UrexvwSrvvlelolw| dqg Lp srvvlelolw| Uhvxowv

Xuv Vfkz hl}hu Ghsduwp hqwri Hfrqrp lfv Xqlyhuvlw| ri Erqq Dghqdxhudoohh 57 G086446 Erqq h0p dlo=vfkz hl}huCxql0erqq1gh

Ghfhp ehu 4<<;

Devwudfw

Lq d j hqhudovhwwlqj ri sulydwh lqirup dwlrq/ wkh srvvlelolw| +lp srv0 vlelolw| , wkhruhp lvvdlg wr eh ydolg/ li d edodqfhg dqg h{ srvwh! flhqw p hfkdqlvp h{lvwv+grhvqrwh{lvw, z klfk dj hqwvyroxqwdulo| sduwlflsdwh dw1 Srvvlelolw| dqg lp srvvlelolw| uhvxowv duh fdoohg urexvwli wkh| krog irudoosulruvz lwk lqghshqghqwo| glvwulexwhg sulydwh lqirup dwlrq1 Wkh iroorz lqj sdshuv/ dp rqj rwkhuv/ lp solflwho| frqwdlq vxfk uhvxowv=P | 0 huvr q dqg Vdwwhuwkz dlwh +4<; 6,/ J wk dqg Khooz lj +4<; 9,/ F udp wr q/ J leer qv dqg Nohp shuhu +4<; : ,/ P f Di hh +4<<4,/ P dnr z vnl dqg P h}}hwwl +4<<6,/ Z looldp v +4<<7, dqg Vf kp lw} +4<<; ,1 Wkh suhvhqwsdshu lqwurgxfhv d fulwhulrq z klfk grhv qrwgh0 shqg rq wkh sulru glvwulexwlrq ri lqirup dwlrq1 Wklv fulwhulrq doorz v/ qrwrqo| / wr vlp soli| gudvwlfdoo| hduolhu surriv/ exwdovr wr j hqhudol}h wkh h{lvwlqj uhvxowv lq d vxevwdqwldoz d| 1

MHO Fodvvl�fdwlrq=G; 5 Nh| z rugv=Lp srvvlelolw| wkhruhp v/ srvvlelolw| wkhruhp v/ Ed| hvldq lp sohp hqwdwlrq xqghu yroxqwdu| sduwlflsdwlrq

4 Lqwur gxfwlr q

Ohwxv dvvxp h wkdwd �qlwh qxp ehu ri ulvn0qhxwudodj hqwv lv idflqj d ghfl0 vlrq z klfk d�hfwv lqglylgxdosur�wv +ru xwlolw| ,1 Wkh vkdsh ri hdfk sur�w ixqfwlrq lv sulydwh lqirup dwlrq ri wkh fruuhvsrqglqj dj hqw1 Wr vroyh wkhlu ghflvlrq sureohp / wkh dj hqwv p dnh xvh ri d p hfkdqlvp 1Sduwlfxodudwwhqwlrq z looeh sdlg wr p hfkdqlvp v z khuh sduwlflsdwlrq uhp dlqv yroxqwdu| 1 Li d edo0 dqfhg p hfkdqlvp / doorz lqj iruyroxqwdu| sduwlflsdwlrq/ h{lvwvz klfk ohdgvwr wkh h{ srvwh! flhqwghflvlrq wkhq wkh srvvlelolw| wkhruhp lv vdlg wr eh ydolg1

Wkh h{lvwhqfh ri vxfk d p hfkdqlvp p d| ghshqg rq wkh sulru glvwulexwlrq ri sulydwh lqirup dwlrq1 Li vxfk d p hfkdqlvp h{lvwv iru doosulruv z lwk lqghshq0 ghqwo| glvwulexwhg sulydwh lqirup dwlrq wkhq wkh urexvwsrvvlelolw| wkhruhp lv vdlg wr krog1 Wkh lp srvvlelolw| wkhruhp lv ydolg li wkh srvvlelolw| wkhruhp lv qrw1 Wkh urexvwlp srvvlelolw| wkhruhp / �qdoo| / lv ydolg li/ iru dq| sulruv z lwk lqghshqghqwo| glvwulexwhg sulydwh lqirup dwlrq/ wkh lp srvvlelolw| wkhruhp lv ydolg1

Wkh vfrsh irusrvvlelolw| rulp srvvlelolw| uhvxowvfdq eh h{soruhg e| orrn0 lqj dwhlwkhu rqh ri wkh iroorz lqj wz r p hfkdqlvp v1 Wkh fkhdshvwJ uryhv p hfkdqlvp lp sohp hqwv wkh h{ srvwh! flhqwghflvlrq lq grp lqdqwvwudwhj lhv1

Sduwlflsdwlrq ri doo dj hqwv uhp dlqv yroxqwdu| 1 Wkh p hfkdqlvp / ri frxuvh/ idlov wr eh edodqfhg vxfk wkdworvvhv ru j dlqv p xvweh eruqh e| wkh rxwvlgh sduw| z klfk rshudwhv wkh p hfkdqlvp 1 Wkh fkhdshvwJ uryhv p hfkdqlvp lv/ iurp wkh ylhz srlqwri d ulvn0qhxwudorxwvlgh rshudwru/ wkh fkhdshvwwr uxq dp rqj doovxfk p hfkdqlvp v1 Li wkh sulydwh lqirup dwlrq/ dwz klfk sduwlflsd0 wlrq frqvwudlqwv duh elqglqj / grhvqrwghshqg rq wkh sulru glvwulexwlrq wkhq wkh urexvwsrvvlelolw| wkhruhp +urexvwlp srvvlelolw| wkhruhp , lv ydolg li dqg rqo| li wkh fkhdshvwJ uryhv p hfkdqlvp qhyhu +doz d| v, uxqv d gh�flw1 Wkh srvvlelolw| wkhruhp +lp srvvlelolw| wkhruhp , lvydolg li dqg rqo| li wkhfkhdshvw

J uryhv p hfkdqlvp ohdgv/ lq h{shfwhg whup v/ wr d j dlq +orvv, iru wkh rxwvlgh rshudwru1

Wkhohdvwglvvhqwp hfkdqlvp lvedodqfhg/ kdvwhoolqj wkhwuxwk dvd Ed| hvldq

Qdvk ht xloleulxp dqg ohdgv wr wkh h{ srvwh! flhqwvroxwlrq1 Sduwlflsdwlrq/ krz hyhu/ qhhg qrwehyroxqwdu| 1Dwwkhsulydwhlqirup dwlrq z khuhwkhlqwhulp h{shfwhg qhwsur�wdv frp sduhg wr wkh rxwvlgh rswlrq lv orz hvwru/ ht xlyd0 ohqwo| / z khuh wkh glvvhqwdj dlqvwsduwlflsdwlrq dwwdlqvlwvp d{lp xp / wkhohdvw glvvhqwp hfkdqlvp ohdgv/ e| gh�qlwlrq/ wr wkh vdp h p d{lp xp glvvhqwirudoo dj hqwv1 Lq rwkhu z rugv/ wkh p d{lp xp glvvhqwiurp hqirufhg sduwlflsdwlrq lv wkh vdp h iru doodj hqwv1 Li wkh sulydwh lqirup dwlrq/ dwz klfk wkh glvvhqw

dwwdlqvlwvp d{lp xp / grhvqrwghshqg rq wkh sulruglvwulexwlrq wkhq wkhsrv0 vlelolw| wkhruhp lvydolg li dqg rqo| li/ irud j lyhq sulruglvwulexwlrq ri sulydwh lqirup dwlrq/ wkh ohdvwglvvhqwp hfkdqlvp grhv qrwylrodwh dq| sduwlflsdwlrq frqvwudlqwv/ l1h1 sduwlflsdwlrq grhv qhyhu j lyh ulvh wr glvvhqw1 Li wklv lv wkh fdvh iru dq| sulru z lwk lqghshqghqwo| glvwulexwhg sulydwh lqirup dwlrq wkhq wkh urexvwsrvvlelolw| wkhruhp lv ydolg1Wkh lp srvvlelolw| wkhruhp lv ydolg li/ irud j lyhq sulruglvwulexwlrq/ wkh p d{lp xp glvvhqwri hdfk dj hqwlvsrvlwlyh/ l1h1dwohdvwvrp h ri wkh sduwlflsdwlrq frqvwudlqwvp xvweh ylrodwhg vxfk wkdw sduwlflsdwlrq kdv wr eh hqirufhg1 I lqdoo| / wkh urexvwlp srvvlelolw| wkhruhp lv ydolg li vrp h ri wkh sduwlflsdwlrq frqvwudlqwv duh ylrodwhg xqghu wkh ohdvw glvvhqwp hfkdqlvp / qr p dwwhukrz wkhsulruglvwulexwlrq ri lqirup dwlrq orrnv olnh

Wr p | nqrz ohgj h/ wkh h{solflwqrwlrq ri d urexvwsrvvlelolw| wkhruhp ru lp srvvlelolw| wkhruhp dv lqwurgxfhg deryh lv qhz 1 Qhyhuwkhohvv/ lp solflwho| / wkh h{lvwlqj olwhudwxuh frqwdlqv p dq| uhvxowv z klfk duh urexvw1 P | huvr q dqg Vdwwhuwkz dlwh +4<; 6, kdyh wkh urexvwlp srvvlelolw| wkhruhp vkrz q wr eh ydolg iru wkh fdvh ri d vhoohu rz qlqj dq lqglylvleoh j rrg dqg idflqj d srwhqwldoex| huri klvj rrg>J wk dqg Khooz lj +4<; 9, kdyhgrqhwkhvdp h iruwkhfdvhri dq lqglylvleohsxeolf j rrg>P dnr z vnl dqg P h}}hwwl +4<<6, ghdoz lwk wkhfdvhri d vhoohuri dq lqglylvleoh sulydwh j rrg idflqj dq duelwudu| qxp ehuri srwhqwldoex| huv +sulydwh lqirup dwlrq lvdvvxp hg wr eh lghqwlfdoo| glvwulexwhg iru dooex| huv,>F udp wr q/ J leer qv dqg Nohp shuhu +4<; : , kdyh wkh srvvlelolw| wkhruhp vkrz q wr eh ydolg li lqlwldo hqgrz p hqwv duh ht xdoo| glvwulexwhg dp rqj dj hqwv +dj dlq/ sulydwh lqirup dwlrq lv dvvxp hg wr ehlghqwlfdoo| glvwulexwhg irudoodj hqwv,>Vf kp lw} +4<<; , kdvd vlp loduuhvxow iru wkh fdvh ri dq lqglylvleoh sxeolf j rrg>Z looldp v +4<<7, kdv frqvlghuhg vhyhudoex| huv idflqj vhyhudosrwhqwldoex| huv +sulydwh lqirup dwlrq ri vhoohuv dqg ex| huv/ uhvshfwlyho| / duhdvvxp hg wr ehlghqwlfdoo| glvwulexwhg,>P f Di hh +4<; 4,/ �qdoo| / h{soruhv wkh fdvh ri d vhoohuri d glylvleoh sulydwh j rrg idflqj d vlqj oh srwhqwldoex| hu1

Doowkhvh sdshuv � wkh olvwlv qrwfodlp hg wr eh frp sohwh � lp solflwho| frqwdlq urexvwsrvvlelolw| ru lp srvvlelolw| uhvxowv lq wkh vhqvh ri wkh suhvhqw sdshu1 Wkh| kdyh lq frp p rq wr fdofxodwh/ iru d j lyhq sulru glvwulexwlrq ri lqirup dwlrq/ wkh dj hqwv*lqwhulp h{shfwhg qhwsur�wv/ wdnlqj wkh Ed| hvldq lqfhqwlyh dqg sduwlflsdwlrq frqvwudlqwv lqwr dffrxqw1 Wkh suhvhqwsdshu/ lqvwhdg/ lqwurgxfhv d fulwhulrq z klfk grhv qrwghshqg rq wkh xqghuo| lqj sulru dqg z klfk vwloo doorz v wr ixoo| h{soruh wkh vfrsh iru srvvlelolw| dqg lp srvvlelolw| uhvxowv/ lqfoxglqj urexvwrqhv1 Lwwxuqvrxwwkdwwkh sursdj dwhg

vkliwri dwwhqwlrq doorz v/ qrwrqo| / wr vlp soli| surriv gudvwlfdoo| exwdovr wr h{whqg wkh hduolhuuhvxowvlq d vxevwdqwldoz d| 1

Wkh sdshu lv ruj dql}hg dv iroorz v1 Lq vhfwlrq 5/ wkh j hqhudovhwwlqj lv lqwurgxfhg1 P ruhryhu/ wkh edvlf lqvlj kwv ri lqfhqwlyh wkhru| duh eulh | uh0 fdoohg1 Z kloh wklv vhfwlrq p d| qrwsuhvhqwwuxo| qhz uhvxowv/ wkh vkliwiurp wudglwlrqdowr urexvwsrvvlelolw| wkhruhp v ru lp srvvlelolw| wkhruhp v z looeh hp skdvl}hg1 Vhfwlrq 6 ghdov z lwk wkh fdvh ri dq lqglylvleoh sxeolf ghflvlrq1

Lq vhfwlrq 7/ d vhoohu ri dq lqglylvleoh sulydwh j rrg lv idflqj dq duelwudu| qxp ehuri srwhqwldoex| huvz khuhdv/ lq vhfwlrq 8/ wkh dqdo| vlvlvh{whqghg wr wkh fdvh z khuh vhyhudovhoohuv duh suhvhqw1 Lq vhfwlrqv 6 wr 8/ wkh vfrsh iru urexvwsrvvlelolw| dqg lp srvvlelolw| uhvxowv lv ixoo| vshfl�hg1 Vlqfh wkh sulru glvwulexwlrq ri lqirup dwlrq grhv qrwhqwhu rxu fulwhulrq/ wkhvh glvwulexwlrq ixqfwlrqv qhhg qrweh dvvxp hg wr eh lghqwlfdo1 J hqhudol}lqj F udp wr q hw do1 +4<; 9, dqg Vf kp lw} +4<<; ,/ vhfwlrqv 6 wr 8 dovr suhvhqwsrvvlelolw| wkhruhp vz klfk duh vkrz q wr eh ydolg li dj hqwv/ h{ dqwh/ duh deoh wr vshfli| d ghidxowghflvlrq surshuo| 1 Lq wkh fdvh ri lghqwlfdoglvwulexwlrq ixqfwlrqv lwlv wkhht xdoglvwulexwlrq ri lqlwldohqgrz p hqwvz klfk j lyhvulvhwr wkhsrvvlelolw| wkhruhp 1 \ hw/ lq p ruh j hqhudofdvhv/ wkh lqlwldodvvlj qp hqwri hqgrz p hqwv uht xluhg wr hqvxuh wkh ydolglw| ri wkh srvvlelolw| wkhruhp p d| ghshqg rq wkh sulru glvwulexwlrq ri lqirup dwlrq vxfk wkdwwkh urexvwyhuvlrq ri wkh srv0 vlelolw| wkhruhp p d| idlowr krog1 Lq dq| fdvh/ wkh uhvxowlqlwldoo| gxh wr

F udp wr q hw do1 +4<; : , fdq/ qrwrqo| / eh hvwdeolvkhg lq d p xfk vlp sohu z d| exwdovr/ lwvj hqhudol}hg yhuvlrq lvvkrz q wr krog idueh| rqg wkh fdvh ri d vlqj ohlqglylvleohsulydwhj rrg z lwk lghqwlfdosulruglvwulexwlrqviruz klfk lw kdvrulj lqdoo| ehhq hvwdeolvkhg1Vhfwlrq 9 ghdovz lwk wkh �uvwrughudssurdfk wr srvvlelolw| dqg lp srvvlelolw| uhvxowv1 Xqghu Frqfoxglqj Uhp dunv/ wkh uh0 vxowvduh vxp p dul}hg dqg wkhlup hdqlqj irup dunhww| sh lqvwlwxwlrqv/ dp rqj wkhp duhgrxeohrudodxfwlrqvdqg wkhh{solflwlp sohp hqwdwlrq ri Z doudvdqg

Olqgdkoht xloleulxp / z looeh h{soruhg1

5 Wkh p r gho

D vhwU’ ⟩ �cνννc⋆| ri dj hqwvlvidflqj dghflvlrq ϱiurp dvhwf ri dowhuqdwlyhv1 f lvhlwkhud �qlwhvhwrudvxevhwri dq Hxfolghdq vsdfh1Wkhsur�w+ruxwlolw| ,

Z^ζEϱcq^ζø ri dj hqwζghshqgv rq wkh ghflvlrq ϱdv z hoodv rq klv lqirup dwlrq sdudp hwhu q^ζ z klfk lv gudz q iurp dq lqwhuydo dq^{ζu} cq^{ζM}o ri wkh uhdo olqh1

Sulydwh lqirup dwlrq lv lqghshqghqwo| glvwulexwhg/ wkh ghqvlw| ixqfwlrq ri q^ζ

ehlqj ghqrwhg e| s_ζEq_ζø1 Li/ lq dgglwlrq/ dj hqwζ uhfhlyhv sd| p hqw5_ζ klv qhwsur�w+ru t xdvl0olqhdu xwlolw| , dp rxqwv wr Z_ζEϱcq_ζøn 5_ζ1 I ru d j lyhq uhdol}dwlrq q ’ Eq_�cνννcq_⋆ ø ri lqirup dwlrq sdudp hwhuv/ wkh h{ srvwh! flhqw ghflvlrq vroyhv ϱEqø▽@h˝4 @_ϱ ⋃ ζMU Z_ζEϱcq_ζø +4,

vxfk wkdwwkh h{ srvwh! flhqwvxusoxv lv j lyhq e| ℓ Eqø’ ⋃ ζMU Z_ζEϱEqøcq_ζøν +5, Wkh dj hqwv*ghflvlrq sureohp lvdvvxp hg wr eh vroyhg e| d p hfkdqlvp z klfk/ lq lwv j hqhudoirup / fdq eh ghvfulehg e| d j dp h irup ℘ G7_� ⋄ ννν⋄ 7_⋆ ↔ f ⋄ ⊥^⋆ z khuh dj hqwζp xvwfkrrvh klv vwudwhj | r_ζ iurp vwudwhj | vhw7_ζ1 Dwvwudwhj | sur�oh r ’ Er_�cνννcr_⋆ ø/ wkh doorfdwlrq ℘Erø’ df Erøc⃗_�Erøcνννc⃗_⋆ Erøo +6, uhvxowv z lwk f Erø ▽ f ehlqj wkh ghflvlrq dqg ⃗_ζErø ▽ ⊥ wkh sd| p hqwwr dj hqwζ1

Z lwkrxwvxfk p hfkdqlvp / e| dvvxp swlrq/ wkh rxwvlgh rswlrq ϱ^f ▽ f z rxog eh uhdfkhg1 Wkh j dp h irup +6, doorz v iru yroxqwdu| sduwlflsdwlrq li hdfk dj hqwkdv rqh vwudwhj | r^f_ζ ▽ 7_ζ dwohdvwiru z klfk

Z_ζEf Er^f_ζcr_{∋ ζ}øcq_ζø≤ Z_ζEϱ^f cq_ζø

krogv/ qr p dwwhu z kdwvwudwhj lhv r_{∋ ζ} duh fkrvhq e| wkh rwkhu dj hqwv1 Dwwkh rxwvlgh rswlrq/ dj hqwζuhfhlyhv }hur sd| p hqw/ l1h1 ⃗_ζEr^f_ζcr_{∋ ζ}ø≤ f1 Lwlv wkh glvwlqfwlyh ihdwxuh ri p dunhw0w| sh lqvwlwxwlrqv wkdwwkh| doorz iru yroxqwdu| sduwlflsdwlrq1

Vlqfh q_ζ lv dvvxp hg wr eh sulydwh lqirup dwlrq ri dj hqwζ/ klv vwudwhj | r_ζ ’ r_ζEq_ζø fdq ghshqg rq q_ζ rqo| 1 Vxssrvh z h duh j lyhq d Ed| hvldq Qdvk ht xloleulxp rEqø ’ Er_�Eq_�øcνννcr_⋆ Eq_⋆ øø z klfk ohdgv wr wkh h{ srvwh! flhqw ghflvlrq +4,1 Dvvrfldwhg z lwk vxfk dq ht xloleulxp / wkhuh h{lvwv wkh gluhfw p hfkdqlvp dϱEqøc5_�Eqø’ ⃗_�ErEqøøcνννc5_⋆ Eqø’ ⃗_⋆ ErEqøøo +7,

z klfk vdwlv�hv wkh lqfhqwlyh frqvwudlqwv ζEq^ζø≤ ▷^{∋ ζ}dZ^ζEϱEq_≺cq^ζøcq^ζøn 5^ζEqøo∼ ▷^{∋ ζ}dZ^ζEϱĚq^ζcq^{∋ ζ}øcq^ζøn 5^ζĚq^ζcq^{∋ ζ}øo +8, iru dooζ▽ Udqg dooq^ζcq̌^ζ ▽ dq^{ζu} cq^{ζM}odv z hoodv wkh sduwlflsdwlrq frqvwudlqwv ζEq^ζø∼ Z^ζEϱ_f cq^ζø +9, irudooζ▽ Udqg dooq^ζ ▽ dq^{ζu} cq^{ζM}o1Lq +8,/ ▷^{∋ ζ} ghqrwhvwkhh{shfwdwlrq rshud0 wruz lwk uhvshfwwr doolqirup dwlrq sdudp hwhuvexwq^ζ1Wkh gluhfwp hfkdqlvp

+7, kdv whoolqj wkh wuxwk dv d Ed| hvldq Qdvk ht xloleulxp dqg ohdgv wr wkh vdp h doorfdwlrq dv wkh ht xloleulxp rEqø xqghu wkh rulj lqdoj dp h irup +6,1

Lq wklv vhqvh z h fdq/ z lwkrxworvv ri j hqhudolw| / uhvwulfwdwwhqwlrq wr gluhfw p hfkdqlvp v z klfk vdwlvi| wkh lqfhqwlyh frqvwudlqwv+8, dqg wkh sduwlflsdwlrq frqvwudlqwv +9,1 Wklv/ ri frxuvh/ lvwkh z hoo0nqrz q uhyhodwlrq sulqflsoh1

Wkh h{ srvwh! flhqwghflvlrq +4, dqg wkh lqfhqwlyh frqvwudlqwv+8, mrlqwo| ghwhup lqh/ xs wr d frqvwdqwri lqwhj udwlrq/ wkh lqwhulp h{shfwhg qhwsur�w ζEq^ζø ri dj hqwζdv gh�qhg lq +8,1 P ruhryhu/ li wkh lqirup dwlrq sdudp hwhu q_f^ζ vroyhv q_f^ζ ▽ @h˝4 ı? q^ζMdq^{ζu} cq^{ζM} o ▷^{∋ ζ}dℓ Eqøo∗ Z^ζEϱ^f cq^ζø +: , wkhq lwlvvx! flhqwwr fkhfn wkh sduwlflsdwlrq frqvwudlqwdwq_f^ζ1I rudq| j lyhq p hfkdqlvp ohdglqj wr lqwhulp h{shfwhg qhwsur�w^ζEq^ζøri dj hqwζ/ ohw

↼^ζEq^ζcϱ_f ø≤ Z^ζEϱ_f cq^ζø∗ ^ζEq^ζø ghqrwh wkh glvvhqwri dj hqwζdj dlqvwxvlqj wkh p hfkdqlvp dv frp sduhg wr wkh rxwvlgh rswlrq1 Li wkh glvvhqwlv srvlwlyh/ l1h1 li ↼^ζEq^ζcϱ_f ø. f/ wkhq wkh sduwlflsdwlrq frqvwudlqwlv ylrodwhg dwq^ζ z khuhdv/ li ↼^ζ ⪰ f/ lwlv qrw1 Wkh glvvhqwri dj hqwζdwwdlqv lwv p d{lp xp dwlqirup dwlrq sdudp hwhu q_f^ζ1 Li wkh sduwlflsdwlrq frqvwudlqwlvelqglqj dwq_f^ζ/ l1h1li wkh p d{lp xp glvvhqwlv}hur/ wkhq wkh lqwhulp h{shfwhg qhwsur�wri dj hqwζlv j lyhq e| ζEq^ζø’ ▷^{∋ ζ}dℓ Eqøo∗ ▷^{∋ ζ}dℓ Eq_f^ζcq^{∋ ζ}øo +; , vxfk wkdwwkh h{shfwhg j dlq/ orvv li qhj dwlyh/ ri dq rxwvlgh sduw| rshudwlqj wkh p hfkdqlvp dp rxqwvwr ▷ d∗ ⋃ 5^ζEqøo’ ▷ d– Eqcq_f øo∗ Ø_f +<,

z khuh/ e| gh�qlwlrq/

– Eqcq^f ø≤ ⋃ ζMU ℓ Eq^f_ζcq_{∋ ζ}ø∗ E⋆ ∗ �øℓ Eqø +43, dqg Ø^f ≤ ⋃ ζMU Z_ζEϱ^f cq^f_ζøν +44,

Wkh h{shfwhg j dlq +<, p xvweh wkh vdp h iru dq| p hfkdqlvp iru z klfk wkh sduwlflsdwlrq frqvwudlqwvduh elqglqj dwq^f_ζ irudooζ▽ U1Wkh fkhdshvwJ uryhv p hfkdqlvp 5^C_ζ Eqø≤ ⋃ ρ⊘’ ζ Z_ρEϱEqøcq_ρø∗ ℓ Eq^f_ζcq_{∋ ζ}øn Z_ζEϱ^f cq^f_ζø +45,

lv vxfk d p hfkdqlvp 1 Lwkdv whoolqj wkh wuxwk dv grp lqdqwvwudwhj lhv dqg/ li lqirup dwlrq sdudp hwhuvq duhgudz q/ wkhq wkhj dlq iurp uxqqlqj wkhfkhdshvw J uryhv p hfkdqlvp lv ∗ ⋃ 5^C_ζ Eqø’ – Eqcq^f ø∗ Ø^f

vxfk wkdwwkh h{shfwhg j dlq dp rxqwv wr +<,1 Qrwlfh/ li wkh lqirup dwlrq sd0 udp hwhu q^f_ζ dv gh�qhg e| +: , grhv qrwghshqg rq wkh sulru glvwulexwlrq +dv z looehwkhfdvhlq p dq| dssolfdwlrqvehorz ,/ wkhq wklvsulruglvwulexwlrq qhhg qrweh nqrz q wr vshfli| wkh p hfkdqlvp +45,1 P ruhryhu/ iurp wkh ylhz ri d ulvn0qhxwudorxwvlgh rshudwru/ lp sohp hqwlqj lq grp lqdqwvwudwhj lhvfrp hv/ dv frp sduhg wr Ed| hvldq lp sohp hqwdwlrq/ dwqr h{wud frvw1

I ru dq| gluhfwp hfkdqlvp +7, z klfk lv edodqfhg/ l1h1 ⋃ 5_ζEqø ≤ f/ lw iroorz vwkdw ⋃ ζEq^f_ζø’ ▷ d– Eqcq^f øoν +46,

Li d p hfkdqlvp lvedodqfhg/ vrp h ri wkh sduwlflsdwlrq frqvwudlqwv p d| eh yl0 rodwhg1Wkh ohdvwglvvhqwp hfkdqlvp lv/ e| gh�qlwlrq/ d edodqfhg p hfkdqlvp z khuh wkh p d{lp xp glvvhqwlvht xdoirudoodj hqwv1 Lwfdq eh frqvwuxfwhg dv iroorz v1I rudq| frqvwdqwuhglvwulexwlrq ⋃ δ_ζ ’ f/ wkh p hfkdqlvp 5^⌢_ζ Eqø≤ 5^e_ζEq_ζø∗ � ⋆ ∗ � ⋃ ρ⊘’ ζ 5^e_ρEq_ρøn δ_ζ +47,

z khuh/ e| gh�qlwlrq/

5^e_ζEq_ζø≤ ▷_{∋ ζ}d ⋃ ρ⊘’ ζ Z_ρEϱEqøcq_ρøo

:

p xvweh edodqfhg dqg/ khqfh/ vdwlv�hv +46,1 P ruhryhu/ lwkdv whoolqj wkh wuxwk dv d Ed| hvldq Qdvk ht xloleulxp 1 Gxh wr +46,/ �qdoo| / wkh frqvwdqw uhglvwulexwlrq fdq eh vshfl�hg vxfk wkdw/ iru ⌢^ζ Eq^ζø≤ ▷^{∋ ζ}dZ^ζEϱEqøq^ζøn 5_⌢^ζ Eqøoc lwkrogv wkdw

⌢^ζ Eq_f^ζø’ Z^ζEϱ_f cq_f^ζøn ▷ d– Eqcq_f ø∗ Ø_f o ⋆ ν Wkhuhiruh/ xqghu wkh ohdvwglvvhqwp hfkdqlvp / wkh lqwhulp h{shfwhg orvv dw lqirup dwlrq sdudp hwhu q_f^ζ dv frp sduhg wr wkh rxwvlgh rswlrq/ l1h1 wkh p d{0 lp xp glvvhqw/ lv wkh vdp h iru doodj hqwv1 Vlqfh wkh p hfkdqlvp lv edodqfhg/ qr rxwvlgh rshudwru lv qhhghg wr fryhu orvvhv iurp uxqqlqj wkh ohdvwglvvhqw p hfkdqlvp 1 Sduwlflsdwlrq/ krz hyhu/ p d| qhhg wr ehhqirufhg1Wr vshfli| wkh p hfkdqlvp +47,/ wkh sulruglvwulexwlrq ri lqirup dwlrq p xvweh nqrz q1

Wkh srvvlelolw| wkhruhp lv ydolg lq wkh vhqvh ri wkh lqwurgxfwlrq li dqg rqo| li wkh h{shfwhg j dlq +<, iurp rshudwlqj wkh fkhdshvwJ uryhvp hfkdqlvp lvqrq0qhj dwlyhdqg li dqg rqo| li wkhohdvwglvvhqwp hfkdqlvp vdwlv�hvdoosdu0 wlflsdwlrq frqvwudlqwv1 Li wkh lqirup dwlrq sdudp hwhu/ dwz klfk wkh glvvhqwv ri dj hqwv dwwdlq wkhlu p d{lp xp / gr qrwghshqg rq wkh sulru glvwulexwlrq ri lqirup dwlrq wkhq wkhurexvwsrvvlelolw| dqg lp srvvlelolw| wkhruhp fdq ht xlyd0 ohqwo| ehh{suhvvhg lq whup vri erwk wkhfkhdshvwJ uryhvdqg wkhohdvwglvvhqw p hfkdqlvp 1 Lq idfw/ wkh urexvwsrvvlelolw| wkhruhp lvydolg li/ iru dooq/

– Eqcq_f ø∗ Ø_f ∼ fν +48,

Wklv lv wkh fdvh li dqg rqo| li wkh fkhdshvwJ uryhv p hfkdqlvp qhyhu/ qrw mxvwlq h{shfwhg whup v/ uxqv d gh�flwdqg li dqg rqo| li/ iru doosulruv z lwk lqghshqghqwo| glvwulexwhg lqirup dwlrq/ wkh ohdvwglvvhqwp hfkdqlvp vdwlv�hv doosduwlflsdwlrq uhvwudlqwv1 Wkh lp srvvlelolw| wkhruhp lv ydolg li dqg rqo| li wkh fkhdshvwJ uryhvp hfkdqlvp uxqv dq h{shfwhg orvv dqg li dqg rqo| li wkh ohdvwglvvhqwp hfkdqlvp ylrodwhv vrp h sduwlflsdwlrq frqvwudlqwv1Wkh urexvw lp srvvlelolw| wkhruhp / �qdoo| / lv ydolg li/ irudooq/

– Eqcq_f ø∗ Ø_f ⪰ f dqg – Eq_≺cq_f ø∗ Ø_f Ψ f +49, iru vrp h q_≺1 Wklv lv wkh fdvh li dqg rqo| li wkh fkhdshvwj uryhv p hfkdqlvp doz d| v/ qrwmxvwlq h{shfwhg whup v/ uxqv d gh�flwdqg li dqg rqo| li/ iru doo sulruv z lwk lqghshqghqwo| glvwulexwhg sulydwh lqirup dwlrq/ wkh ohdvwglvvhqw p hfkdqlvp ylrodwhvvrp h ri wkh sduwlflsdwlrq frqvwudlqwv1 ;

6 Lqglylvleoh Sxeolf J r r g

Lq wklvvhfwlrq/ wkhvhwU’ ⟩ �cνννc⋆| ri dj hqwvlvdvvxp hg wr idfhdq lqglylvleoh sxeolf ghflvlrq ϱ▽ f ’ ⟩ fc�| 1Wkh ydoxdwlrq ri dj hqwζirughflvlrq ϱ’ � dv frp sduhg wr wkh vwdwxvt xr ϱ’ f lvghqrwhg e| q_ζ vxfk wkdwsur�wixqfwlrqv fdq eh h{suhvvhg lq wkh irup Z_ζEϱcq_ζø ’ q_ζϱ1 Wkh h{ srvwh! flhqwvxusoxv +5, dp rxqwv wr ℓ Eqø ’ 4 @ d ⋃ q_ζcfo1 Wkh rxwvlgh rswlrq frlqflghv z lwk wkh vwdwxv t xr ϱ^f ’ f1 Khqfh/ iru Ø^f dv gh�qhg lq +44,/ lwkrogv wkdwØ^f ’ fνP ruhryhu/ vlqfh Yℓ Eqø⇀Yq_ζ ∼ f/ lwiroorz v iurp +: , wkdwwkh sduwlflsdwlrq frqvwudlqwv duh elqglqj dwwkh orz hvwydoxdwlrqv q^f ’ Eq^f_�cνννcq^f_⋆ ø ’ q_u ’ Eq_{�u} cνννcq_{⋆u} ø1 I ru ⋆ ’ 2/ wkh vhwwlqj fruuhvsrqgv wr wkdwri P | huvr q dqg Vdwwhuwkz dlwh +4<; 6, dqg/ iru ⋆ ∼ 2/ wr wkdwri J wk dqg Khooz lj +4<; 9,1

Wkh iroorz lqj wkhruhp ghdov z lwk wkh vrsklvwlfdwhg fdvh z khuh wkh h{ srvwh! flhqwghflvlrq wuxo| ghshqgv rq wkh uhdol}dwlrq ri wkh lqirup dwlrq sdudp hwhuvdqg z khuh wkhuh lvp ruh wkdq rqh0vlghg dv| p p hwulf lqirup dwlrq1 Lwlv fkdudfwhul}hg e| wkh frqglwlrqv ⋃ ζMU q_{ζu} Ψ f Ψ ⋃ ζMU q_{ζM} +4: , dqg r ⟩ ζ▽ U⇕q_{ζu} Ψ q_{ζM}| ∼ 2ν +4; , I rudoorwkhufdvhv/ wkh urexvwsrvvlelolw| wkhruhp lvydolg dvp d| eh reylrxv dqg dv z looeh vkrz q odwhu1

Wkhr uhp 4 +vrsklvwlfdwhg fdvh,

Lq wkh fdvh ri dq lqglylvleoh sxeolf ghflvlrq/ wkh urexvwlp srvvlelolw| wkh0 ruhp lv ydolg1

Sur r i= Wkhwhup +43, fdq ehfdofxodwhg dviroorz v1Ohwσ Eqø≤ ⟩ ζ▽ U⇕ℓ Eq_{ζu} cq_{∋ ζ}ø. f| eh wkh vhwri dj hqwviruz klfk wkh h{ srvwh! flhqwghflvlrq z rxog eh ϱ’ � hyhq dwwkhlu orz hvwydoxdwlrq q_{ζu} 1 Lwiroorz v wkdw

– Eqcq_u ø’ ⋃ ζMσ Eqø Eq_{ζu} ∗ q_ζ n ℓ Eqøø∗ E⋆ ∗ �øℓ Eqø’ ⋃ ζMσ Eqø Eq_{ζu} ∗ q_ζø∗ E⋆ ∗ �∗ REqøøℓ Eqø +4<,

<

z khuh/ e| gh�qlwlrq/ REqø’ r σ Eqø1 Lwiroorz v iurp +4<, wkdw– Eqcq^u ø⪰ f iru dooq vxfk wkdwREqø ⪰ ⋆ ∗ �1 P ruhryhu/ iru REqø ’ ⋆/ lwiroorz v iurp

+4<, wkdw– Eqcq^u ø’ ⋃ ζMU q^{ζu} z klfk/ lq wkh vrsklvwlfdwhg fdvh +4: ,/ lvqhj dwlyh1

I lqdoo| / iru q ’ q^M/ lwiroorz v iurp +4: , dqg +4<, wkdw– Eq^Mcq^u ø Ψ f li

REqø∃’ ⋆ ∗ � z khuhdv/ li REqø’ ⋆ ∗ �/ wkhq

– Eqcq^u ø’ ⋃ ζMσ Eqø Eq^{ζu} ∗ q^{ζM}øΨ f dv iroorz v iurp +4; ,1Wkh wkhruhp lv hvwdeolvkhg1

Lwdovr iroorz viurp +4<, wkdwwkh urexvwsrvvlelolw| wkhruhp krogvz khq0 hyhu+4: , ru+4; , duhylrodwhg1Lq idfw/ li ℓ Eq^u ø. f wkhq REqø≤ ⋆ dqg/ khqfh/ – Eqcq^u ø≤ ⋃ ζMU q^{ζu} z khuhdv/ li ℓ Eq^Mø’ f wkhq REqø≤ f dqg – Eqcq^u ø≤ f1

Li/ �qdoo| / +4; , lvylrodwhg vxfk wkdwℓ Eq^{ζu} cq^{∋ ζ}ø’ ℓ Eqøkrogvirudoodj hqwv exwrqh/ vd| ζ’ �/ wkhq – Eqcq^u ø’ ℓ Eq^{�u} cq^{∋ �}ø∼ f1 Wkhuhiruh/ xqohvv z h duh idflqj wkh vrsklvwlfdwhg fdvh/ wkh urexvwsrvvlelolw| wkhruhp p xvwkrog1

Wkhvh uhvxowv duh qrwqhz 1 Exw/ e| fkhfnlqj +49, gluhfwo| dqg qrw/ dv lq hduolhu surriv/ lq h{shfwhg whup v/ vnlooixolqwhj udwlrq fdq eh glvshqvhg z lwk1

Wkh dssurdfk vlp sol�hv wkh surri lq d gudvwlf z d| 1

Ohwxv frqvlghu qh{wwkh fdvh z khuh wkh dj hqwv duh deoh wr vshfli| h{ dqwh d ghidxowghflvlrq ϱ_f ’ RoJK⟩ ϱ’ �| z klfk p hdqv/ xqohvv wkh| uhdfk dj uhhp hqwdwwkh lqwhulp vwdj h/ wkh ghflvlrq z looeh ϱ’ � z lwk suredelolw| ϱ_f dv vshfl�hg h{ dqwh1 Vf kp lw} +4<<; , kdv hvwdeolvkhg/ iru ⋆ ’ 2 dqg iru⋆ . 2 exwlghqwlfdoglvwulexwlrq ixqfwlrqv/ wkdw/ li vshfl�hg surshuo| / wkh ghidxowghflvlrq ϱ_f j lyhvulvh wr d srvvlelolw| wkhruhp 1 Wkh iroorz lqj wkhruhp j hqhudol}hv dqg vlp sol�hv klv �qglqj v1

Wkh lqwhulp h{shfwhg qhwsur�w^ζEq^ζølv/ xs wr d frqvwdqwri lqwhj udwlrq/ xqlt xho| ghwhup lqhg1Lwvghulydwlyh ≺^ζEq^ζø’ ▷^{∋ ζ}dYℓ Eqø⇀Yq^ζo’ ▷^{∋ ζ}dϱEqøo lvp rqrwrqlfdoo| lqfuhdvlqj / l1h1^ζEq^ζølvd frqyh{ ixqfwlrq1Wkh lqirup dwlrq sdudp hwhuq_f^ζ dwz klfk wkh sduwlflsdwlrq frqvwudlqwri dj hqwζlvelqglqj +f1i1

+: ,, ghshqgv rq wkh ghidxowghflvlrq ϱ_f dqg fdq eh rewdlqhg dv iroorz v= q_f^ζ ’ q_f^ζEϱ_f ø’ q^{ζu} li _≺^ζEq^{ζu} ø∼ ϱ_f q_f^ζ li _≺^ζEq_f^ζø’ ϱ_f q^{ζM} li _≺^ζEq^{ζM}ø⪰ ϱ_f

Wkhr uhp 5 Wkhuh h{lvwv d ghidxowghflvlrq ϱ^f ▽ dfc�ovxfk wkdw/ iru q^f ’ q^f Eϱ^f ø/ – Eqcq^f ø∼ ⋃ ζMU Z_ζEϱ^f cq_ζø +53,

krogvirudooq1Dwwklvghidxowghflvlrq/ wkh srvvlelolw| wkhruhp p xvweh ydolg1

Sur r i= Z lwkrxworvv ri j hqhudolw| z h fdq irfxv rq wkh vrsklvwlfdwhg fdvh vxfk wkdw +4: , fdq eh dvvxp hg wr krog1Li ϱ^f ’ f wkhq q^f ’ q_u dqg/ e| +4: ,/ ⋃ q^f_ζ Ψ f z khuhdv li q^f ’ q_M wkhq ⋃ q^f_ζ . f1 Wkhuhiruh/ e| wkh lqwhup hgldwh ydoxh wkhruhp / wkhuh h{lvwv d suredelolw| ϱ^f ▽ Efc�ø vxfk wkdw ⋃ q^f_ζ ’ f dqg/ khqfh/ ⋃ Z_ζEϱ^f cq^f_ζø’ f1 I ru wklv uhdol}dwlrq q^f ri lqirup dwlrq sdudp hwhuv/ li ℓ Eqø ’ f wkhq – Eqcq^f ø’ ⋃ ℓ Eq^f_ζcq_{∋ ζ}ø∼ f z khuhdv/ li ℓ Eqø . f/ ohw eh σ Eqø≤ ⟩ ζ▽ U⇕ℓ Eq^f_ζcq_{∋ ζ}ø. f| dqg Υ Eqø≤ ⟩ ζ▽ U⇕q^f_ζn ⋃ ρ⊘’ ζ q_ρ ⪰ f| ’ U∐σ Eqøν +54, Lwiroorz v wkdw

– Eqcq_f ø’ ⋃ ζMσ Eqø Eq^f_ζ ∗ q_ζ n ℓ Eqøø∗ E⋆ ∗ �øℓ Eqø’ ⋃ ζMσ Eqø Eq^f_ζ ∗ q_ζø∗ E⋆Eqø∗ �øℓ Eqø +55,

z khuh/ e| gh�qlwlrq/ ⋆Eqø’ r Υ Eqø1 Vlp loduo| / +54, lp solhv wkdw ⋃ ζMΥ Eqø Eq^f_ζ ∗ q_ζ n ℓ Eqøø’ ⋃ ζMΥ Eqø Eq^f_ζ ∗ q_ζøn ⋆Eqøℓ Eqø⪰ f

dqg khqfh/ e| +55,/ wkdw

– Eqcq^f ø∼ ⋃ ζMσ Eqø Eq^f_ζ ∗ q_ζøn ℓ Eqøn ⋃ ζMΥ Eqø Eq^f_ζ ∗ q_ζø’ ⋃ ζMU q^f_ζ ’ f

dv z dvwr eh vkrz q1

Lwvhhp v idlu dj dlq wr fodlp wkdwwklv surri lv p xfk vlp sohu wkdq wkdwri Vf kp lw} +4<<; ,1 P ruhryhu/ vlqfh wkhruhp 5 grhv qrwuht xluh glvwulexwlrq ixqfwlrqvwr eh lghqwlfdo/ wkh uhvxowlv dovr p ruh j hqhudo1 44

Vlqfh +53, lvvkrz q wr krog irudooq/ lwdovr p xvwkrog lq h{shfwhg whup v vxfk wkdwwkh srvvlelolw| wkhruhp lv ydolg lqghhg1 Qrwlfh/ krz hyhu/ wkdwwkh ghidxowghflvlrq ϱ_f ohdglqj wr wkh srvvlelolw| wkhruhp ghshqgv rq wkh sulru glvwulexwlrq ri lqirup dwlrq1Dvd frqvht xhqfh/ lwfdqqrweh fodlp hg wkdwwkh urexvwsrvvlelolw| wkhruhp z rxog eh ydolg1

7 Lqglylvleoh Sulydwh J r r g

Ohwxvqrz dvvxp hwkdwd vhoohuEζ’ �øri dq lqglylvleohsulydwhj rrg lvidflqj

⋆ ∗ � srwhqwldoex| huv Eζ’ 2cνννc⋆ø1 Wkh ghflvlrq ϱ’ Eϱ^�cνννcϱ^⋆ ø▽ ⟩ fc�|_⋆ uht xluhvwr lghqwli| wkhdj hqwζz kr uhfhlyhvwkhj rrg Eϱ^ζ ’ �ø1Vlqfhrqo| rqh xqlwri wkh j rrg lv dydlodeoh wkh frqvwudlqw ⋃ ζMU ϱ^ζ ’ � p xvweh p hw1 Wkh ydo0 xdwlrq ri dj hqwζri wkh j rrg lvghqrwhg e| q^ζ vxfk wkdw/ suhvhqwo| / wkh sur�w ixqfwlrqvduhri wkhirup Z^ζEϱcq^ζø’ q^ζϱ^ζ1Wkhrxwvlghrswlrq ϱ_f ’ E�cfcνννcfø fruuhvsrqgvwr wkh ghflvlrq z khuh wkh vhoohunhhsvklvj rrg1Wkh h{ srvwh! 0 flhqwvxusoxvdp rxqwvwr ℓ Eqø’ 4 @ dq^�cνννcq^⋆ o1Vlqfh f ⪰ Yℓ Eqø⇀Yq^ζ ⪰ � lwiroorz vwkdwwkhvhoohu*vsduwlflsdwlrq frqvwudlqwlvelqglqj dwwkhp d{lp xp ydoxdwlrq q_f^� ’ q^{�M} z khuhdvwkhex| huv*sduwlflsdwlrq frqvwudlqwvduhelqglqj dwwkhlu orz hvwydoxdwlrq q_f^ζ ’ q^{ζu} iru ζ’ 2cνννc⋆1 Khqfh/ iru Ø_f dv gh�qhg e| +44,/ Ø_f ’ q^{�M} p xvwkrog1 Wkh suhvhqwvhwwlqj fruuhvsrqgv wr wkdwri

P dnr z vnl dqg P h}}hwwl +4<<6,1

Lwsuryhv xvhixowr lqwurgxfh wkh iroorz lqj qrwdwlrq1 I ru dq| uhdoydoxhg yhfwru ⇁ ’ E⇁^�cνννc⇁^ςø ri duelwudu| glp hqvlrq/ ohw⁀ E⇁ø ’ 4 @ d⇁^�cνννc⇁^ςo ghqrwh wkh oduj hvwydoxh dqg 6 E⇁øwkh vhfrqg oduj hvwydoxh ri doofrruglqdwhv ri ⇁1P ruh suhflvho| / li ⇁^ζ ’ ⁀ E⇁øwkhq 6 E⇁ø’ ⁀ E⇁^{∋ ζ}ø1

I ruwkhsuhvhqwvhwwlqj / wkhvrsklvwlfdwhg fdvh lvdviroorz v1Wkhydoxdwlrq ri wkh vhoohu dqg ri rqh ex| hu dwohdvwp xvweh xqfhuwdlq1 P ruhryhu/ li wkh vhoohulvdwklvorz hvwydoxdwlrq z kloh dooex| huvduh dwwkhluklj khvwydoxdwlrq wkhq lwlv h! flhqwwkdwrqh ri wkh ex| huv uhfhlyhv wkh j rrg1 I lqdoo| / li wkh vhoohu lv dwklv klj khvwydoxdwlrq z khuhdv dooex| huv duh dwwkhlu orz hvwydox0 dwlrqv/ wkhq h! flhqf| uht xluhv wkh vhoohu wr nhhs wkh j rrg1 P ruh suhflvho| / wkh vrsklvwlfdwhg fdvh fdq eh vxp p dul}hg e| wkh iroorz lqj frqglwlrq=

4 @ dq^{�u} c⁀ Eq^{∋ �u} øoΨ 4 ı?dq^{�M}c⁀ Eq^{∋ �M}øo +56,

Lq doorwkhufdvhv/ wkhurexvwsrvvlelolw| wkhruhp lvydolg dvz looehvkrz q odwhu lq wklvvhfwlrq1Wkh iroorz lqj wkhruhp ghdovz lwk wkhvrsklvwlfdwhg fdvh1Wkh

vkrz q wkdw– Eqcq_f ø’ ⁀ Eq^{�M}cq^{∋ �}ø∼ q^{�M}1Li wklvz huh qrwwuxh wkhq

⁀ Eq^{6 u} cq^{∋ 6} ø’ 4 @ dq^�cq^{6 u} c6 Eq^{∋ �}øoΨ ⁀ Eqø’ 4 @ dq^�cq^6 c6 Eq^{∋ �}øo

+59, dv iroorz v iurp +57,1 Exw+59, fdq rqo| krog li q^6 . 4 @ dq^�cq^{6 u} c6 Eq^{∋ �}øo z klfk/ lq fdvh ⁀ Eq^{∋ �u} ø ’ ⁀ Eq^{∋ �M}ø/ z rxog lp so| wkdwq^6 ’ ⁀ Eq^{∋ �u} ø ’

⁀ Eq^{∋ �M}ø’ 4 @ dq^{6 u} c6 Eq^{∋ �}øo/ dfrqwudglfwlrq dqg z klfk/ lq fdvh⁀ Eq^{∋ �M}ø⪰ q^{�u} / z rxog lp so| wkdwq^6 ’ ⁀ Eq^{∋ �M}ø ⪰ q^{�u} ⪰ q^�/ d frqwudglfwlrq dj dlq1

Wr vxp p dul}h lq dooexwvrsklvwlfdwhg fdvhv lwkrogv wkdw– Eqcq_f ø ∼ q^{�M} z klfk p hdqv wkdwwkh urexvwsrvvlelolw| wkhruhp lvydolg lqghhg1

Wr frqfoxgh wklvvhfwlrq/ ohwxvfrqvlghuwkh fdvh z khuh wkh dj hqwvfdq h{ dqwh vshfli| d ghidxowghflvlrq ϱ_f ▽ dfc�o_⋆ z klfk z looeh lp sohp hqwhg xqohvv wkh| uhdfk dj uhhp hqwdwwkh lqwhulp vwdj h1 Wkh l0wk frruglqdwh h{suhvvhv wkh suredelolw| ϱ_f^ζ z lwk z klfk dj hqwζ z rxog uhfhlyh rqh xqlwri wkh j rrg1

Vlqfh rqh xqlwri wkh j rrg lv dydlodeoh/ wkh frqvwudlqw ⋃ ϱ_f^ζ ’ � p xvwkrog1

Dowhuqdwlyho| / ϱ_f^ζ frxog dovr eh gh�qhg wr eh wkh iudfwlrq ri wkh j rrg z klfk dj hqwζ lqlwldoo| rz qv1 Wklv lqwhusuhwdwlrq lv lq olqh z lwk Fudp wr q hw do1 +4<; : , z kr kdyh vwxglhg wkh suhvhqwvhwwlqj iru wkh fdvh z khuh doo dj hqwv*ydoxdwlrqv duh lghqwlfdoo| glvwulexwhg1 E| p dnlqj xvh ri wkh p hwkrg dv sursdj dwhg e| wkh suhvhqwsdshu/ wkhlu uhvxowfdq eh rewdlqhg lq d p xfk vlp sohu z d| dqg/ p ruh lp sruwdqw/ lwfdq eh j hqhudol}hg wr dq| froohfwlrq ri sulruvdvorqj dv sulydwh lqirup dwlrq uhp dlqv lqghshqghqwo| glvwulexwhg1

Wkh lqwhulp h{shfwhg qhwsur�w^ζEq^ζølv/ dv xvxdo/ xqlt xho| ghwhup lqhg xs wr d frqvwdqwri lqwhj udwlrq e| wkh lqfhqwlyh frqvwudlqwv dqg wkh sulruv1

Lwv ghulydwlyh

≺^ζEq^ζø’ ▷^{∋ ζ}dYℓ Eqø⇀Yq^ζo’ ▷^{∋ ζ}dϱ^ζEq^ζøo lv p rqrwrqlfdoo| lqfuhdvlqj lq q^ζ vxfk wkdw^ζEq^ζølvd frqyh{ ixqfwlrq1Wkh lqirup dwlrq sdudp hwhuv q_f^ζ dwz klfk sduwlflsdwlrq frqvwudlqwv duh elqglqj ghshqgvrq wkh ghidxowghflvlrq lq wkh iroorz lqj z d| = q_f^ζ ’ q_f^ζEϱ_f^ζø’ q^{ζu} li _≺^ζEq^{ζu} ø∼ ϱ_f^ζ q_f^ζ li _≺^ζEq_f^ζø’ ϱ_f^ζ q^{ζM} li _≺^ζEq^{ζM}ø⪰ ϱ_f^ζ

Wkhr uhp 7 Wkhuh h{lvwvd ghidxowghflvlrq ϱ_f ▽ dfc�o_⋆ / ⋃ ϱ_f^ζ ’ �/ vxfk wkdw

– Eqcq_f ø∼ ⋃ ζMU Z^ζEϱ_f cq^ζø

krogv iru dooq dqg iru q^f ’ q^f Eϱ^f ø1 Dwwklv ghidxowghflvlrq/ wkh srvvlelolw| wkhruhp p xvweh ydolg1

Sur r i= Z h �uvwghdoz lwk wkh fdvh z khuh dooydoxdwlrqv duh gudz q iurp wkh vrp h lqwhuydodθ_u cθ_Mo1 Qrwlfh/ krz hyhu/ wkdwghqvlw| ixqfwlrqv duh qrwuht xluhg wr eh lghqwlfdo1 F odlp 4=Wkhuh h{lvwv θ_u ⪰ θ^f ⪰ θ_M dqg ϱ^f ▽ dfc�o^⋆ / ⋃ ϱ^f_ζ ’ � vxfk wkdw doodj hqwv*sduwlflsdwlrq frqvwudlqwv duh elqglqj dwθ^f / l1h1 q^f_ζEϱ^f_ζø’ θ^f iru dooζ▽ U1 Sur r i r i F odlp 4= Li ⋃ ≺_ζEθ_u ø ∼ � wkhq fkrrvh ϱ^f vxfk wkdw^≺_ζEθ_u ø ∼ ϱ^f_ζ iru doo ζ ▽ Udqg ⋃ ϱ^f_ζ ’ �1 Lq wklv fdvh/ doosduwlflsdwlrq frqvwudlqwv duh elqglqj dwθ^f ’ θ_u 1 Vlp loduo| / li ⋃ ≺_ζEθ_Mø ⪰ � wkhq fkrrvh ϱ^f vxfk wkdw^≺_ζEθ_Mø ⪰ ϱ^f_ζ iru doo ζ ▽ U dqg ⋃ ϱ^f_ζ ’ �1 Lq wklv fdvh/ doo dj hqwv* sduwlflsdwlrq frqvwudlqwv duh elqglqj dwθ^f ’ θ_M1 Lq wkh uhp dlqlqj fdvhv/ e| wkh lqwhup hgldwh ydoxh wkhruhp / θ^f p xvwh{lvwvxfk wkdw ⋃ ≺_ζEθ^f ø’ �1 Li z h fkrrvh ϱ^f_ζ ’ ^≺_ζEθ^f ø wkhq doosduwlflsdwlrq frqvwudlqwv duh elqglqj dw q_ζ ’ θ^f 1 Lq dq| fdvh/ fodlp 4 lv hvwdeolvkhg1 F odlp 5=Li doosduwlflsdwlrq frqvwudlqwvduh elqglqj dwwkh vdp h ydoxh q^f_ζ ’ θ^f wkhq/ iru q^f ’ Eθ^f cνννcθ^f ø/

– Eqcq^f ø∼ θ^f ’ ⋃ Z_ζEϱ^f cθ^f øν

Sur r i r i F odlp 5= Vlqfh doosduwlflsdwlrq frqvwudlqwv duh elqglqj dwwkh vdp h ydoxh θ^f / lwiroorz v wkdw

– Eqcq^f ø’ ⋃ ζMU ⁀ Eθ^f cq_{∋ ζ}ø∗ E⋆ ∗ �ø⁀ Eqøν +5: ,

Li θ^f Ψ ⁀ Eqø’ q_6 lwiroorz v iurp +5: , wkdw– Eqcq^f ø’ ⁀ Eθ^f cq_{∋ 6} ø∼ θ^f 1 Li θ^f ∼ ⁀ Eqøwkhq lwiroorz v iurp +5: , wkdw

– Eqcq^f ø’ ⋃ ζMU θ^f ∗ E⋆ ∗ �ø⁀ Eqø∼ θ^f +5; ,

vxfk wkdwfodlp 5 lv hvwdeolvkhg1Wkhuhiruh/ wkhruhp 7 lvvkrz q wr krog li doo ydoxdwlrqv duh gudz q iurp wkh vdp h lqwhuydo1

Wr �qlvk wkh surri ri wkh wkhruhp iruqrq0lghqwlfdolqwhuydovri ydoxdwlrq/ ohwθ_u ’ 4 ı?dq_{�u} cνννcq_{⋆ u} odqg θ_M ’ 4 @ dq_{�M}cνννcq_{⋆ M}oghqrwhwkhorz hvwdqg

klj khvwydoxdwlrq/ uhvshfwlyho| / ri doodj hqwv1 Wdnh dq| vht xhqfh s_ς^ζ Eq^ζø ri ghqvlw| ixqfwlrqv rq dθ^u cθ^Moz klfk frqyhuj h wr wkh j lyhq ghqvlw| ixqfwlrqv s^ζEq^ζø rq dq^{ζu} cq^{ζM}odv ς ↔ △ 1 Dffruglqj wr wkh hvwdeolvkhg sduwri wkh wkhruhp / wkhuh h{lvwghidxowghflvlrqv ϱ_ς ▽ dfc�o_⋆ / ⋃ ϱ_ς^ζ ’ �/ dqg d frp p rq ydoxh θ^u ⪰ θ_ς ⪰ θ^M dwz klfk doosduwlflsdwlrq frqvwudlqwv duh elqglqj / l1h1 iru dooζ▽ Udqg dooς/ θ_ς ▽ @h˝ 4 ı?

q^ζMdθ^u cθ^M o

ς^ζEq^ζø∗ q^ζϱ_ς^ζν +5<,

P ruhryhu/ iru dooq dqg ς/ – Eqcq_ςø∼ ⋃ Z^ζEϱ_ςcθ_ςø +63, p xvwkrog1 Z lwkrxworvv ri j hqhudolw| / ϱ_f ’ *ı4 ϱ_ς dqg θ_f ’ *ı4 θ_ς fdq eh dvvxp hg wr h{lvw1 Lwiroorz v iurp +5<, wkdw θ_f ▽ @h˝ 4 ı?

q^ζMdθ^u cθ^M o ζEq^ζø∗ q^ζϱ_f^ζ dqg iurp +63, wkdwwkh srvvlelolw| wkhruhp lv ydolg lq wkh vhqvh wkdwp ruh lqfhqwlyh dqg sduwlflsdwlrq frqvwudlqwv duh p hwwkdq z kdwz rxog eh qhhghg iru wkh j lyhq sulruv rq wkh vxevhw_⋆⋄^{ζ’ �} dq^{ζu} cq^{ζM}ori dθ^u cθ^Mo_⋆ 1 Lq wklv z d| / wkh wkhruhp lv vkrz q wr krog dovr iru fdvhv z khuh wkh dj hqwv*ydoxdwlrqv duh gudz q iurp gl�huhqwlqwhuydov1

F udp wr q hw do1 +4<; : , kdyh dvvxp hg doo dj hqwv* ydoxdwlrqv wr eh glvwulexwhg dffruglqj wr wkh vdp h glvwulexwlrq ixqfwlrq1 Lq wklv fdvh/ wkh lqwhulp h{shfwhg qhwsur�wdvd ixqfwlrq ri ydoxdwlrq grhvqrwghshqg rq wkh dj hqw/ l1h1 ^ζEq^ζø’ Eq^ζø iru dooζ▽ U/ vxfk wkdw/ dwlghqwlfdovkduhv ϱ_f^ζ ’

�⇀⋆/ doodj hqwv*sduwlflsdwlrq frqvwudlqwv duh elqglqj dwwkh vdp h ydoxh θ_f 1

Z kloh wkh lqirup dwlrq sdudp hwhu θ_f vwlooghshqgv rq wkh sulru glvwulexwlrq ri lqirup dwlrq/ wkh ghidxowghflvlrq ϱ_f^ζ ’ �⇀⋆ grhv qrw1 Lwwkhq iroorz v iurp

+5; , wkdwwkhsrvvlelolw| wkhruhp p xvwkrog li doodj hqwvlqlwldoo| rz q lghqwlfdo vkduhv1 Wkhruhp 7 vkrz v krz wklv uhvxowgxh wr Fudp wrq hwdo1 fdq eh j hqhudol}hg wr qrq0lghqwlfdoglvwulexwlrqvri lqirup dwlrq1Dv| p p hwulf sulruv/ ri frxuvh/ p d| uht xluh xqht xdouhglvwulexwlrq ri lqlwldohqgrz p hqwv lq rughu wr hqvxuh wkh srvvlelolw| wkhruhp 1 P ruhryhu/ lq j hqhudo/ wkh ghidxowghflvlrq ghshqgv rq wkh sulruv vxfk wkdwwkh srvvlelolw| wkhruhp exwqrwwkh urexvw srvvlelolw| wkhruhp fdq eh vkrz q wr krog1 4:

8 VhyhudoEx| huv dqg Vhoohuv

Wkh vhwwlqj ri vhfwlrq 7 lv qrz h{whqghg wr wkh fdvh z khuh vhyhudo vhoohuv duh suhvhqw/ hdfk ri z klfk rz qv rqh xqlwri dq lqglylvleoh sulydwh j rrg1 Qr dj hqwghvluhv wr nhhs ru wr ex| p ruh wkdq rqh xqlwri wkh j rrg1 Wkh vhwv ri vhoohuv dqg ri ex| huv duh ghqrwhg e| 7 dqg θ / uhsvhfwlyho| / wkhlu qxp ehu ehlqj ⋆_7 ’ r 7 dqg ⋆_θ ’ r θ 1 Wkh ghflvlrq ϱ’ Eϱ_�cνννcϱ_⋆ ø▽ ⟩ fc�|^{⋆’ ⋆ θ n ⋆ 7} frqfhuqv wkh vxevhwri dj hqwv z kr rewdlq wkh j rrgv/ ϱ_ζ ’ � p hdqlqj wkdw dj hqwζlv dp rqj wkhp 1 Vlqfh wkhuh duh ⋆_7 xqlwv ri wkh j rrg dydlodeoh wkh frqvwudlqw ⋃ ϱ_ζ ’ ⋆_7 p rvwkrog1 Wkh ydoxdwlrq ri dj hqwζ lv ghqrwhg e| q_ζ dqg/ khqfh/ Z_ζEϱcq_ζø ’ q_ζϱ_ζ1 Lwsuryhv xvhixowr lqwurgxfh wkh iroorz lqj qrwdwlrq1Ohw

udqn Eq_ζ ⇕qø≤ r ⟩ ρ ▽ U⇕q_ρ . q_ζ ru q_ρ ’ q_ζ dqg ρ⪰ ζ|

ghqrwh wkh udqn ri ydoxdwlrq q_ζ dp rqj q_�cνννcq_⋆ z khuh/ e| dvvxp swlrq/ wkh udqn iroorz v wkh udqn ri wkh lqgh{ lq fdvh ri dp elj xlwlhv1 H{ srvwh! flhqf| uht xluhvwkdwwkh dj hqwv σ Eqø≤ ⟩ ζ▽ U⇕udqn Eq_ζ ⇕qø∼ ⋆_7 | z krvhydoxdwlrqvduhdp rqj wkh ⋆_7 klj khvwuhfhlyh rqhxqlwri wkh j rrg1 Wkh h{ srvwh! flhqwvxusoxv +vhh +5,, dp rxqwv wr ℓ Eqø’ ⋃ ζMσ Eqø q_ζ1

Wkh rxwvlgh rswlrq frqvlvwv ri wkh lqlwldorz qhuv nhhslqj wkh j rrgv/ l1h1 ϱ^f_ζ ’ � li ζ ▽ 7 dqg ϱ^f_ζ ’ f li ζ ▽ θ 1 Vlqfh f ⪰ Yℓ ⇀Yq_ζ ⪰ �/ lwiroorz v iurp +; , wkdw/ iruvhoohuv ζ▽ 7/ wkh sduwlflsdwlrq frqvwudlqwlv elqglqj dwwkh klj khvwydoxdwlrq q^f_ζ ’ q_{ζM} z khuhdv/ iru ex| huv ζ▽ θ / lwlv elqglqj dwwkh orz hvwydoxdwlrq q^f_ζ ’ q_{ζu} 1 I ru Ø^f dv gh�qhg e| +44,/

Ø^f ’ ⋃ ζMU Z_ζEϱ^f cq^f_ζø’ ⋃ ζM7 q_{ζM} p xvwkrog1 Wkh suhvhqwvhwwlqj ri wkh j hqhudop rghofrqwdlqv wkh h{dp sohv dv vwxglhg e| Z looldp v +4<<7,1

Wkh dqdo| vlvri wkh fdvh z lwk vhyhudovhoohuvwxuqvrxwwr eh t xlwh whglrxv1 Wr vlp soli| p dwwhuv/ lwlvdvvxp hg wkdwydoxdwlrqvri vhoohuvduhiurp wkhvdp h lqwhuydod7_u c7_Mo/ wkrvh ri wkh ex| huviurp wkh lqwhuydodθ_u cθ_Mo/ l1h1 li ζ▽ 7 wkhq q_{ζu} ’ 7_u dqg q_{ζM} ’ 7_M z khuhdvli ζ▽ θ wkhq q_{ζu} ’ θ_u dqg q_{ζM} ’ θ_M1 Glvwulexwlrq ixqfwlrqv/ krz hyhu/ qhhg qrweh lghqwlfdo1 4;

Wkh vrsklvwlfdwhg fdvh lvfkdudfwhul}hg e| wz r0vlghg dv| p p hwulf lqirup d0 wlrq/ l1h1 θ^u Ψ θ^M dqg 7^u Ψ 7^M1 P ruhryhu vrp h ex| huv dwohdvwvkrxog uhfhlyh wkh j rrg li vhoohuv kdyh wkh orz hvwydoxdwlrqv exwex| huv kdyh wkh klj khvwydoxdwlrq/ l1h1 7^u Ψ θ^M1 Vlp loduo| / vhoohuv vkrxog nhhs wkhlu j rrg li wkhlu ydoxdwlrq lv dwlwv p d{lp xp z kloh wkh ex| huv*ydoxdwlrq lv dwlwv p lql0 p xp / l1h1θ^u Ψ 7^M1 Wkhuhiruh wkh vrsklvwlfdwhg fdvh fdq eh vxp p dul}hg e| wkh iroorz lqj frqglwlrq=

4 @ dθ^u c7^u oΨ 4 ı?dθ^Mc7^Mo +64,

Wkhr uhp 8 +vrsklvwlfdwhg fdvh,

Lq wkh fdvh ri ⋆^r lqglylvleoh sulydwh jrrgv/ wkh iroorzlqj p xvweh wuxh=

+l, Wkh urexvwsrvvlelolw| wkhruhp qhyhu krogv1

+ll, Wkh urexvwlp srvvlelolw| wkhruhp lv ydolg li dqg rqo| li hlwkhu ⋆^θ ’ ⋆^7 ru ⋆^θ Ψ ⋆^7 dqg 7^u ⪰ θ^u ru ⋆^θ . ⋆^7 dqg θ^M ⪰ 7^M1

Sur r i=

Lq rughu wr fdofxodwh – Eqcq_f ø dv gh�qhg e| +43,/ vrp h ixuwkhu qrwdwlrq lv qhhghg1 Qrwlfh/ li ζ ▽ σ Eq^{ζu} cq^{∋ ζ}ø/ wkhq ζ ▽ σ Eqø1 Vlp loduo| / li ζ ▽ σ Eqø/ wkhq ζ▽ σ Eq^{ζM}cq^{∋ ζ}ø1 Wdnlqj wklv lqwr dffrxqw/ wkh vhwUri dj hqwv fdq eh sduwlwlrqhg dv iroorz v= 7^f ’ 7^f Eqø≤ ⟩ ζ▽ 7 ⇕ζ⇀▽ σ Eq^{ζM}cq^{∋ ζ}ø| 7^� ’ 7^�Eqø≤ ⟩ ζ▽ 7 ⇕ζ▽ σ Eq^{ζM}cq^{∋ ζ}øcζ⇀▽ σ Eqø| 7^2 ’ 7^2Eqø≤ ⟩ ζ▽ 7 ⇕ζ▽ σ Eqø| θ^f ’ θ^f Eqø≤ ⟩ ρ ▽ θ ⇕ρ ⇀▽ σ Eqø| θ^� ’ θ^�Eqø≤ ⟩ ρ ▽ θ ⇕ρ ▽ σ Eqøcρ ⇀▽ σ Eq^{ρu} cq^{∋ ρ}ø| θ^2 ’ θ^2Eqø≤ ⟩ ρ ▽ θ ⇕ρ ▽ σ Eq^{ρu} cq^{∋ ζ}ø| Lwwkhq iroorz vwkdw7^2Eqø’ 7 ∨ σ Eqø/ θ^�Eqø∧ θ^2Eqø’ θ ∨ σ Eqødqg/ khqfh/ wkdw r d7^f Eqø∧ 7^�Eqøo’ r dθ^�Eqø∧ θ^2Eqøoν +65,

Dv d �qdoslhfh ri qrwdwlrq/ ohw ⁀ Eqø≤ 4 ı?⟩ q^ζ ⇕ζ▽ σ Eqø| 6 Eqø≤ 4 @ ⟩q^ζ ⇕ζ ⇀▽ σ Eqø|

4<

eh wkh orz hvwydoxdwlrq ri dj hqwv z kr uhfhlyh rqh xqlwri wkh j rrg dqg wkh klj khvwydoxdwlrq ri wkrvh z kr gr qrw/ uhvshfwlyho| 1 E| p dnlqj xvh ri wklv qrwdwlrq/ lwlv hdvlo| vhhq wkdw – Eqcq^f ø∗ Ø^f ’ ⋃ ζM7_f ℓ n ⋃ ζM7_� Eq_{ζM} ∗ ⁀ n ℓ øn ⋃ ζM7_2 Eq_{ζM} ∗ q_ζ n ℓ øn ⋃ ζMθ_f ℓ n ⋃ ζMθ_� E6 ∗ q_ζ n ℓ øn ⋃ ζMθ_2 Eq_{ζu} ∗ q_ζ n ℓ ø∗ EU∗ �øℓ ∗ ⋃ ζM7 q_{ζM} z klfk/ diwhu uhduudqj lqj whup v/ lv ht xdowr – Eqcq^f ø∗ Ø^f ’ ⋃ ζMθ_� 6 n ⋃ ζMθ_2 q_{ζu} ∗ ⋃ ζM7_f q_{ζM}∗ ⋃ ζM7_� ⁀ ν +66,

Qrwlfh wkdw/ e| +65,/ wkh �uvwwz r vxp v lq +66, kdyh dv p dq| whup v dv wkh vhfrqg wz r1

Lq rughuwr vlp soli| +66,/ lwsuryhvxvhixowr sduwlwlrq wkh vhwri dooq lqwr wkh iroorz lqj irxu uhj lrqv= o_� ≤ ⟩q ⇕θ_u ⪰ 6 Eqødqg 7_M ⪰ ⁀ Eqø| o_2 ≤ ⟩ q ⇕6 EqøΨ θ_u dqg 7_M ⪰ ⁀ Eqø| o_fi ≤ ⟩ q ⇕θ_u ⪰ 6 Eqødqg ⁀ EqøΨ 7_M| o_e ≤ ⟩ q ⇕6 EqøΨ θ_u dqg ⁀ EqøΨ 7_M| F odlp 4=

– Eqcq^f ø∗ Ø^f ’ r dθ_�Eqø∧ θ_2Eqøod6 Eqø∗ 7_Mo li q ▽ o_� r θ_2EqøEθ_u ∗ 7_Mø li q ▽ o_2 r dθ_�Eqø∧ θ_2Eqøod6 Eqø∗ ⁀ Eqøo li q ▽ o_fi r θ_2Eqødθ_u ∗ ⁀ Eqøo li q ▽ o_e

+67,

Sur r i r i F odlp 4= Vxssrvh q ▽ o_�1 Li ρ ▽ θ_2 wkhq ⁀ ⪰ q_ρ dqg 6 ⪰ q_{ρu} ’ θ_u z khuhdvli ζ▽ 7_� wkhq q_ζ ⪰ 6 dqg ⁀ ⪰ q_{ζM} ’ 7_M1 Vlqfh q ▽ o_� lwiroorz v wkdw6 ’ θ_u dqg ⁀ ’ 7_M dqg khqfh/ iurp +66,/ wkdw – Eqcq^f ø∗ Ø^f ’ ⋃ θ_�⊕θ_2 6 ∗ ⋃ 7_f ⊕7_� 7_M

vxfk wkdwfodlp 4 krogv iru q ▽ o^� +f1i1 +65,,1

Vxssrvh q ▽ o^21 Li ρ ▽ θ^� wkhq ⁀ ⪰ q^ρ dqg q^{ρu} ’ θ^u ⪰ 6 z khuhdv li ζ▽ 7^� wkhq/ dv deryh/ ⁀ ’ 7^M1 Vlqfh q ▽ o^2 lwiroorz v wkdwθ^� ’ B dqg khqfh iurp +66, wkdw

– Eqcq_f ø∗ Ø_f ’ ⋃ θ^2 θ^u ∗ ⋃ 7^f ⊕ 7^� 7^M vxfk wkdwfodlp 4 dovr krogv iru q^� ▽ o^2 +f1i1dj dlq +65,,1

Vxssrvh q ▽ o^fi1 Li ρ ▽ θ^2 wkhq/ dv lq wkh fdvh ri o^�/ 6 ’ θ^u z khuhdv li ζ▽ 7^f wkhq q^ζ ⪰ 6 dqg q^{ζM} ’ 7^M ⪰ ⁀ 1 Vlqfh q ▽ o^fi/ lwiroorz vwkdw7^f ’ B vxfk wkdw

– Eqcq_f ø∗ Ø_f ’ ⋃ θ^�⊕ θ^2 6 ∗ ⋃ 7^� ⁀ ν Fodlp 4 dovr krogv iruq^� ▽ o^fi1

Vxssrvh/ �qdoo| / wkdwq ▽ o^e1Lwiroorz v/ dvlq wkh fdvh ri o^2/ wkdwθ^� ’ B dqg/ dv lq wkh fdvh ri o^fi/ wkdw7^f ’ B dqg khqfh wkdw

– Eqcq_f ø∗ Ø_f ’ ⋃ θ^2 θ^u ∗ ⋃ 7^� ⁀ ν Wkhuhiruh/ fodlp 4 lv vkrz q wr krog lq dooirxu uhj lrqv1

F odlp 5=Wkhuh h{lvwvq vxfk wkdw– Eqcq_f øΨ Ø_f li dqg rqo| li +64, lvwp hw1

Sur r i r i F odlp 5=

Ohwxv/ �uvw/ dvvxp h wkdw– Eqcq_f ø Ψ Ø_f 1 Li q ▽ o^� wkhq θ^u ⪰ 6 Ψ 7^M/

7^M ⪰ ⁀ dqg θ^�Eqø∧ θ^2Eqø ’ θ ∨ σ Eqø ∃’ B dv iroorz v iurp +67,1 Vlqfh θ ∨ σ Eqø ∃’ B wkhuh h{lvwv ρ ▽ θ vxfk wkdw⁀ Eqø ⪰ q^ρ ⪰ θ^M1 P ruhryhu/ vlqfh 6 Ψ 7^M/ lwiroorz v wkdw7^u Ψ 7^M1 Dv d frqvht xhqfh/ +64, p xvwkrog lq wklv fdvh1

Li q ▽ o^2 wkhq 6 Ψ θ^u Ψ 7^M ⪰ ⁀ dqg θ^2Eqø∃’ B dv iroorz v iurp +67,1

Vlqfh θ^2Eqø∃’ B wkhuh h{lvwv ρ ▽ θ vxfk wkdw⁀ Eqø⪰ q^ρ ⪰ θ^M1 P ruhryhu/ vlqfh 6 Ψ θ^u Ψ 7^M/ lwiroorz v wkdw7^u Ψ θ^u Ψ 7^M1 Wkhuhiruh +64, p xvw krog lq wklvfdvh dv z hoo1

Li q ▽ o^fi wkhq θ^u ⪰ 6 Ψ ⁀ Ψ 7^M dqg θ^�Eqø∧ θ^2Eqø∃’ B vxfk wkdwwkhuh p xvwh{lvwρ ▽ θ ∨ σ Eqø iru z klfk lwkrogv wkdw⁀ Eqø ⪰ q^ρ ⪰ θ^M1 Vlqfh

⁀ Ψ 7^M lwiroorz v wkdw7^u ⪰ ⁀ ⪰ θ^M1 Li lwz huh wuxh wkdw7^u ’ θ^M ’ ⁀ wkhq/ iru ρ ▽ θ ∨ σ Eqø/ q^ρ ’ θ^M dqg/ khqfh/ 6 Eqø’ θ^M z klfk frqwudglfwv

6 EqøΨ ⁀ Eqø1Wkhuhiruh V^u Ψ θ^M/ dqg +64, p xvwkrog lq wklv fdvh dv z hoo1

I lqdoo| / li q ▽ o_e wkhq 6 Ψ θ_u Ψ ⁀ Ψ 7_M dqg θ_2Eqø ∃’ B1 Wkhuhiruh/ dv ehiruh/ wkhuh h{lvwv ρ ▽ θ vxfk wkdw⁀ ⪰ q_ρ ⪰ θ_M1 Wkhuhiruh/ vlqfh 7_u ⪰ ⁀ lv doz d| v wuxh/ lwiroorz v wkdw7_u ⪰ θ_M1 Li lwz huh wuxh wkdw 7_u ’ θ_M ’ ⁀ wkhq θ_u Ψ θ_M ’ 7_u Ψ 7_M vxfk wkdw6 Ψ θ_u z rxog qrw eh ihdvleoh1 Wkhuhiruh 7_u Ψ θ_M dv z dv wr eh vkrz q vxfk wkdw/ lqghhg/ li q h{lvwv vxfk wkdw– Eqcq^f øΨ Ø^f wkhq +64, p xvwkrog1

Wkh rwkhu z d| urxqg/ ohwxv dvvxp h wkdw+64, krogv1 Lwlv wkhq hdv| wr �qg q vxfk wkdw

4 @ dθ_u c7_u oΨ 6 EqøΨ ⁀ EqøΨ 4 ı?dθ_Mc7_Mo

dqg vxfk wkdwθ ∨ σ Eqø ∃’ B1 Lwiroorz v wkdwq p xvweh lq uhj lrq o_fi vxfk wkdw+67, lp solhvwkdw– Eqcq^f ø∗ Ø^f Ψ f1Fodlp 5 lvixoo| hvwdeolvkhg1 F odlp 6=Wkhuh h{lvwv q vxfk wkdw– Eqcq^f ø. Ø^f li dqg rqo| li

hlwkhu +d, 7_M Ψ θ_M dqg ⋆_θ . ⋆_7 ru +e, 7_M Ψ θ_u dqg ⋆_θ ⪰ ⋆_7 ru +f, 7_u Ψ θ_u c7_u Ψ 7_M dqg ⋆_θ Ψ ⋆_7

Sur r i r i F odlp 6= Li wkhuh h{lvwv q lq o_� vxfk wkdw– Eqcq^f ø . Ø^f wkhq θ_u ⪰ 6 / 7_M Ψ 6 ⪰ ⁀ dqg θ ∨ σ Eqø ∃’ B1 Vlqfh 7_M Ψ 6 lwiroorz v wkdw ⋆_θ . ⋆_7 dqg 7_M Ψ θ_M/ l1h1 +d,1 P ruhryhu/ li +d, krogv wkhq wkhuh h{lvwv q lq o_� vxfk wkdw– Eqcq^f ø. Ø^f 1

Li wkhuh h{lvwv q lq o_2 vxfk wkdw– Eqcq^f ø. Ø^f 1 Wkhq 6 Ψ θ_u / 7_M ⪰ ⁀ / 7_M Ψ θ_u dqg θ_2 ∃’ B khqfh 7_M ⪰ ⁀ ⪰ θ_M1 Lwiroorz v wkdw7_u ⪰ 7_M Ψ θ_u ⪰ θ_M dqg/ vlqfh 6 Ψ θ_u / wkdw⋆_θ ⪰ ⋆_7 vxfk wkdw+e, krogv1Frqyhuvho| / li +e, krogv wkhq 7_u ⪰ 7_M Ψ θ_u ⪰ θ_M dqg ⋆_θ ⪰ ⋆_7 1 Li ⋆_θ ’ ⋆_7 wkhq θ_u ⪰ ⁀ ⪰ θ_M dqg 7_u ⪰ 6 ⪰ 7_M vxfk wkdwwkhuh h{lvwv q lq o_2 dv fodlp hg1 Li ⋆_θ Ψ ⋆_7 wkhq 7_u ⪰ 6 ⪰ ⁀ ⪰ 7_M z khuhdv ⁀ ’ 7_M lv ihdvleoh vxfk wkdw q lq o_2 grhvh{lvwlq wklv fdvh dv z hoo1

Wkhuh qhyhu h{lvwv q lq o_fi z lwk wkh ghvluhg surshuw| 1 Li q lq o_e/ �qdoo| / vxfk wkdw– Eqcq^f ø . Ø^f wkhq 6 Ψ θ_u / 6 ⪰ ⁀ Ψ θ_u dqg ⁀ Ψ 7_M1 Vlqfh ⁀ Ψ θ_u lwiroorz v wkdw⋆_θ Ψ ⋆_7 1 P ruhryhu/ vlqfh 7_u ⪰ ⁀ doz d| v krogv/ lwiroorz v wkdw7_u Ψ θ_u / dqg vlqfh ⁀ Ψ 7_M lwp xvweh wuxh wkdw 7_u Ψ 7_M vxfk wkdw+e, krogv lqghhg1 Frqyhuvho| / li +e, krogv wkhq ⁀ Ψ θ_u p xvwdoz d| v eh wuxh1 P ruhryhu/ vlqfh 7_u Ψ 7_M dqg ⋆_θ Ψ ⋆_7 lwlv ihdvleoh wkdw7_u Ψ 6 Ψ ⁀ Ψ θ_u dqg ⁀ Ψ 7_M1 Khqfh o_e lv qrwhp sw| dqg/ vlqfh σ Eqø∨ θ ’ θ / lwiroorz viurp +67, wkdwq p xvwh{lvwdv fodlp hg1Fodlp 6 lv hvwdeolvkhg1

Wkh surri ri wkhruhp 8 hdvlo| iroorz v iurp wkh deryh fodlp v1 Fodlp 5 lp solhv +l,1 Fodlp v 5 dqg 6 mrlqwo| lp so| +ll, ehfdxvh frqglwlrq +e, lq fodlp

6 grhv qrwrffxu lq wkh vrsklvwlfdwhg fdvh/ z khuhdv 7^u Ψ 7^M lq +e, doz d| v krogvlq wkh vrsklvwlfdwhg fdvh1 Wkhruhp 8 lvixoo| hvwdeolvkhg1

Lwdovr iroorz v iurp wkh deryh surri wkdwwkh urexvwsrvvlelolw| wkhruhp krogv iru doofdvhv z klfk duh qrwvrsklvwlfdwhg1 Lq idfw/ li +64, lv ylrodwhg wkhq lwiroorz v iurp fodlp 5 lq wkh deryh surri wkdwqr q h{lvwv iru z klfk

– Eqcq_f øΨ Ø_f 1

Wkh surri ri wkhruhp 8/ z kloh hohp hqwdu| / lv whglrxv1 Exwwkh uhvxow uhdfkhv eh| rqg wkh h{lvwlqj olwhudwxuh1 Lq wkh vrsklvwlfdwhg fdvh z khuh wkh urexvwsrvvlelolw| wkhruhp fdq qhyhu eh ydolg/ wkh urexvwlp srvvlelolw| wkhr0 uhp lv doz d| v ydolg li wkh qxp ehuv ri vhoohuvdqg ex| huv duh ht xdoru li wkhuh duh ihz huex| huv wkdq vhoohuv exwwkh orz hvwydoxdwlrq ri vhoohuv grhv qrwh{0 fhhg wkh orz hvwydoxdwlrq ri ex| huv1 Wkh urexvwlp srvvlelolw| wkhruhp lvdovr ydolg li wkhuh duhp ruh ex| huvwkdq vhoohuvexwwkhklj khvwydoxdwlrq ri ex| huv grhvqrwh{fhhg wkhklj khvwydoxdwlrq ri vhoohuv1Lq sduwlfxodu/ li wkhydoxdwlrq ri ex| huv dqg vhoohuv duh gudz q iurp wkh vdp h lqwhuydo/ l1h1 li θ^u ’ 7^u dqg θ^M ’ 7^M wkhq/ qr p dwwhuz kdwwkh qxp ehuri ex| huvdqg vhoohuv/ wkh urexvw lp srvvlelolw| wkhruhp doz d| v kdv wr eh ydolg1 Li/ lq dgglwlrq/ wkh ghqvlw| ixqfwlrqvri dooex| huv duh lghqwlfdodqg wkrvh ri doovhoohuvduh lghqwlfdo/ wrr/ wkhderyhuhvxowkdvehhq hvwdeolvkhg e| Z looldp v +4<<7,1Qrwlfh/ krz hyhu/ wkdwwkhruhp 8 fryhuv p ruh j hqhudofdvhv1 Lq sduwlfxodu/ lwgrhv qrwuht xluh lghqwlfdoghqvlw| ixqfwlrqv1

Wr frqfoxgh wklvvhfwlrq ohwxvj hqhudol}h wkh uhvxowri F udp wr q hw do1

+4<; : , +f1i1 vhfwlrq 7, wr wkh fdvh lqfoxglqj vhyhudovhoohuv1 E| dvvxp swlrq/ lwlv srvvleoh wr vshfli| h{ dqwh z klfk iudfwlrq ϱ_f^ζ ri d j rrg dj hqwζlqlwldoo| vkrxog rz q1Vlqfhwkhuh duh ⋆^7 xqlwvri wkh j rrg dydlodeoh/ wkh frqvwudlqwiru wkh ghidxowghflvlrq lv ⋃ ϱ_f^ζ ’ ⋆^7 1 Li wkh dj hqwv vshfli| wkh ghidxowghflvlrq ϱ_f surshuo| wkhq wkh iroorz lqj srvvlelolw| wkhruhp lvydolg1

Wkhr uhp 9 Wkhuh h{lvwv d ghidxowghflvlrq ϱ_f ▽ dfc�o_⋆ / ⋃ ϱ_f^ζ ’ ⋆^7 vxfk wkdw

– Eqcq_f ø∼ ⋃ Z^ζEϱ_f cq_f^ζø krogvirudooq1Dwwklvghidxowghflvlrq/ wkh srvvlelolw| wkhruhp p xvweh ydolg1

Sur r i=

Wkh surri lv vlp lodu wr wkh rqh ri wkhruhp 71 Lwlv dj dlq vx! flhqwwr ghdo z lwk wkh fdvh z khuhdooydoxdwlrqvduhgudz q iurp wkhvdp hlqwhuydodθ^u cθ^Mo1

P ruhryhu/ dovr dvlq wkhruhp 7/ d ghidxowrswlrq ϱ^f fdq ehvkrz q wr h{lvwvxfk wkdwwkh sduwlflsdwlrq frqvwudlqwri doodj hqwv lv elqglqj dwwkh vdp h ydoxh θ^f ri wkh lqirup dwlrq sdudp hwhu1 Lwiroorz v wkdwØ^f ’ ⋃ Z_ζEϱ^f cq^f_ζø’ ⋆_7 θ_f 1 Lq rughu wr fdofxodwh – Eqcq^f ø/ ohwxv sduwlwlrq wkh vhwLri doodj hqwv dv iroorz v= U_f ’ U_f Eqø’ ⟩ ζ⇕ζ ⇀▽ σ Eqøc ζ ⇀▽ σ Eθ^f cq_{∋ ζ}ø| U_� ’ U_�Eqø’ ⟩ ζ⇕ζ▽ σ Eqøc ζ ⇀▽ σ Eθ^f cq_{∋ ζ}ø| U_2 ’ U_2Eqø’ ⟩ ζ⇕ζ ⇀▽ σ Eqøc ζ▽ σ Eθ^f cq_{∋ ζ}ø| U_fi ’ U_fiEqø’ ⟩ ζ⇕ζ▽ σ Eqøc ζ▽ σ Eθ^f cq_{∋ ζ}ø| Vlp loduo| dv lq wkh surri ri +66,/ lwfdq eh vkrz q wkdw

– Eqcq^f ø∗ Ø^f ’ ⋃ U_� 6 n ⋃ U_2⊕U_fi

θ^f ∗ ⋆_7 θ^f ∗ ⋃ U_2

⁀ ν +68,

Wz r fdvhv p xvweh glvwlqj xlvkhg1 Li/ �uvw/ ⁀ Eqø ⪰ θ^f 1 Wkhq/ li ζ▽ U_� lw iroorz v wkdw⁀ ⪰ q_ζ exwθ^f ⪰ 6 dqg/ khqfh/ wkdw6 ’ ⁀ ’ θ^f 1 Li ζ▽ U_2 wkhq q_ζ ⪰ 6 exw⁀ ⪰ θ^f 1 Wkhuhiruh +68, lp solhv wkdw

– Eqcq^f ø∗ Ø^f ∼ ⋃ U_�

θ^f n ⋃ U_2⊕U_fi

θ^f ∗ ⋆_7 θ^f ∗ ⋃ U_2

θ^f ’ fν

Li/ vhfrqg/ θ^f Ψ ⁀ Eqø wkhq U_2 ’ B1 P ruhryhu/ li ζ▽ U_� wkhq ⁀ ⪰ q_ζ exw θ^f ⪰ 6 1 Lwwkhq iroorz v iurp +68, wkdw

– Eqcq^f ø∗ Ø^f ∼ ⋃ U_�

θ^f n ⋃ U_fi

θ^f ∗ ⋆_7 θ^f ’ f

dv z dv wr eh vkrz q1

Qrwlfh/ li doo glvwulexwlrq ixqfwlrqv duh lghqwlfdo wkhq/ iru wkh ghidxow ghflvlrq ϱ^f_ζ ’ ⋆_7 ⇀⋆ Eζ’ �cνννc⋆ø/ wkh sduwlflsdwlrq frqvwudlqwv ri doodj hqwv duh elqglqj dwwkh vdp h lqirup dwlrq sdudp hwhu vxfk wkdwht xdovkduhv ohdg wr wkh srvvlelolw| wkhruhp 1 Lq p ruh j hqhudofdvhv/ krz hyhu/ xqht xdovkduhv p d| eh qhhghg wr hqvxuh wkh srvvlelolw| wkhruhp 1

9 Wkh I luvwRughu Ds s ur dfk

Dv d �qdodssolfdwlrq ri wkh p hwkrg sursdj dwhg e| wkh suhvhqwsdshu/ ohw xv frqvlghu d vhwri dj hqwv U’ ⟩ �cνννc⋆| idflqj d glylvleoh sxeolf ghflvlrq

ϱ▽ dfc△ o1 Sur�wixqfwlrqv Z^ζEϱcq^ζø duh dvvxp hg wr eh gl�huhqwldeoh lq t xdqwlw| dqg lqirup dwlrq sdudp hwhu1 Lwlv ixuwkhu dvvxp hg wkdwsur�wv duh frqfdyh ixqfwlrqv ri t xdqwlw| / l1h1 Z^{ζϱϱ} ’ Y_2Z^ζ⇀Yϱ_2 Ψ f dqg wkdwwkh vlqj oh furvvlqj surshuo| krogv/ l1h1 Z^{ζϱq} ’ Y_2Z^ζ⇀YϱYq^ζ . f1 I lqdoo| lwlv dvvxp hg wkdwZ^ζEfcq^ζø ≤ f iru doo q^ζ ▽ dq^{ζu} cq^{ζM}o1 Lwwkhq iroorz v e| lqwhj udwlrq wkdwZ^{ζq} ’ YZ^ζEϱcq^ζø⇀Yq^ζ . f iru ϱ . f1 Wkh h{ srvwh! flhqwvxusoxv ℓ Eqø’ ⋃ Z^ζEϱEqøcq^ζølv fkdudfwhul}hg e| �uvwrughu frqglwlrqv ⋃ ζMU Z^{ζϱ}EϱEqøcq^ζø’ fν +69,

Wkh hqyhorsh wkhruhp wkhq | lhogv Yℓ Eqø⇀Yq^ζ ’ Z^{ζq} EϱEqøcq^ζø∼ f dqg/ khqfh/ Y_2ℓ Eqø⇀Yq^ζYq^ρ ’ Z^{ζqϱ}Yϱ⇀Yq^ρ p xvwkrog iru dooρ ∃’ ζ1 Gl�huhqwldwlqj �uvwrughu frqglwlrq +69, ohdgv/ e| p dnlqj xvhri wkhvlqj ohfurvvlqj surshuw| / wr wkhfrqfoxvlrq wkdwYϱ⇀Yq^ρ ∼ f irudooρ ▽ U1 Wkh iroorz lqj olqh vxp p dul}hv wkhvh �qglqj v= Yℓ Eqø Yq^ζ ∼ f dqg/ iruζ∃’ ρ/ Yℓ Eqø Yq^ζYq^ρ ∼ f +6: ,

P ruhryhu/ li wkh rxwvlgh rswlrq lv dvvxp hg wr eh ϱ_f ’ f wkhq/ e| +6: ,/ wkh sduwlflsdwlrq frqvwudlqwv ri doodj hqwv duh hdvlo| vhhq wr eh elqglqj dwwkh orz hvwlqirup dwlrq sdudp hwhu/ l1h1q_f^ζ ’ q^{ζu} irudooζ▽ U1Lwiroorz v wkdw ℓ Eq^u ø∼ Ø_f ’ ⋃ Z^ζEϱ_f ’ fcq^{ζu} ø’ fν +6; ,

Wkhr uhp : Li +6: , dqg +6;, krog/ dv zrxog eh wkh fdvh lq wkh deryh vhwwlqj ri d glylvleoh sxeolf ghflvlrq/ wkhq wkh iroorzlqj p xvweh wuxh=

+l, Wkh urexvwsrvvlelolw| wkhruhp lv ydolg li dqg rqo| li – Eq^Mcq^u ø∼ f1

+ll, Wkh urexvwlp srvvlelolw| wkhruhp lv ydolg li dqg rqo| li ℓ Eq^u ø’ f1

Sur r i= Vlqfh – Eqcq_u ø’ ⋃ ℓ Eq_{ζu} cq_{∋ ζ}ø∗ E⋆ ∗ �øℓ Eqølwiroorz v wkdw Y– Eqcq_u ø Yq_ρ ’ ⋃ ζ⊘’ ρ ⌋ Yℓ Eq_{ζu} cq_{∋ ζø} Yq_ρ ∗ Yℓ Eqø Yq_ρ ⌈ ν Vlqfh q_{ζu} ⪰ q_ζ/ lwiroorz v iurp +6: , wkdw Y– Eqcq_u ø⇀Yq_ρ ⪰ fν +6<, P ruhryhu/ Ø^f ’ f e| +6; , dqg – Eq_u cq_u ø’ ℓ Eq_u øe| gh�qlwlrq1 Wkhuhiruh/ wkh wkhruhp hdvlo| iroorz v iurp p rqrwrqlflw| frqglwlrq +6<,1

Wklv uhvxowj hqhudol}hv �qglqj v ri P f Di hh +4<<4, z kr/ krz hyhu/ ghdov z lwk d vhwwlqj ri wz r dj hqwv rqo| z khuh sulydwh dqg sxeolf ghflvlrqv fdqqrw eh glvwlqj xlvkhg1 Qrwlfh/ lq wkh fdvh ri d glylvleoh ghflvlrq/ lwlv t xlwh olnho| wkdw/ hyhq dwwkh orz hvwlqirup dwlrq sdudp hwhuv/ wkh h{ srvwh! flhqwvxusoxv z looeh vwulfwo| srvlwlyh/ l1h1ℓ Eq_u ø. f1Lq wklvfdvh wkh urexvwlp srvvlelolw| wkhruhp fdq qhyhuehydolg1P ruhryhu/ xqghuwkhdvvxp swlrqvri wkhwkhruhp / wkh urexvwsrvvlelolw| wkhruhp lv ydolg li dqg rqo| li wkh frqglwlrq

– Eq_Mcq_u ø’ ⋃ ζMU ℓ Eq_{ζu} cq_{∋ ζM}ø∗ E⋆ ∗ �øℓ Eq_Mø∼ f lv vdwlv�hg1 Wkhuhiruh/ lq wkh fdvh ri d glylvleoh sxeolf ghflvlrq/ wkhuh lv vfrsh iru d urexvwsrvvlelolw| wkhruhp hyhq li wkh h{ srvwh! flhqwghflvlrq wuxo| ghshqgvrq wkhuhdol}dwlrq ri wkhlqirup dwlrq sdudp hwhuv+vrsklvwlfdwhg fdvh,1

Z h vkrxog dovr srlqwrxwwkdw/ lq wkh fdvh ri sulydwh j rrgv/ wkh p rqr0 wrqlflw| frqglwlrq +6<, p d| eh ylrodwhg1 Lq idfw/ iru wkh lqglylvleoh ghflvlrq fdvhv ri vhfwlrqv 7 dqg 8/ wkh p rqrwrqlflw| frqvwudlqww| slfdoo| idlov wr krog li p ruh wkdq wz r sduwlhv duh lqyroyhg1 Wklv lv wkh uhdvrq z k| wkh surriv ri wkhruhp v 6 dqg 8 duh p ruh frp solfdwhg wkdq wkrvh ri wkhruhp v 4 dqg : 1 Qhyhuwkhohvv wkh �uvwrughu dssurdfk p d| eh ri xvh eh| rqg wkh fdvh ri sxeolf ghflvlrqv1 Ohwϱ^f eh wkh rxwvlgh rswlrq dqg ohwwkh sduwlflsdwlrq frqvwudlqwvri dj hqwζeh elqglqj dwq^f_ζ +vhh+: ,,1I ruvlp solflw| / ohwxvdvvxp h wkdwq^f_ζ grhvqrwghshqg rq wkh sulruglvwulexwlrq ri lqirup dwlrq1 P ruhryhu/ ohwq^{4 ı?}_ζ dqg q^{4 @}_ζ eh vroxwlrqv ri wkh iroorz lqj sureohp v=

q^{4 ı?} ▽ duj p lq_q – Eqcq^f øcq^{4 @} ▽ duj p d{_q – Eqcq^f ø

Wr �qg wkh deryh vroxwlrqv/ xvh ri wkh �uvwrughufrqglwlrq frxog srvvleo| eh p dgh1Wkh iroorz lqj wkhruhp p xvwkrog1

Wkhr uhp ; OhwØ_f ’ ⋃ Z^ζEϱ_f cq_f^ζø1 Wkhq=

+l, Wkh urexvwsrvvlelolw| wkhruhp lv ydolg li dqg rqo| li – Eq_{4 ı?} cq_f ø∼ Ø_f

+ll, Wkh urexvwlp srvvlelolw| wkrhuhp lvydolg li dqg rqo| li – Eq_{4 @} cq_f ø⪰ Ø_f dqg wkhuh h{lvwv q vxfk wkdw– Eqcq_f øΨ Ø_f 1

+lll, Lq doorwkhu fdvhv/ qr urexvwwkhruhp fdq eh ydolg1

: F r qfoxglqj Uhp dunv

Lq wklv sdshu/ wkh urexvwsrvvlelolw| wkhruhp lv vdlg wr eh ydolg li/ iru doo sulruglvwulexwlrqvri sulydwhlqirup dwlrq/ d edodqfhg p hfkdqlvp h{lvwvz klfk dj hqwvyroxqwdulo| sduwlflsdwh dwdqg z klfk ohdgvwr wkh h{ srvwh! flhqwgh0 flvlrq1 Wkh urexvwlp srvvlelolw| wkhruhp lv vdlg wr eh ydolg li/ iru qr sulru glvwulexwlrq ri sulydwh lqirup dwlrq/ wkh h{ srvwh! flhqwghflvlrq fdq eh wkh uhvxowri yroxqwdu| wudgh1 Lq wkh fdvh ri lqglylvleoh ghflvlrqv +vrsklvwlfdwhg fdvhv rqo| ,/ urexvwwkhruhp v fdq qhyhu eh ydolg z khuhdv/ lq wkh fdvh ri gl0 ylvleoh ghflvlrqv/ wkhuh lv vfrsh iru urexvwsrvvlelolw| wkhruhp v z kloh urexvw lp srvvlelolw| wkhruhp vduh xqolnho| wr krog1Lq wkh fdvh ri dq lqglylvleohsxe0 olf ghflvlrq/ wkh urexvwlp srvvlelolw| wkhruhp lvdoz d| v ydolg z khuhdv/ lq wkh fdvh ri dq lqglylvleoh sulydwh ghflvlrq/ wkhuh lvvfrsh irud srvvlelolw| wkhruhp exwqrwirud urexvwsrvvlelolw| wkhruhp 1

Li wkh urexvwlp srvvlelolw| wkhruhp lv ydolg wkh h{ srvwh! flhqwvroxwlrq fdqqrwehuhdfkhg e| d edodqfhg p hfkdqlvp doorz lqj iruyroxqwdu| sduwlflsd0 wlrq1D grxeoh rudodxfwlrq z rxog eh vxfk d p hfkdqlvp 1Dq| frp sxwhul}hg h{shulp hqwdwlrq ri wkh grxeoh rudodxfwlrq j lyhv ulvh wr d p hfkdqlvp wkdw fdq eh ghvfulehg e| d j dp h irup vxfk dv +6,1 Vdgulhk +4<<; , kdv z runhg rxwwkh ghwdlov ri vxfk d j dp h irup 1 Xqghu frp sohwh lqirup dwlrq/ kh vkrz v wkdwwkh h! flhqwghflvlrq kdv wr eh uhdfkhg lq Qdvk ht xloleulxp 1 P ruhryhu/ kh suhvhqwv vrp h hylghqfh wkdwd vwdwlf h{shulp hqwdouhshwlwlrq ri d j dp h ri lqfrp sohwh lqirup dwlrq ohdgv/ dv d ehkdylrudosuhglfwlrq/ wr wkh Qdvk ht xl0 oleulxp ri wkh fruuhvsrqglqj j dp h z lwk frp sohwh lqirup dwlrq1Li wklvlvwuxh hyhq lq vhwwlqj v z khuh wkh urexvwlp srvvlelolw| wkhruhp lv ydolg wkhq wkh hi0

�flhqf| p xvwuhvxowiurp wkh erxqghgo| udwlrqdoehkdylru ri uhdovxemhfwv1 5: