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EXTENDED LIBOR MARKET MODELS WITH AFFINE AND QUADRATIC
VOLATILITY

CHRISTIAN ZUHLSDORFF

ABSTRACT. Themarket modelof interestratesspecifiessimpleforward or Libor ratesaslog-

normally distributed,their stochastialynamicshasa linearvolatility function.In this paperthe
modelis extendedto quadraticvolatility functionswhich arethe productof a quadratigpolyno-
mial and a level-independentovariancematrix. The extendedLibor market modelsallow for

closedform cap pricing formulae,the implied volatilities of the new formulaeare smilesand
frowns.We give exampledor thepossibleshape®f implied volatilities. Furthermorewe derive
anew approximatve swaptionpricing formulaanddiscussts propertiesThemodelis calibrated
to market prices,it turnsout that no extendedmodel specificationoutperformsthe others.The
criteriafor modelchoiceshouldthusbetheoreticalpropertiesandcomputationakfficiency.

JEL ClassificationE43,G12,G13
Keywords forward Libor rates,Libor market model, affine volatility, quadraticvolatility, der
vativespricing, closedform solutionsLMM

INTRODUCTION

In the following the term forward raterefersto a discretelycompoundednterestrate.Models
for forward ratesare calledLibor market modelsbecausehey describethe behaiour of rates
which aredirectly obsenablein themarket, e.g.3- or 6-monthLibor. Thisis amajoradwantage
overclassicakhortratemodelsor theHeath Jarrav andMorton (1992)modelfor continuously-
compoundedates.Continuously-compoundddrwardratesareatheoreticakconstructandare
only availableby someinterpolationalgorithm.

After the seminalarticle by Heathetal. (1992)who derive the no-arbitrageconditionsfor gen-
eralwhole-yield-cure modelsthe next stepin term structuremodellingwasthe development
of theLibor marketmodels:Miltersen,SandmanmandSondermani(1997)provedthatby mod-
elling (simple)forwardratesaslognormalthe no-arbitrageprice of capsandfloorsaregivenby
theBlack (1976)formulausedby practitionersandthatthis modelcanbespecifiedn theHeath
et al. (1992) framewnork. Theseresultswere extendedby Brace,Gatarekand Musiela (1997)
who derived an approximatve formulafor swaptionpricesand Jamshidian{1997)who intro-
ducedthe swap market model.
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The pricing formulaederivedin the cited articlesrely on the assumptiorthat the distribution
of the forward rate (or the swap rate) underthe pricing measuras lognormal.In anempirical
analysisof the Libor market andthe swap market modelDe Jong,DriesserandPelsse2001)
find systematigricing errorswhich canbe explainedby yield-spreadandyield-cunaturepa-
rameters.

AnderserandAndreaserf2000)werethefirst to introduceanextended_ibor marketmodel:the
constantlasticity of variance(CEV) Libor market modelwith volatility beinga power func-
tion. For this specificatiorthey derive a closed-formcappricing formulaandanapproximatve
swaptionpricing formula.

In thefollowing we will proposeotherspecificationf the volatility functionwhich offer an-
alytical pricing formulaeand are easyto implement.In Zuhlsdorf (1998)it was showvn that
the pricing partial differentialequation(PDE) for a Europearcontingentclaim canbe solved
in a modelfor the (forward) price of an assetwith a quadraticvolatility function, the lognor
mal specificatiorbeinga specialcase. This resultis usedin thefirst andsecondsectionof this
paperto extendthe Libor market modelto quadraticvolatility andderive closed-formpricing
formulaefor caps.

In the quadraticvolatility setupthe probability of attainingzero may be postve so we have
to imposeabsorptionas the only arbitrage-freeboundarybehaiour consistentwith positive
interestrates.

In section4 we derive the dynamicsof swap ratesin the extendedLibor market model.Given
this, it is possibleto shav thatthe useof the samevolatility function for forward asfor swap
ratesis a goodapproximationof the correctswap volatility function for affine volatility mod-
els and approximatelyconstantcovariancefactors.In this casethe model gives closed-form
solutionsjointly for capsandfor swaptions.

In section5 differentmodelsarecalibratedto market pricesof capsandswaptions.All specifi-
cationsperformbetterthanthelognormalone,but no particularmodeloutperformghe others.

Section6 concludesWe will arguethatthe modelwith affine volatility is the mostinteresting
onefor furtherinvestigationfrom theoretical computationahndempiricalpointsof view.

1. EXTENDED LIBOR MARKET MODELS

We startthe constructiorof thebondmarketwith atenorstructure, anincreasingdist of maturity
dates:

0<t1<---<typ1 =T  Sp=tp1—t, >0 n=1,..N
All the cashflavs we will considerwill take placeat one of thesedates.The daycountfrac-
tions §,, areusuallytime intervals of lengththreeor six months(up to daycountcorrections).
Our basicunderlyingsarethe zerocouponbondswhich matureat thesedates:

P, = P,(t) = P(t,t,) for n=1,.,N+1



QUADRATIC VOLATILITY LIBOR MARKET MODELS 3

If our modelis arbitragefree, we canassociatéo eachbond P, a measure)™ suchthatcash-
flows discountedby P, arelocal martingalesunder@™. The measurel™ will be calledthe
n-forwardmeasure.

1.1. Specification. Giventhetenorstructure the simplecompoundingorward ratesor Libor
ratesL,, aredefinedby

Ln:M for n=1,..,N.
énPn+1
It holds
N n—1
Pn:PN—l—l H(1+6JLJ) :P1 H(1+(5]LJ)_1 for n=1,..,N+1,
j=n i=1

emptyproductsare1 by definition. As Libor ratesarenominalrates,we imposethe condition
thatthey arenon-neative. Or, we could saythatwe wantthe discountcurve z — P(t,t + x)
to benon-increasing.

As the Libor ratesare simple portfolios of discountedbonds,the usualargumentapplies:if
the modelallows the rateto attainzero,for no-arbitrageto hold it hasto be absorbedn zero.
Supposéhatonthe contrarytherateis reflectedimmediatelyor aftera stoppingtime):

L,=0
implies
Pn—|—1 = Pna

in thatcaseary arbitrageuwould buy P, andsell P, ,; atzerocostandwait until
Pn > Pn—|—1;

making a risklessprofit by closing his position. For an elaborationof the sameproblemfor
continuously-compoundddrwardratesseeGoldsteinandKeirstead1997).

Take now asgivenastochastidase((2, P, {F; }o<:<r) Which satisfieghe usualconditionsand
an adaptedd-dimensionalWiener processiV for anintegerd > 0. Vectorswill be column
vectorsand® will denotetranspositionWe call a stochastianodelfor the dynamicsof forward
Libor ratesof theform

dL, = ---dt + p(Ly) vt dW

anextended.ibor market modelif the following holds:p is a deterministicunctionandthe,

ared-dimensionaktochastiqprocessemdependenof the L,,. In the following the ys will be
called the covariancefactorsof the model and p the volatility function. Given the extended
dynamicsthe covariationof theratesis

d{Ln, L;) = p(Ly) v57; p(L;) dt.
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1.2. No-Arbitrage.

Lemma 1.1. Thearbitrage-freedynamicof theLibor ratesundertheforward martingalemea-
sure @™ with numeasire P, is

" Lap(Li) o g N 0p(Enp(Ly)
dL, = p(Ly) 7, dW™ + Z HT Vo dt — Z T1t6,L, Vo dt

m—1
= p(Ln (dWerZ (65, L;) v dt =Y q(6;,Ly) %‘dt)

i=1

with
op(L)
1+6L°

q(6,L) =

Emptysumsare zeio by definition.

Proof. We have to shaw that underthe specifieddynamicsfor L discountedoond pricesare
martingalessothe proof consistf verifying thatthe dynamicsof the discounteondprices

Py
D, = P
is
N N t
- (Zq(dj’l’j) Vi~ Zq(éj,Lj) fyj) dw™.
Jj=n j=m

The trivial but tediouscalculationof the derivativesof the Ds with respecto the Ls andthe
applicationof 1td’s formulais in appendixA.1. O

Now thatwe have know the arbitrage-freelynamicsof the Libor rates,we have to checkunder
which conditionsthethusspecifiedSDE is well-defined je, wetherthe arbitrage-freelynamics
hasa strongnon-eplodingsolution.

Proposition 1.2. Assumehat the volatility functionp is locally Lipscditz-continuousand that
thecovariation factors are deterministiccunctionssud that

—C <)yt <C forall ¢ and 1<n,j<N

for a constantC' > 0. Thenthemodelis well-definedundertheterminalmeasue Q7 = QN *!.

The proof is in appendixA.2. Note thatany continuouslydifferentiablevolatility functionis
locally Lipschitz-continuoussothe propositioncoversa large classof possiblespecifications.

Under@"*! discountecbondpricesD,, arelocal martingalesandsatisfy
P,y _ 1 P, < P,

Pyyi 1464Ln Pvyr = Py
asby constructionZ,, > 0. Thusthespecificatiorsatisfiegsheno-arbitrageconditionof Musiela
andRutkowski (1997,2.3).Usingthebackwardinductiontechniqudrom MusielaandRutkowski

Dn—|—1 = =D,
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(1997,4.1),then-forward measure&)” is specifiedby the Girsanw densities

n t
dQ =& </ q(6n, Ly) vfldW”“)
Fi 0

d62n+1
giventhen + 1-forwardmeasure&)™*!. We obtainthedynamicsof lemmal.1for theassociated
Wienerprocesses

dW™ = dW™" — q(6,, Ly) Yndt.

1.3. Monte-Carlo Simulation. The standardwvay to discretizethe dynamicsof L for Monte
Carlopricing areEulersteps:

Ln(tiv1) = Ln(ti) + p(La(ti))ym(t:)*

(\/Kmi + ZQ(5j7 Lj(ti)) i) A — q 5]’ L (t) Ai)

Jj=1

for independent-dimensionahormalrandomvariatesy;. This Euler schemdas adwcatedas
approximatiorby Hull andWhite (2000a)andHull andWhite (2000b)in thelognormalcase.
They arguethatone Euler stepoffers sufficient accurag for practicalpurposesandis easyto
implement.Hunter Jackel andJoshi(2001)proposea predictorcorrectorEuler methodwhich
improveson this simplescheme.

Glassermarand Zhao (2000) amgue that it is possibleto avoid problemsassociatedvith the
discretizatiorof the drift. They proposeto simulateothercloselyrelatedmartingalese.g.dis-
countedbond prices D,,. In a detailedanalysisof the pricing error they find that underthe
terminalmeasure&)™¥t! the martingales

l)n _'l)n+1
On

f% _'f%+1

X, =
5n}%v+1

N
=Ly Dy =Ln [[ 046 =

j=n+1

give betterresultsfor derivativespricing thanothercandidateslt holds

_1+Z(5X

Giventhedynamicsof thediscountedbondsD, the dynamlcsof the X,, is
dX, dD,, — dDp1

D, =
P N+1

X, 0, Xn
1 N N t
= 5x (DnZ(J(f%aLj) ¥ = Dut1 Y a5, Ly) %‘) dw
netn j=n j=n+1

t
_ D, p(Ly) a NA+1
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SO

t
i+ Z %’) dW Nt

Jj=i+1

an:X<

N t
_ (Dn+1p(Xn/Dn+l) e + Z 5ij+1pg(j/Dj+1) %) dWN+L
j=n+1 J

Forn = N it holds
dXy = dLy = p(Xy) v dWN T,

For the lognormalspecificationp(L) = L we obtainformula (19) of Glassermarand Zhao
(2000):

t
dX, B N4+1
(e > ) v

j=n+1

2. CAPLET PRICING

A capletis acall onaforwardratepayedin arrearsje, the contingentlaim givenby the payof
571 (Ln(tn) - k)+

attimet, ;. It is usedto hedgethe buyeragainstupward movesof interestrates.We compute
theno-arbitrageprice of the capletunderthen + 1-forwardmeasure:

Caplet(t) = 5nPn+1(t)En+1 [(L”(tn) - k)+ | Ft}
Usingtheresultsof Zuhlsdorf (1998)we know that
E" [(La(ta) = k)" | 7] = V(2 La(t))

for afunctionV thatsolvesthe pricing PDE

Vo1, PV - N

Definethetime changer by

(1) = / ()P = / " (1) (1) .

Thefollowing specificationgive tractablemodelswith closed-formpricing rulesfor caplets.

2.1. Log-normal.

p(L) =1L
Thisis the standardognormalmarket modelof Miltersenetal. (1997).The capletis pricedby
theindustrystandardlack formula

logL —1
BS(k, L,7) = Lo(d+7/2) — kd(d—7/2)  d= u
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which was derived in a seminalarticle by FischerBlack (1976). The Libor rate L,, is log-
normallydistributedunderthen + 1-forward measurecf. thediscussiorfor thequadraticspec-
ification with two realrootsin section2.4.

2.2. Normal. Theclassof Normal, Gaussiangr Bacheliermodelsis specifiedby

p(L) = 1.

Libor ratesL are normally, forwards (forward bond prices)are lognormally distributed. The
price of a capletis givenby the Bachelierfformulawith absorption:

Bac®(k,L,7) = Bac(k, L,7) — Bac(k, —L, )

with

Bac(k, L,7) = 7[d®(d) + ¢(d)]  d=

2.3. Affine. Thelognormalandthe Gaussiai€modelarespecialcasesf affine volatility (AV)
market modelswith
p(L)=L -1

wherel <= 0 is anon-attainablédoundaryThe caplets pricing formulais

AV*(k,L,7,0) =BS(k =1, L —1,7) = BS((k = 1)(1 = L)/1, =1, 7).

2.4. Quadratic Volatility with two realroots.
p(L) = L(1 — L/u) 0<u
Zeroandu arenon-attainabldoundsfor the Libor ratesthecapletpriceis
V =Q2(k,L,7,u) =BS(k(1 — L/u), L(1 — k/u), 7).

This specificatiorof the Libor dynamicss a very intuitiv one, it putsa naturalupperboundon
theforwardinterestrateandwe know from thework of Ingersoll(1997)thattheratewill never
attainits lower boundzeroor its upperboundu. Ingersoll(1997)useda dynamicdik e this for
anexchangeate.Usingthecorollaryfrom sectionl in Zuhlsdorf (1998),we caneasilyrecover
formula(11) from Ingersoll(1997)for thetransitiondensity

PP (Lo(ta) € dy | Lo(t) = ) = /%) [0 =2 (l"g (ﬁ) 7o (1 - ))

y*(1—y)
wherep(y; 7, x) is the transitiondensityof Brownian motion. Miltersenet al. (1997) shoved
thatin thelognormalLibor market modelthe dynamicsof then + 1-bonds forward price
Pri
P,
underthen-forward measure)" is of thefollowing form:

Dn—|—1 ==

dDpy1 = —Dpy1 (1 = Dpya) 7, dW"
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Again,wefind atransitiondensityof theform givenabove, seeequation(12) in Miltersenetal.
(1997).

2.5. Quadratic Volatility with two real roots and unbounded domain. This specification
hastwo realroots,theupperonein zero.Thedomainof the Libor rateis from zeroto infinity.

p(L)=L(1+L/d) d>0
Thevalueof the capletis
Q2,(k, L,7,d) =BS (k(L/d+1),L(k/d+1),7) .
2.6. Quadratic Volatility with onerealroot. Thequadraticspecification
p(L) = (L =1y’
with rootin [ alsoallows for a closed-formcapletpricing formula

QO(k, L, 7,1) = (L—1)(k—1) [Bac+ (ﬁﬁf) _ Bact (Ll—l’ (L:)(sz_ 1)’7)]

asthesumof two positive Bachelierformulae.

2.7. Quadratic Volatility with norealroot.

L—m)?
1 _— d
(5 )] -0

The parametern defineshe minimumof the parabolaandd its slope.

p(L)=d

2/2
V =Q0(k,L,7,m,d) = \/_ chen ) sin,(2)

T COS z—i—a

I —
a = arctan(—m/d) z = arctan <7d m) —a U=7/2—a
en(7?) = exp(—n’n°1%/2U%) sin, (z) = sin(nmz/U)

Theconstantg,, aregivenin appendixB, for theimplementatiorseeZuhlsdorf (1998).

2.8. Constant Elasticity of Variance. Andersenand Andreasen(2000) specify the constant
elasticityof variance(CEV) market modelwherevolatility is a power function:

p(L)=L* for a>0

If o < 1 it is possiblethatthe forward rate attainszeroand Andersenand Andreaser(2000)
modelthis boundaryarbitrage-freeasabsorbingLike in the classicalCEV modelsfor assets
of CoxandRoss(1976)they wereableto derive closed-formcapprices.Define

k2(1—a) 1 L2(1—a)

“SlU-ape "TiZa “Tl-apr
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For0 < a < 1it holds
CEV(k,L,7,a) = L(1 — x*(a, b+ 2,¢)) — kx?(c,b,a)
andfor 1 < «
CEV(k,L,7,a) = L(1 — x*(c,b,a)) — kx*(a,2 — b, c)

wherex?(-, v, £) is the non-centrakchi-squaredistribution function with v degreesof freedom
andnon-centralityparametet.

Implementing the ConstantElasticity of Varianceformula. AnderserandAndreaser§2000)
proposeto computethe x? distribution function usingthe seriesexpansiondevelopedby Ding
(1999):

X%x)zf%X%%S)SQﬁZZE:W%

tj_l.’lﬁ
£+2j
This expansionis theoreticallyvery usefull, becauséhe computationgives an explicit error

bound
1T
Zv]t <Zt] - §+n2n—x

j=n
but in our experiences too slow for practlcalusesWe preferthe improvedfirst orderWiener

germ approximationby Dinges(1989), which gives accuratevaluesfastfor small andlarge
valuesof non-centralityDefine

v = up = exp(—£/2) Vj = V1 + U u; =uj1&/2j t; =

VI1i+dzp/v—1

p=¢&v  s= 2
and
B , [ 1 h(1—s) 2(1+ 3u)? 1 2h(1-2s)
§=vis=1) (2_s+u_ s )+9v(1+2,u)3_10 (g_g1+2,us)
for
1 1
h(y)zg[(§—1>10g(1—y)+1}——
th
. B(VS) s>1
X’ (z) & 1/2 s=1
®(—VS) s<1

For atouroughcomparisorof differentapproximatiortechniquedor the x? distribution func-
tion seePen& andTaykov (2000).

3. EXAMPLES OF IMPLIED VOLATILITIES

As we had an extensve discussionof the differentshapesof implied volatility for the qua-
dratic specificationsn Zuhlsdorf (1998),we give hereonly a shortcomparisorof theimplied
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volatilities of quadraticand CEV models.Considerthe following specificationsof extended
volatility:

Lognormal: with A = 0.2

Sqgrt: aCEV modelwith o = 1/2 and\ = .04899
AV: affinewith [ = 6% and\ = 0.1

CEV: CEVwith a = 1.5 and)\ = 0.8165

Q1: quadrationith oneroot,! = —6% and\ = 1.875

Supposeéhattheinitial term structureof forwardratesis constan%. The parametersor the
examplesare choosensuchthat the at-the-mong volatility is 12%. The AV model approxi-
matesthe Sgrtmodelandthe Q1 modelthe CEV specificationln figuresl and2 the volatility
functionsand their correspondingmplied volatilities are plotted for a maturity of oneyear
The CEV pricesandthe pricesof the Q1 and AV specificationsare distinguishableonly for
strikesfarin- andout-of-the-mong.

Using the resultsof an empirical comparisonwe will aguein section5.2 that for practical
purposeshe parametridorm of thevolatility functionis irrelevant. The only importantfeature
of any parametridorm is the numberof free parameters.

4. SWAPTION PRICING

A (payer)swap with fixed-leg & is given by the differencein cashflavs betweena floating
investmentin theratesl,, againsionewith thefixedratek. This contractpays

On [Ln(tn) — k] in t,yy for m=1,.,N.

Thevalueof theswapis

N N
> 60(Ln—k) Py =Pi— Py —kB  for B=Y) 6,Puyi.
n=1 n=1

The bond B is an annuitywhich paysd,, unitsof curreng in ¢, for eachn = 1,.., N. The
(equilibrium) swap rateor parratex is the value of £ which makesthe swap’s presentvalue
zero:

_Pl_PN—i—l _Z::lzlénpn—l—an_ t
K = = =L'w
B B

if we defineweightsw, = 6,P,.1/B. It holds1*w = 1 where1l is the N-dimensionalunit
vector Theformulashaovstwo importantpropertiesof the swaprate:

e Theswaprateis aweightedaverageof Libor rates.
e Underthepricingmeasure&)? with numeraire3 theswaprateis alocalmartingale Jamshid-
ian (1997)callsQ? theforwardswapmeasure.
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A (Europearpayer)swaptionwith strike £ andmaturityt, is theright to entera swapwith fixed

leg £ startingin t;. Its valueattime ¢ < t; is therefore

(1= Pyii(t) — kB(t))"
B(t1)

whereE? denotesxpectatiorunderthetheforwardswapmeasure)?. In practice market par

ticipantsusethelog-normalmodelfor theswapasfor theforwardratesje, they price swaptions

asif

B(t) E? | Fi| = B(t) E” [(s(t) = k)" | F]

dk = Kk Y dW
wherelV is the Brownian motion associateavith the forward swap measurel?. This yields

the sameclosed-formsolution,the Black formula, for the swaption price asfor caplets,only
with adifferentnumeraireB whichis theforward swapnumeraire.

We will now derive the correctstochasticbhehaiour of the swap rate and then use this to
find a well behared approximation Write the dynamicsof the N-dimensionalprocessL =
(Ly,..,Ly)* as

dL = ---dt + TdW
for an N x d—dimensionaktochastiqprocesd’. If we specify an extendedmarket modelthe
component®f I' aregivenby

I =p(L,)y. for n=1,.,N and i=1,.,d.

n

To determinethe volatility of the swap rate x, we have to computeits derivative with respect
to L. Theratex is alinearfunctionof w and L, andtheweightvectorw is againafunctionof L.
In vectornotationthe differentialof x with respecto L is an N—dimensionalector

Ok 0 (Ltw) 6 ot Ow [ dw; 1'=7=N

ar = =w" + L'wy, for wp= — = J

oL oL oL OLy |icnen
or componentwise

oK N Ow;
= L, for n=1,..,N.
8Ln wn+]zl ]aLn n ’

Now we cancomputethe dynamicsof the swapratex usingthe multi-dimensionaltd formula:

dk = (wt + LtwL) TdW
d
= ) (wt+ Ltwy) T dW
i=1
d N N O o
— ZZ (wn+ZLj ﬁ) i dw’
i=1 n=1 j=1

= (G+H)'dW
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for d-dimensionaprocesses
G'=w'l and H*'=L'wl.

This is the correctdynamicsof x under@?®. To find a tractableapproximationwe will first
examinetheseconderm H of its volatility with components

N N

Hi= L' =331, g‘L"j ré

n=1 j=1

As
1'w=1
thedifferentialof this expressiorasa functionof L is zero,thereforeit holds
1'w,g=0 forall ¢geR".
Thisimpliesthatif we add(or subtract)a certainlevel ¢ to theLibor curve
L=L+cl=(Li+c,...,Ly+¢)

we getthesamevalue

ftng = (L+cl)wrg = Lwrg + clbwrg = Ltwig

for all directionsg € IR". This meanghatthe seconderm H of the swap ratevolatility does
notdependon the forward ratecurve but on the deviation of the forward curve from a constant
level. In particulay for a flat forward Libor curve the termvanishesThis factdoesnot depend
onthespecialmodelwe have choosenthereasonings independenof theform of I'. As afirst
approximatiorof the swapratedynamicswe will justomit thesecondermH.

Now assume deterministioextendedmarket model,ie
F; = p(Ln)’Yi-

Thenthefirst componenbf theswapratevolatility, the d—dimensionaprocess7, is aweighted
sumof theLibor ratefactorsy,:

N N
Gt _ tF . L t wﬂp(Ln) t
n=1 n=1

For this first term G of the swap ratedynamicswe proposean approximatiorwhich fixesthe
weightsatthe beginningof thelife of the swaption:

wn(to)p(Ln(to))
p(k(to))

N
G* ~ p(k)0*y = p(k) Z OnYE for 6, =
n=1

wherey isthe N x d matrix
( i)lgz'gd
n)1<n<N *

The approximationis by constructionexactin t,. In their empiricalanalysisof the lognormal
Libor market model, De Jonget al. (2001) statethat althoughswaptionpricesdo dependon
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thecorrelationbetweerinterestratesof differentmaturities,this turnsout to bea secondrder
effect; swaptionprices are primarily determinedby the volatilities of interestrates.Our ap-
proximationof G usesthis obsenationby fixing the weights,which definethe time dependent
correlationto be constantTheapproximatve swapratedynamics

dr = p(k) Bty dW

canbeusedto pricing swaptionswith theformulaefrom section2, numeraireB, and

r2(t) = / 164w du.

It is a stylized fact of the empiricsof the term structurethat the averagelevel of the curve
accountdgor mostof its variance A first simplemarket modelis therefore

e aone-facormodelwith
e aflat covariancefactory} (¢) = (t), and
¢ anaffinevolatility functionp(L) = L — .

This one-factor modelhastwo inputs, its left boundaryl andthe level v which may be time
dependendNotice thatfor this specificationthe approximationof G is exact: asfor an affine
functiontheweightssumto one

al wn(t) p(Ln(t)) 27]:[:1 wn () Ln(t) — 1
2 el

) B
it holds

Combiningtheseobsenations,we seethatif

e theinitial termstructures flat, and
¢ we useanaffine one-fictormodelwith aflat (possiblytime-dependentiactor

the proposedhpproximatve swap ratedynamicss exact.

5. EMPIRICAL RESULTS

In this section,we usedataprovided by WestdeutscheandesbankWestLB)on their website
ww. west | b. de/ swaps/

to calibratedifferentspecification®of the extendedmarket models.We usedatafor 385 days

startingJanuaryl, 1998to July 15, 1999.For the calibrationsthe completedatasetwasused,

no cleaningproceduregcheckfor outliers,etc.)wasperformed.

5.1. Calibration. In this subsectionwe calibratedifferentmodelsto the data.As our main
interestis how thecalibrationis influencedoy the choiceof differentvolatility functions,we use
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FIGURE 3. Fitto Capsl1998-01-01 1999-07-15

only asingleflat covariancefactor Thefit of all specificationgouldbeimprovedconsiderably
by makingthefactortime-dependemnr by usinga multi-factormodel. The modelis

The numberof parameter®f the modelis one (for ) plusthe numberof parametergor the
specificationof p. For example,the lognormalspecifications a one-parametemodel,the Q2
specificationis atwo-parametemodel.

First, we have to definehow to measurehe deviation of the modelspricesfrom the obsenred

onesPricesarequotedin basispointsWestLB providesbid/askpricesandwe take into account
this additionalinformationby consideringonly the deviation from the bis/askbounds Denote
theobsenedcapaskpriceby a, thebid by 6 andthe modelcappriceby c. For agivendate we

minimizethedistanced definedby

1 2
d= \/#{b/a}bz/a:max{a—c,c—b,O}

wherethe sumis over all bid/askcap prices.The metricis suchthat ary price which lies in
the bid/askspreadcountsasa perfectfit to the data. The sumis normalizedby the numberof
bid/askpriceswhichis denotedy #{b/a}. Thequadratianetricwasusedasit is standardn the
literature,seee.g.Amin andMorton (1994)or ChristianserandStruckHansen(2001).We use
the Pawell algorithmfor minimizing functionswithout computingderivatives,seesection10.6
in Press Teukolsky, VetterlingandFlannery(1992).
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FIGURE 4. Fitto Capsl1998-01-01 1999-07-15

Figure3 plotsthefit of threesimplemodels:Lognormal,Square-roof{CEV with o = .5 fixed)
andNormal (Bachelier/constantolatility). We seethatin the beginning of 1998thereis a big
frown in the dataasthe Bachelierandthe square-roospecificatiorfit the databetterthanthe
log-normalmodel. The situationreversesat the endof the year1998andduring the beginning
of 1999wherethe Bacheliermodelperformsvery badandthelognormaloneis the bestfit.

Figure 4 plots the fit of four extendedmodels,AV (affine volatility), QO (quadraticwith no
root, the minimum of the parabolaconstraintto zero:m = 0), Q2 (quadraticwith two roots),
and CEV. Obviously, onedegreeof freedomis sufficient to fit the smile in the data.All four
modelsperformequallywell which leedsusto concludethatfor a betterfit oneshouldusea
moreelaboratdorm of thecovariancefactors Figure5 plotsthefit of thelognormalandthe AV
modelto shav theimprovementofferedby oneadditionelfree parametem the calibration.As
thelognormalspecifications a specialcaseof theaffine one,it doesalwaysfit the databetter

Now we investigatehe approximatve swapratedynamicsproposedn sectiord. Thisapprox-
imation relieson the theoreticalreasoninghat the secondterm H of the swap rate dynamics
shouldbe small comparedwith thefirst term G. To verify this for the datausedhere,we took

the AV modelcalibratedo the capsdataon April 19,1999.As we have only oneflat factor we

areableto calculatethe exactvolatility of all swapratesusingtheresultof sectiord.

N N
ij

G=pk)y H=7) > L oL,

n=1 j=1
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Giventhe calibratedparameterdjgure 6 plotsthefactor

p(k)
G/H ZszZI 2;21 Lj gTwi

by which thefirsttermG is biggerthanthe seconderm H for swapof lengthsupto tenyears.
As expectedwe find thattheomissionof the secondermis of noimportanceevenfor aseven

yearswapthefirst termis still 62 timesthevalueof the secondone.The secondermdepends
on the deviation of the forward curve from the constantlevel, so it is smallerfor a shorter
swap length.Notably, the swapratewith lengthoneis equivalentto the spotLibor rate,sothe

approximations exact,theseconderm H is zero,andthe quotientis infinite.

After fitting the modelsto the capsdata,we usedthe calibratedparameterso evaluatethefit to
the swaptiondatausingthe approximatve pricing formulae.Thatis, the parametersvere not
fittedto swaptions We wantedto checkwetheramodelcalibratedo capsdoesalsofit swaptions
reasonablyvell, sowe took the parametersf the capsfit andthenevaluatedthe approximate
price of the swaptions. Figures7, 8, and9 plot thefit of the modelsto swaptionprices.All the
statementdor thefit to capscarry over to the swaptionapproximationwe obsene the same
smileandthefactthatno extendedmodelfits the datasignificantlybetter

5.2. Non-parametric Calibration. In the their careful empirical study of the Libor market
andthe swap market model,De Jonget al. (2001)find systematigoricing errorswhich they
explain by yield-spreadandyield-cunatureparametersThey arguethatit is more likely that



19

QUADRATIC VOLATILITY LIBOR MARKET MODELS

9907

AV -t

15
Log Normal

9904
-07-

9901

9810

1
9807

W
AN T

,
v

|

FIGURE 8. Fit to Swaptions1998-01-01 1999

9804

9801

14
12
10 -
8

6
4t
2

0

9807 9810 9901 9904 9907
FIGURE 9. Fit to Swaptions1998-01-01 1999-07-15

9804

9801



QUADRATIC VOLATILITY LIBOR MARKET MODELS 20

0.03 T T T T

T
Log Normal
Normal -------
Square Root -------- ]
CEV -~
0.025 - 5
Q0
0.02
0.015 | R
0.01 |~ /;;T;V;;;““' |
,//j_’;;;é‘;‘;
0.005 i |
0 L . | | |
0 0.02 0.04 0.06 0.08 0.1 012

FIGURE 10. FittedVolatility Functions1999-04-19

the correlation betweenrpricing errors and yield-curvevariablesis the resultof misspecified
volatility functions,and,in particular, theassumptiorof lognormallydistributedinterestrates.

In this subsectionwe will arguethatin factthefit of amodeldoesnotdepencdnits parametric
form. For every specificatiorwe seethatindependentf its parametridorm thefirst freeparam-
eterof themodelis fitted to a specificvolatility value.If asecondreeparameters available,it
is fitted to a specificslope.

Figuresl0 plotsthevolatility of thefitted modelsfor April 19,1999.0Obviously, thecalibration
of any modelfindsthe samevaluefor instantaneousolatility (0.068)at a certaincritical Libor
level (4.1%).For specificationsvhich have ansecondree paramete(AV, CEV, Q2, Q0) the
calibrationproceduredoesalsofind the sameslope(0.14)at thatlevel.

To show that this fact holdsfor the whole dataset, we first definethe critical Libor rate: it
is computedasthe intersectionpoint of the calibratedvolatility with the calibratedBachelier
volatility B2, Take for examplethe affine model.

,YBac
,YAV(LAV _ ZAV) _ ,_yBac — AV — W 4+ A

where~2AV | 1AV and~Pa¢ arethe calibratedmodelparametersThe critical point LAY is a kind
of implied at-the-mong point of the calibratedmodel.Figure 11 plotsthe critical Libor value
for threetwo-parametespecificationgor all obsenationdatesandfigure 12 plotsthe slopeat
that point. The plots confirm that the calibrationprocedurefits the sameempirical volatility
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function independentlyof its parametricform. This holds especiallyfor the slopewhich is
indistinguishabldor thedifferentcalibrations.

Further we seethat the slopeis lessthan one for the whole time interval from Januaryl,
1998,to July 15, 1999.This indicatessystematideviation from the log-normalmarket model
to specificationsvith smallerslopefor the volatility function. This correspondso a frown in
implied volatilities. De Jonget al. (2001) obtainedanaloguousesults.They estimatedvalues
around0.7 for the exponentparameteof the CEV market model.

6. CONCLUSION

The classof extendedLibor market modelsoffers a greatvariety of term structuremodels
which allow for closed-formsolutionsfor cap pricesaswell astheoreticallyandempirically
well-foundedapproximationgor swaptionprices.They fit obserned market pricesbetterthan
thelog-normalmodelwithoutloosingtractability.

From a practicalpoint of view all extendedmodelsperformequallywell. The one-factor AV
specificatiorfulfils the swaptionpricing assumptiongxactly, soit theoreticallyoffersthe best
consisteng of capandswaptionpriceswithin onemarket modelspecification.

AV, Q1 andQ2 modelsareeasierto implementasthesespecificationgyive analyticalclosed-
form solutionsto the pricing equations.For the CEV model we have to computethe non-
centralchi-squaralistributionfunctionfor noncentralityaluesupto 600—800 whichis difficult
to implement.For the Q0 modelwe have to implementa sine expansionwhich involvesthe
calculationof severalhundredsinevalues.

The empirical resultsindicatethat a one-parametevolatility function offers enoughdegrees
of freedomto capturethe smilesin the dataoffered by WestLB. The calibrationof a set of

differentparametrionarket modelsto the datarevealedthatthefit doesnotdependn acertain
parametridorm but onthe volatility valueandslopeat a certaincritical Libor rate.For abetter
fit we would have to considemoreelaboratecovariancestructuresin thelog-normalcaseDe

Jongetal. (2001)amguethata mean-rgertingone-factormodel

7!6(1‘4' *t)

Yi(t) = v(t — ;) = e Yo, 6 >0

is agoodchoicefor their data(US term structureJuly 1995- Septembed996). Christiansen
andStruckHansen(2001)investigateghelog-normalmarketmodelusingT-bill optionsandfind
no significantdifferencedn the propertiesof threedifferentcovariancefactor specifications.
Furtherempiricalresearcltouldincludestudiedike Amin andMorton (1994)or Buhler, Uhrig-
Homhurg, WalterandWeber(1999)on the hedgingpropertiesof the differentmodels.

Combiningthe obsenationsandresults we concludethatthe affine Libor market modelis the
mostinterestingextendedmodelfor further researchit is asfastto evaluateasthe standard
lognormalmodelandit offersatheoreticallywell-foundedapproximatve swaptionpricing for-

mula.
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APPENDIX A. PROOFS FOR SECTION 1

It&’sformula. Weusethefollowing versionof themulti-dimensionaltd formula,seee.g.Karatzas
andShreve (1991,3.3.6):if

dX, = py, dt +LdW 1<n<N

thenfor ary function ' € C2(IR") it holds

dF(X) = ivj (FH(X) X, + % zNanj(X) d(Xn,Xj>)

-y (Fn(X) AX, + 5 Fan(X) d(X, X+ 37 Foy(X) d<Xn,Xj>)

n=1 j=n+1

with
oF 0’F

= d F= —%—.
" 0z, an ™ 02,0,
Theequalityholdsbecaus€ X, X;) = (X;, X,,) andF,,; = Fj,.

A.l. Proof of Lemma 1.1. Thederiativesof the Dswith respecto theLibor ratesaregiven

by:
11+ §;L;)) n<m

Jj=n

P, T
D, = = szil(l +6;L;)F m<n
1 m=n
1 <k<
0Dy 0kDn 1 n_<k<m
oLy _1+5kLk = . "
0 otherwise
’D, 62D, 1 m<k<n
02L, " (1+6:Lx)2 | 0 otherwise
andfor [ # k
0’D,, B 001 Dy, 1 n<kil<m or m<kl<n
OLyOL;  (1+8:Ly)(1+6,L;) | 0 otherwise

Forn = m obviously
dD,, = 0.
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The multi-dimensionaltd formulagivesfor n < m

3

dD,, Sk i S5k01
Dn (1 + 6kLk k l:zk—;l (1 + 5kLk)(1 + 51[11) < k l>

ol
3

3

m—1 m—1
= q(0k, L) v [dWm— > @, L) i+ Y a6, Ly ’Yz]

I=k+1 I=k+1

ES
Il
S

3

>
3

Form < n follows analogously

an n—1
5= > (S, Li) ypdW™,
n k=m

Sothediscountedassepricesarelocal martingaledor thespecifieddynamicsof theLibor rates
which shaws thatthe modelis arbitrage-free. O

A.2. Proof of Proposition 1.2. Thecondition
L,>0 forall n

is equivalentto

P
Dy>--->Dy>1 as D,=—".
PN+1

We prove the strongexistenceof the D,, recursvely andwrite W for W¥+1,

Start n = N: It hasto hold

N—1

D
dDy = Dng(0n, Ln)vydW = 6yp ( 5 ) YadW.

By thegeneralexistencepropositionof Zuhlsdorf (1998)we know thatunderour assumptions
this SDE hasa strongnon-eploding solution.If atsomepointin time Dy attainsone,we take
it to beabsorbedhere.Thisis egivalentto absorptiorof Ly in zero.

Stepn < N: GiventhestrongsolutionsL; for j > n, definefor ary boundb > 0 the stopping
time
0, = inf{t | max (L, 41, .., Lny) > b}
andthemeasurablset
Oy ={0, <T}.
ThelLibor ratesL, 4, .., Ly areboundedby b for ¢ < 6,. By strongexistenceof the L; for all

j > n weknow that

QN+1 (Qb) — 1.
b—o0
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We will shaw that the solutionfor D,, exists on eachof the sets(2, andthusglobally. The
dynamicsof D, is

D, — D,
dD, = 6,0, u) Yo+ Dy,
( (B S

j=n+1

t
5J’L 7]) aw

Thesecondermis Lipschitz-continuousn the set2, by construction:

N N N
v > a0 L) =y Dy, a5, Ly) v < Cle—yl maxp(L) 3 9 as.
j=n+1 j=n+1 j=n+1

Aswehave D, ; < D,, for
ISDn—HSxaySm

thefirst termis locally Lipschitz

5nDn+1p (%TZZ?) Tn — 5nDn+1p (%) Tn
where K,,, denoteghe Lipschitz-constantor p on0 < z,y < m. Thuswe candefineD,, on
each(, asthe solutionto the SDE which fulfils the conditionsof the existenceproposition
from Zuhlsdorf (1998).1f at somepointin time D,, = D,,,; we take it to beequalto D,,

afterwardswhichis equivalentto absorptionn zeroof L,,. O

< S || Val| K|z — 9

APPENDIX B. COEFFICIENTS OF THE Q0 PRICING FORMULA

We arein the caseof of the generalquadraticmodelwith no real rootsandboundary(0, o),
seeZihlsdorf (1998,App. B). Thecoeficientsaredefinedby:

Ao g a:aI‘Ctan(_m/d) Z(.T) = arctan (x—dm) —a

K=2k U=Zu)==-a

2
/sm 2+ a) sing(2) dz = _V;sin(a—z/,jz) + v, sin(a + v 2)
n -
2¢q,,
/cos Z+a sin ( ) dy — _I/;'COS(a - V;Z) +V;COS(CL+V;'z)
n —
2qy
nZn? )
I/;::Zﬁj:l qn: U2 _121/;1‘1/
1S, —dcy) |
an = ((m—k)S = dCr) ‘Z(k)
t N
0 R L C R

Cn = Qn+by



