the swap ratedynamics

shouldbesmall comparedwith thefirst term ' . To verify this for thedatausedhere,we took

the »_¼ modelcalibratedto thecapsdataonApril 19,1999.As wehaveonly oneflat factor, we

areableto calculatetheexactvolatility of all swapratesusingtheresultof section4.' �¥[]+ � ,w^ ) � ^ �i � 8 � �i 798 � 2 7 ¡ � 7¡ 2 �
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Giventhecalibratedparameters,figure6 plotsthefactor'���) � []+ � ,� �� 8 � � �7-8 � 2 7<;>=@?; # §
by which thefirst term ' is biggerthanthesecondterm ) for swapof lengthsup to tenyears.

As expected,wefind thattheomissionof thesecondtermis of no importance:evenfor aseven

yearswapthefirst termis still 62 timesthevalueof thesecondone.Thesecondtermdepends

on the deviation of the forward curve from the constantlevel, so it is smaller for a shorter

swaplength.Notably, theswapratewith lengthoneis equivalentto thespotLibor rate,sothe

approximationis exact,thesecondterm ) is zero,andthequotientis infinite.

After fitting themodelsto thecapsdata,weusedthecalibratedparametersto evaluatethefit to

theswaptiondatausingthe approximative pricing formulae.That is, the parameterswerenot

fittedto swaptions.Wewantedto checkwetheramodelcalibratedto capsdoesalsofit swaptions

reasonablywell, sowe took theparametersof thecapsfit andthenevaluatedtheapproximate

priceof theswaptions. Figures7, 8, and9 plot thefit of themodelsto swaptionprices.All the

statementsfor the fit to capscarry over to the swaptionapproximation,we observe the same

smileandthefactthatno extendedmodelfits thedatasignificantlybetter.

5.2. Non-parametric Calibration. In the their careful empirical study of the Libor market

andthe swap market model,De Jonget al. (2001)find systematicpricing errorswhich they

explain by yield-spreadandyield-curvatureparameters.They arguethat it is more likely that
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the correlation betweenpricing errors and yield-curvevariablesis the resultof misspecified

volatility functions,and,in particular, theassumptionof lognormallydistributedinterestrates.

In thissubsection,wewill arguethatin factthefit of amodeldoesnotdependon its parametric

form.For everyspecificationweseethatindependentof its parametricform thefirst freeparam-

eterof themodelis fitted to aspecificvolatility value.If asecondfreeparameteris available,it

is fitted to aspecificslope.

Figures10plotsthevolatility of thefittedmodelsfor April 19,1999.Obviously, thecalibration

of any modelfindsthesamevaluefor instantaneousvolatility (0.068)at acertaincritical Libor

level (4.1%).For specificationswhich have ansecondfreeparameter( »]¼ ,

î�ï ¼ , Â ¢ , Â � ) the

calibrationproceduredoesalsofind thesameslope(0.14)at thatlevel.

To show that this fact holds for the whole dataset,we first definethe critical Libor rate: it

is computedasthe intersectionpoint of the calibratedvolatility with the calibratedBachelier

volatility

^BA�CED
. Take for exampletheaffinemodel.^GFIH + 2 FIH �¯½ FIH_, � ^ A�CED J<K 2 FIH � ^ A�CED^ FIH .<½ FIH

where

^ FIH  '½ FIH and

^BA�CED
arethecalibratedmodelparameters.Thecritical point 2 FIH is a kind

of implied at-the-money point of thecalibratedmodel.Figure11 plots thecritical Libor value

for threetwo-parameterspecificationsfor all observationdatesandfigure12 plotstheslopeat

that point. The plots confirm that the calibrationprocedurefits the sameempiricalvolatility



QUADRATIC VOLATILITY LIBOR MARKET MODELS 21

0.03

0.035

0.04

0.045

0.05

0.055

0.06

980101 980401 980701 981001 990101 990401 990701

AV
CEV

Q2

FIGURE 11. IntersectionPointwith BachelierSpecification

0

0.002

0.004

0.006

0.008

0.01

980101 980401 980701 981001 990101 990401 990701

AV
CEV

Q2

FIGURE 12. Slopeat IntersectionPoint



QUADRATIC VOLATILITY LIBOR MARKET MODELS 22

function independentlyof its parametricform. This holds especiallyfor the slopewhich is

indistinguishablefor thedifferentcalibrations.

Further, we seethat the slopeis less than one for the whole time interval from January1,

1998,to July 15, 1999.This indicatessystematicdeviation from thelog-normalmarket model

to specificationswith smallerslopefor the volatility function.This correspondsto a frown in

implied volatilities. De Jonget al. (2001)obtainedanaloguousresults.They estimatedvalues

around0.7 for theexponentparameterof theCEV market model.

6. CONCLUSION

The classof extendedLibor market modelsoffers a greatvariety of term structuremodels

which allow for closed-formsolutionsfor cappricesaswell as theoreticallyandempirically

well-foundedapproximationsfor swaptionprices.They fit observedmarket pricesbetterthan

thelog-normalmodelwithout loosingtractability.

From a practicalpoint of view all extendedmodelsperformequallywell. The one-factor »]¼
specificationfulfils theswaptionpricing assumptionsexactly, so it theoreticallyoffers thebest

consistency of capandswaptionpriceswithin onemarketmodelspecification.»_¼ , ÂÔ� and Â ¢ modelsareeasierto implementasthesespecificationsgive analyticalclosed-

form solutionsto the pricing equations.For the

î�ï ¼ model we have to computethe non-

centralchi-squaredistributionfunctionfor noncentralityvaluesupto � �!� �:� �!� whichis difficult

to implement.For the Â � modelwe have to implementa sineexpansionwhich involvesthe

calculationof severalhundredsinevalues.

The empirical resultsindicatethat a one-parametervolatility function offers enoughdegrees

of freedomto capturethe smilesin the dataoffered by WestLB. The calibrationof a set of

differentparametricmarketmodelsto thedatarevealedthatthefit doesnotdependonacertain

parametricform but on thevolatility valueandslopeat acertaincritical Libor rate.For abetter

fit we would have to considermoreelaboratecovariancestructures.In thelog-normalcaseDe

Jonget al. (2001)arguethatamean-revertingone-factormodel^T� + �-, � ^ + � � �w��, � ^ Q'Ç = 4 ë MML�=TM ì ^ Q# � x �
is a goodchoicefor their data(US term structureJuly 1995- September1996).Christiansen

andStruckHansen(2001)investigatethelog-normalmarketmodelusingT-bill optionsandfind

no significantdifferencesin the propertiesof threedifferentcovariancefactorspecifications.

FurtherempiricalresearchcouldincludestudieslikeAmin andMorton(1994)or Bühler, Uhrig-

Homburg, WalterandWeber(1999)on thehedgingpropertiesof thedifferentmodels.

Combiningtheobservationsandresults,we concludethattheaffine Libor market modelis the

most interestingextendedmodel for further research:it is as fast to evaluateas the standard

lognormalmodelandit offersa theoreticallywell-foundedapproximativeswaptionpricing for-

mula.
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APPENDIX A. PROOFS FOR SECTION 1

It ô’sformula. Weusethefollowingversionof themulti-dimensionalItô formula,seee.g.Karatzas

andShreve (1991,3.3.6):if X � �*� ö � X � . ^ Z� X�Y � � � � &
thenfor any function N ÅPO £ + , . � , it holdsX�N + � , � �i � 8 � j N �?+ � , X � ��. �¢ �i 7-8 � N � 7 + � , Xa` � �F � 7dc p� �i � 8 � j N �?+ � , X � ��. �¢ N �K�?+ � , Xa` � �� � � c . �i798 � � � N � 7 + � , Xa` � �Ä � 7�c p
with N �*� ¡ N¡ A � and N � 7 � ¡ £ N¡ A � ¡ A 7 "
Theequalityholdsbecausè

� �� � 7Kc � ` � 7  � � c and N � 7 � N 7 � .

A.1. Proof of Lemma 1.1. Thederivativesof the
s

s with respectto theLibor ratesaregiven

by: s ��� ) �) g � þÿ� ÿ�
Q g =?�7-8 � +:�@.e� 7 2 7 , � ��×Q �>=?�7-8 g +:�@.<� 7 2 7 , =?� × � �� ×ê� �¡ s �¡ 2SR � � R s ��@.<� R#2SR þÿ� ÿ�

� � � �n��×�*� × � �k� ��
otherwise¡ £ s �¡ £ 2SR � ¢ � £R s �+q�	.e� Rd2TR , £�U � × � �k� ��

otherwise

andfor ½WV���¡ £ s �¡ 2SR ¡ 2 � � � R �K� s �+:�@.e� R#2SR , +:�;.e�K� 2 � , U � � � �­ '½��<× or × � �a '½�� ��
otherwise

For � ��× obviously X s �h� � "
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Themulti-dimensionalItô formulagivesfor � �¹×X s �s � � g =?�i R 8 � j � R�@.<� Rd2SR XT2SR . g =?�i� 8 R � � � R ���+:�@.<� R#2SR , +:�;.<��� 2 � , `H2TR  2 � c p� g =?�i R 8 � l +r� R  2TR ,_^ ZR ÖPX�Y g � g =?�i� 8 R � � l +H���� 2 � ,k^ �W. g =?�i� 8 R � � l +H�K�� 2 � ,_^ � Ø� g =?�i R 8 � l +r� R  2TR ,o^ ZR X�Y g "
For × � � followsanalogouslyX s �s � ��� ��=?�iR 8 g l +r� R  2SR ,_^ ZR XFY g "
Sothediscountedassetpricesarelocalmartingalesfor thespecifieddynamicsof theLibor rates

whichshows thatthemodelis arbitrage-free. t
A.2. Proof of Proposition 1.2. Thecondition2 ��x �

for all �
is equivalentto s �	x 
�
�

x s � x � as

s ��� ) �) ��� � "
Weprove thestrongexistenceof the

s � recursively andwrite Y for Y ��� �
.

Start � ��& : It hasto holdX s � � s � l +H� �  2 � ,q^ Z� XFY ��� � [ � s � ���� � � ^ Z� XFY "
By thegeneralexistencepropositionof Zühlsdorff (1998)weknow thatunderour assumptions

this SDEhasa strongnon-explodingsolution.If at somepoint in time
s � attainsone,we take

it to beabsorbedthere.This is eqivalentto absorptionof 2 � in zero.

Step � ��& : Giventhestrongsolutions2 7 for vn� � , definefor any bound
í � �

thestopping

time 1 8 � à²áYX J � � 9 µ æ3+ 2 � � �( d"%"$ 2 � , x í O
andthemeasurableset G 8 � J 1 8 � �hOT"
TheLibor rates2 � � �� #"$"% 2 � areboundedby

í
for

�Á�Z1 8
. By strongexistenceof the 2 7 for allv�� � weknow that 1 ��� � +HG 8 , �q�?� D8\[ ô �!"
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We will show that the solution for
s � exists on eachof the sets G 8 and thus globally. The

dynamicsof
s � isX s � � j ��� s � � ��[\� s �3� s � � ��(� s � � � � ^ �¾. s � �i7-8 � � � l +r� 7  2 7 ,_^ 7 p Z XFY

Thesecondtermis Lipschitz-continuouson theset G 8 by construction:]]]]] A �i7-8 � � � l +r� 7  2 7 ,f^ 7 � Æ �i798 � � � l +H� 7  2 7 ,f^ 7 ]]]]] � u � A � Æ � 9 µ æQ9S # S 8 []+ 2 , �i798 � � � � 7 a.s.

As wehave
s � � � � s � , for � � s � � � � A  Æ � ×

thefirst termis locally Lipschitz]]]] �(� s � � �U[ � A � s � � ��(� s � � � � ^ �3�¥��� s � � ��[ � Æ � s � � ��(� s � � � � ^ � ]]]] � �(�!× © ^ � ©_^ g � A � Æ �
where ^ g denotestheLipschitz-constantfor [ on

�\� A  Æ � × . Thuswe candefine
s � on

each G 8 as the solution to the SDE which fulfils the conditionsof the existenceproposition

from Zühlsdorff (1998).If at somepoint in time
s ��� s � � � we take it to be equalto

s � � �
afterwardswhich is equivalentto absorptionin zeroof 2 � . t

APPENDIX B. COEFFICIENTS OF THE Â � PRICING FORMULA

We arein thecaseof of thegeneralquadraticmodelwith no real rootsandboundary+ �  a` , ,
seeZühlsdorff (1998,App. B). Thecoefficientsaredefinedby:b � Ú ¢ Ý¿� µ4â-¶KãÃµ á +:��×5� X , c + A , � µ�â9¶KãÃµ á � A �¥×X � �¯Ý

^ � c +H� , ä0� c +�ª , � Ú ¢ �¯Ýú + �  'Ü , � � Û-à²á +HÜN.<Ý , Û9à%á �?+rÜ , X Ü��¤� ñ �� Û-à²á +HÝ �¯ñ =� Ü , .¹ñ =� Û9à%á +rÝ3.¹ñ �� Ü ,¢ l �u + �  ÃÜ , � � ¶ ±!Û +rÜ�.<Ý , Û9à%á �?+rÜ , X Ü ��� ñ �� ¶ ±!Û +rÝ �¯ñ =� Ü , .<ñ =� ¶ ±!Û +HÝ3.<ñ �� Ü ,¢ l �ñYd� � � Úä e � l ��� � £ Ú £ä £ ���Á��ñ �� ñ =�ÝW� � +9+r× �e� , ú �3� X u	� , {{{ &"fg ë R ìí � � � +:�*� , � � � � MQ Ç ë � É =?� ìih Ê £ & É X
� � þ� �
� � �¤�� +:�*� , � � � X £ ��j § É2k 5ml ��n Épo É =?�� É =?� � ���ß � � ÝW��. í �


