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Abstract

Let M(X) be a family of all equivalent local martingale measures
for some locally bounded d-dimensional process X, and V' be a positive pro-
cess. Main result of the paper (Theorem 2.1) states that the process V is a
supermartingale whatever ) € M(X), if and only if this process admits the
following decomposition:

t
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where H is an integrand for X, and (' is an adapted increasing process. We
call such a representation the optional because, in contrast to Doob-Meyer
decomposition, it generally exists only with an adapted (optional) process C.

We apply this decomposition to the problem of hedging European and
American style contingent claims in a setting of incomplete security markets.

Keywords: Doob-Meyer decomposition, optional decomposition, martin-
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1 Introduction

The famous Doob-Meyer decomposition states that each positive supermar-
tingale V' = (V;)¢>0 defined on a filtered probability space
(Q,F,F = (Fi)e>0, P) has the following representation:

(1.1) V=M-A,

where M = (M;)¢>0 is a local martingale, My = Vo, and A = (Ay)>o s
an increasing process. Moreover, there exists a decomposition involving a
predictable process A, with Eq.(1.1) being a unique representation in this
case.

Now let Q = {@} be a family of equivalent probability measures on
(Q,F,F), and let V be a positive supermartingale with respect to each mea-
sure ) € Q. We are interested in decomposition of the form (1.1), with M
being a ()-local martingale for all () € Q. Even simple examples show that
we can generally hope to obtain such a representation only with an adapted
(optional) increasing process A. With this notation and following El Karoui
and Quenez [7], this decomposition will be referred to as optional decompo-
sition of positive supermartingale V' with respect to the family of measures
Q.

Note that, in general, such an optional decomposition does not exist.
As an example we take Q to be the family of all equivalent supermartingale
measures for process X; = m;—t,¢ > 0. Here 7 is a Poisson process under the
reference probability measure P. We assume that filtration F is generated
by this Poisson process: F = F7. Then one can show that, whatever ) € Q,
all local martingales with respect to () are constants. Therefore the process
X which is a @)-supermartingale for all () € Q can not be represented as
a difference between a local martingale with respect to all Q € Q and an
increasing process.

The main result of the paper (Theorem 2.1) states that the optional
decomposition exists provided that Q is a family of all equivalent local mar-
tingale measures for some locally bounded d-dimensional process X. More
exactly, in this case process V which is a positive supermartingale with re-
spect to each measure () € Q, admits the representation as follows:

‘/15:‘/0—|—(H.X)t—ct, tZO,



where H is an integrand for X, (He X); = fot H,dX; is the stochastic integral
of H with respect to X, and C' is an adapted increasing process.

In finance such a decomposition leads to a convenient supermartingale
characterization of wealth and consumption portfolios. We apply this char-
acterization to the problem of hedging European and American style contin-
gent claims in a setting of incomplete security markets. This enables us to
describe the capital evolution for the corresponding minimal hedging port-
folios. The results obtained extend the solutions derived in Fl Karoui and
Quenez [7] for the case when X is the solution of a stochastic differential
equation governed by Brownian motion. In addition, they can be considered
as a “dynamic” version of Theorem 5.7 in Delbaen and Schachermayer [4].
This theorem implies the existence of hedging portfolio with initial wealth
equal to the upper bound for arbitrage-free option prices at time ¢ = 0. On
the contrary, Theorems 3.2 and 3.3 below imply the existence of such a hedg-
ing portfolio whose capital at each time instant t is equal to the upper bound
of arbitrage-free option prices at that time.

The proofs in El Karoui and Quenez [7] are mainly based on Girsanov’s
transformation of probability measures. Apparently this approach can not
be extended to the general setting under consideration. Instead, we apply
the arguments based on the Hahn-Banach theorem. The main source for the
results presented here was an important paper of Delbaen and Schachermayer

[4].

2 Main results

Let (Q, F,F = (Fi)i>0, P) be a filtered probability space which satisfies the
conventional conditions of general theory of stochastic processes, i.e.; the
filtration F is right-continuous (F; = Fi4) and o-field Fy contains all null
sets from F. For simplicity hereinafter the initial o-field Fy is assumed to be
the trivial one, i.e., it contains only sets with measure zero or one.

On this filtered probability space, we consider an RCLL (right-continuous
with left limits) d-dimensional random process X = (Xi)igd. We assume that
X is a locally bounded process, i.e., there is a sequence of stopping times
(Tn)n>1 on (Q, F,F) such that the variables 7, converge to co almost surely
as n tends to oo, and [X!| <n fort <7, and 1 <: < d.

A probability measure () is called a local martingale measure, if it is



equivalent to P and the process X is a Q-local martingale. By M(X) we
denote the set of all local martingale measures for process X. We suppose
that M(X) is not empty. Because all further concepts are invariant with
respect to equivalent changes of measure, hereinafter we assume that P €
M(X).

The main result of the paper is the following theorem.

Theorem 2.1 (Optional decomposition) Let V = (V;)i>0 be a positive
process. Then V' is a supermartingale for each measure Q € M(X) if and
only if there exist an X -integrable predictable process H = (H')i<i<q and an
adapted increasing process C' such that

(21) ‘/15:‘/0—|—(H.X)t—ct, tZO,
where (H o X); = fot H,dX, is the stochastic integral of H with respect to X.

Because the process H o X mentioned above is uniformly bounded below,
it is a local martingale with respect to all measures Q € M(X), see Emery
[9] and Ansel and Stricker [1]. Therefore, the Eq.(2.1) is indeed an optional
decomposition of V with respect to the family M(.X). The proof of Theorem
2.1 see in Section 5.

Theorem 2.1 generalizes the following result of Jacka [10] and Ansel and
Stricker [1].

Theorem 2.2 (Jacka, Ansel and Stricker) Let M = (M;)¢>0 be a posi-
tive process. Then M is a local martingale for each measure QQ € M(X) if
and only if there exists an X -integrable predictable process H = (H')i<i<a
such that

Mt:MO—I—(H.X)t tZO

We now consider the question of uniqueness for decomposition (2.1).

We denote by X* the continuous martingale part of X with respect to P,
< X° X°¢ > means the quadratic variation of X¢, [X, X] corresponds to the
quadratic variation of X, and [X, X] designates the compensator of [X, X]

with respect to P. For simplicity of notation we formulate the result for the
case of d = 1.



Lemma 2.1 Assume that there is a positive predictable process

h = (hi(w))i>0 such that
XX ) = [ o) < XX >, ()

almost surely. Then the processes H @ X and C' in decomposition (2.1) are
uniquely defined.

Proof Let H and G be predictable X-integrable processes, and A and B be
adapted RCLL processes of bounded variation such that

Hoe X+ A=Ge X +B:=V.
We must show that H ¢ X = (G @ X or, equivalently,
(2.2) HI{|H| < N} o« X =GI{|G| < N} e X,

whatever N > 1.
Because the continuous martingale part of V equals

Vi=He X" =Ge X",
we deduce that

(Hs — Gy)’d < X°, X >= 0.
0
Then the condition of the lemma implies:

/OO(HS (L)X, X] = 0,

and Eq.(2.2) follows from the Doob inequality for locally square integrable
martingales. O

Remark 2.1 The condition of the lemma is invariant with respect to equiv-
alent change of measure P.

Finally, we state the result that links the “optional” decomposition with
“predictable” decomposition of Doob and Meyer.

Let V' be a bounded below @)-supermartingale for all Q € M(X). We
denote by B the set of predictable increasing RCLL processes B, such that
By =0and V + B is a Q-supermartingale for all ) € M(X). We introduce
an ordering < on B indicating that A is less than B (A < B) if B— A is an
increasing process.



Lemma 2.2 The mazimal element B in the ordered set B exists and is
unique.

Proof We start with an intermediate claim.

Claim Let A and B be the elements of B. Then there exists C' € B such

that C — A and C' — B are increasing processes.

Hahn’s decomposition for increasing predictable processes (see Jacod and
Shiryaev [12] Chapter I, Proposition 3.13) implies the existence of a pre-
dictable process h with values in {—1,1} such that

13 13
/ |dA5—dBS|:/ hy(dA, — dB,), >0,
0 0

1 1
Ct:%(/(1+hs)dAs+/(1—hs)st>, L >0,
0 0

Then the processes ' — A and ' — B are increasing processes. Moreover,

Denote

because

v+c:%(/Otu+h5>d<vs+As>+/ot<1—hs>d<v5+Bs>>, >0

and processes V 4+ A and V + B are supermartingales with respect to all
@ € M(X), we deduce that V' + C is a supermartingale with respect to all
@ € M(X) and, therefore, C' € B. The claim is proved.

Now let b = supgep /Bs and (B"),>1 be a sequence in B such that
the expectations FB! tend to b as n tends to oo. Using the claim, we
can construct this sequence so as make the processes B"™! — B™ increasing
whatever n > 1. Then the sequence (B"),>1 converges to a process B in
[0, +00] uniformly. It can be easily seen that B € B. Finally, the claim
above and the fact

Eoo =b=sup KB,
BeB

imply that B is the unique maximal element in B. O

Remark 2.2 When M(X) is a singleton, the process B is exactly the process
that appears in Doob—Meyer decomposition.



3 Applications in finance

1. In finance the process X = (X');<, is interpreted as a discounted price pro-
cess of d assets in a security market. As above, we assume that X is a locally
bounded RCLL process and that the set M(.X) of local martingale measures
for X is not empty. This corresponds to the absence of arbitrage opportuni-
ties on the security market, see recent paper of Delbaen and Schachermayer
[4] for precise statement.

We remind that a wealth and consumption portfolio can be described as a
triple IT = (v, H, C'), where v is an initial wealth of the portfolio, H = (H");<4
is a predictable X-integrable process of numbers of assets, and C' = (Cy)s>0
is an adapted increasing right-continuous process of consumption. A capital
process V = (V)¢ of portfolio 1 equals

1
(3.1) V= +/ HdX,—Cy,,  t>0.
0

This equation has a clear economic interpretation: changes in the portfolio
wealth are caused by changes in assets prices and by consumption. In par-
ticular, when C' = 0 the Eq.(3.1) means that the portfolio II is developing in
a self-financing way. Portfolio 11 is called an admissible strategy if V; > 0,
t > 0. Theorems 2.1 and 2.2 immediately lead to the following important
characterization of admissible portfolios.

Theorem 3.1 Let (Vi)i>0 be a positive process. Then

(1) V is a capital of self-financing portfolio if and only if V' is a local mar-
tingale with respect to all QQ € M(X).

(12) V is a capital of wealth and consumption portfolio if and only if V is a
supermartingale with respect to all Q € M(X).

2. Let now f be a positive random variable on (2, F). We interpret f
as the value of contingent claim or as the payment of European option with
maturity at time 7" = oo. An admissible strategy Il with wealth V is called
the hedging portfolio for f if V., > f. Moreover, hedging portfolio Il with
wealth V is called the minimal hedge for f if V, < V; almost surely, whatever
t > 0 and hedging strategy II with wealth V.



The supermartingale property of the wealth V of hedging strategy II
implies that

(3.2) Vi >ess sup FglVeo | Fi] >ess sup Eglf | Fi, t > 0.
QeM(X) QeM(X)

The following theorem states that the lower bound in (3.2) is achieved and
equals to the wealth of the minimal hedge. For continuous price processes
this result was proved in the paper of El Karoui and Quenez [7].

Theorem 3.2 Let f be a positive random variable such that _ R
supgemx) Fof < oo. Then the minimal hedging strategy 11 = (v, H,C)

exists and its wealth V equals

Vi=0+(HeX),—Cy=ess sup Eo[f]|F.
QeM(X)

Proof The proof follows from Theorem 3.1 above and from the fact that
process (ess supgen(x) £ [f | Fi])izo is a supermartingale for all @ € M(X),
see Proposition 4.2 in Section 4. O

If 7 is a finite stopping time, i.e. P(r < 4o0) = 1, and f is a F;-
measurable function, then from Theorem 3.2 we deduce that Ve = f.- We
notice that for general F = o <Ut>0 .7:t>—measurable claims f this equality
does not hold. To demonstrate, we use the following simple example.

Fxample 3.1 Let (, F,F, P) be a filtered probability space with a Wiener
process W. We set X = 1 and define claim f as f = I(7 < o), where
stopping time 7 equals

T:inf{tZO:WtZet}.

In this case M(X) is the set of all probability measures equivalent to P. It
can be easily seen that P(r < o0) < 1, and

‘Z:ess sup Q(r < oo | F) =1, t>0.
QeM(X)

Therefore, Vo=1> I(7 < 400) with positive probability.



The question of particular interest is to know whether the minimal hedg-
ing strategy Iis a self-financing portfolio. This is connected with the prob-
lem of attainability of contingent claims, see papers of Jacka [10], Ansel and
Stricker [1] and Delbaen and Schachermayer [5]. From these papers we de-
duce that the minimal hedge Il with wealth V is a self-financing strategy
if and only if there is a measure () € M(X) such that Visa Q-uniformly
integrable martingale on [0, +oc].

3. Let now f = (f;)>0 be an adapted positive process. We interpret f as
the reward process of an American type option. The wealth and consumption
portfolio I = (v, H,C') with capital process V = (V)0 is called a hedging
strategy for f if

Vi 2 i, t=0.

The portfolio II = (5,[;’, 5) with capital process V = (‘N/t)tzo is termed
the minimal hedging portfolio if

WZ‘ZZJCM

whatever £ > 0 and hedging portfolio II with capital V.
The following theorem can be considered as generalization of the results
of Bensoussan [2] and Karatzas [13] to a setting of incomplete markets.
Denote by M; the set of stopping times 7 with values in [¢, 400].

Theorem 3.3 Let f = (fi)i>o0 be an adapted positive process such that

sup  sup FEofr < +oo.
rEMo QeM(X)

Then the minimal hedging portfolio Il = (5,[;’, 6) exists, and its capital at
time t > 0 equals

Vi=0+(HeX),—Ci=ess sup  Lolf.|Fl.
QeM(X), reM;

Proof The proof follows from Theorem 3.1 and from the fact that pro-

cess (esssupgeM(x), rem, Folfr[Fil)izo is a supermartingale whatever () €
M(X), see Proposition 4.3 in Section 4. O



4 Auxiliary facts and results

1. First we recall some facts and definitions from the theory of stochastic
integration, for which we refer to Dellacherie and Meyer [6], Protter [16] and
Jacod and Shiryaev [12].

Suppose X is a real-valued process; then the mazimal function (X))} is
defined as supgc,o; | Xs |-

Suppose X and Y are semi-martingales; then the Emery distance between

X and Y equals

D(X,Y) = sup (Z 27" F [min(| (H o X), |, 1)]) ,

[H|<1

where sup is taken over the set of all predictable processes H bounded by
1. For this metric the space of semi-martingales is complete, see Emery [8].
The corresponding topology is called a semi-martingale or Emery topology.

In particular, if A and B are predictable processes of bounded variation,
the Emery distance between A and B equals

D(A,B)=Y 27"E [mm(/o | dA, — dB, |, 1),
n>1

where [ | dA; — dB, | is the total variation of A — B on [0,#]. This is a
consequence of the following Hahn decomposition: there exists a predictable
process h with values in {-1,41} such that

1 1
/ | dA, — dB, |:/ hy(dA, —dB,), >0,
0 0

see Jacod and Shiryaev [12] Chapter 1, Proposition 3.13.

Now let H be a predictable process, and X be a semi-martingale. The
process H is called X-integrable if there exist a local martingale M and a
process A of bounded variation such that X = M + A and

1. process fot | Hy || dAs | has a bounded variation,

2. increasing process (f H?d[M, M]5>1/2 is locally integrable, where
[M, M] is the quadratic variation of the local martingale M.

10



In this case, H o A is a Lebesgue—Stieltjes integral; the stochastic integral
H o M exists as a stochastic integral with respect to a local martingale, and
is a local martingale. The stochastic integral H o X equals H @« A+ H o M
and does not depend on a particular choice of M and A.

It a predictable process H is locally bounded, this process is integrable
with respect to all semi-martingales. If H is unbounded, then by Theorem 1
in Chou, Meyer and Stricker [3] process H is X-integrable if and only if the
sequence HI{| H |[<n} e X, n > 1, converges in semi-martingale topology.
Moreover, in this case the limit of the sequence equals H o X.

An X-integrable process H is called the admissible integrand if there
exists a constant a such that a + (H e X); > 0,¢ > 0. A counter-example in
Emery [9] shows that a stochastic integral with respect to a local martingale
can be not local martingale. However, it M is a local martingale and H is
an admissible integrand for M, then H e M is a local martingale, see Ansel
and Stricker [1].

A semi-martingale X is called a spectal semi-martingale if it can be de-
composed as X = M+ A, where M is a local martingale and A is a predictable
process of bounded variation. Then such a decomposition is unique. For the
sequel we need the following proposition on special semi-martingales. For the
proof we refer to Chou, Meyer and Stricker [3], where this result was called
the Jeulin theorem.

Proposition 4.1 Let X be a special semi-martingale with a canonical de-
composition X = M+ A, and H be a predictable X -integrable process. Then
H o X is a special semi-martingale if and only if

1. H is M-integrable in the sense of stochastic integrals of local martin-
gales,

2. H s A-integrable in the sense of Lebesgue—Stieltjes integrals.

In this case, the canonical decomposition of H ¢ X is given as H ¢ X =

Ho M+ HeoA.

We will also need a technical lemma whose formulation is taken from the
paper of Memin [15].

11



Lemma 4.1 Let X be a semi-martingale, such that the quadratic variation
[X,X]ié2 belongs to LP(QQ,F,P) for p > 1. Then X is a special semi-

martingale, and there exists a universal constant a, such that

1A, AR e
10, M2 o

[, X122

<
< (ap + DX X |e,

where X = M+ A is a canonical decomposition of X ; in particular, for p = 2
we can take aq = 1.

2. Let now X be a locally bounded martingale, and f be a positive func-
tion on (Q, F, P). We denote by M(X) the set of local martingale measures
for X. The following proposition is adapted from the paper of El Karoui and
Quenez [7].

Proposition 4.2 Lel f be a positive variable such thal supgenx) Fof <
+o00. There is an RCLL process V = (V;)i>0 such that

Vi=ess sup FEglf | Fi, t>0.
QeM(X)

The process V' is a Q-supermartingale whatever Q € M(X).

The proof of Proposition 4.2 is similar to the proof of the following propo-
sition used in the proof of Theorem 3.3. We denote by M, the set of stopping
times 7 with values in [t, +o0].

Proposition 4.3 Let f = (fi)i>0 be a positive adapted RCLL process such
that

sup Eof: < 400
QE].\/.[(AX)7 TEMo

There is an RCLL process V = (V;)i>o0 such that for all t > 0

V, = ess sup Eqlf-|F).
QeM(X), reM;

The process V = (Vi)i>o is a Q-supermartingale whatever () € M(X).

12



Proof For each time instant ¢ we define variable V, as

(4.1) V, = ess sup Eolf:|F]-
QeM(X), reM;

We have to show that process V= (‘N/t)tzo is a ()-supermartingale for all

@ € M(X) and that V admits an RCLL modification.
Let probability measure P be an element of M(X). By Z; we denote the
set of processes z = (z;);>0 such that

1. z is the density process of some measure ) € M(X) with respect to P,
2. zg =1, s < t.
The Eq.(4.1) can be rewritten as

‘N/t =ess sup E[f.z|F],

2€2¢, TEM;:

where F is the expectation with respect to measure P.
Let us fix positive numbers s and ¢, s < ¢, and show that

(4.2) EVi|F,)=ess sup  E[frz]|F.)

2€2¢, TEM;:

First we have

(4.3E[‘N/t|.7:5] = Fless sup  E[f.z;|F]|Fs] = ess sup  E[fz;|Fs]

2€EZy, TEM, 2€2¢, TEM;:

To prove the reverse inequality we take the sequence

(¥, 0n)n>1 10 (24, My) such that

Vi = sup E[fo,y" | Fi].

n>1

Using this sequence we construct a new sequence (2", 7,),>1 as follows

(=) =y, o)

and for n > 1
(Zn-|—1 T 1) — (Zn7 Tﬂ)? lf E[anZ¢n|Ft] Z E[f0n+1 y?;:.ll |Ft]
s Tnt (yn-l—l7 g-n_|_1), if E[fq—anth] < E[fgnJrlyg::l |Ft]

13



We have (2™, 7,)n>1 C (24, My) and

E[anZZJFt] = r£<a§E[faky§k|Ft] T ‘715

Now from the theorem on monotone convergence we deduce

EVi|F) = E[lim E[f, 2" |F)|F) = lim E[f,, 2" |F,]
S €58 sup E[fTZT|FS]
2€EZ¢, TEM,

Together with inequality (4.3) this proves Eq.(4.2).
Since Zy C Z,, My C M, for s < t, the equality (4.2) implies the
supermartingale property for the process V:

E[V|F)<V,, s<t.

To finish the proof of Proposition 4.3 we must show that the process 1%
admits an RCLL modification. According to Theorem 3.1 in Liptser and
Shiryaev [12], this is the case if and only if the function (EV;)¢>o is right-
continuous.

When s = 0, the equality (4.2) takes the form

(4.4) E‘N/t =  sup F[f;z]

2€Z¢, TEM;

Let t, (t,)n>1 be positive numbers such that ¢, | ¢, n — 400, and ¢, <

t+1,n>1. Because V is a supermartingale, we have

(4.5) EV, > lim EV;,.

To prove the reverse inequality we fix ¢ > 0 and choose stopping time
o = o(e) from M, and process z = z(¢) from Z; such that

(4.6) EV, < Efszo +€¢ and Plo>1t)=1.

This is possible by Eq.(4.4) and right-continuity of the process f.
Now for n > 1 we define stopping time o, € M, and process z" € Z;
as

o oc>1, " 2t/ 7, oc>1,and t > t,
O, = A—
t+1, o<t,’ ¢ 1, o<t,ort<tl,

14



We have o, — o and 2] — 2, almost surely as n tends to co. Now we
deduce from Fatou’s lemma and (4.4) and (4.6) that

EV; < lim Ef,, 2" 4+ e< lim EV,, +e
Because € is an arbitrary positive number and by eq.(4.5) we have that the

function (E‘N/t)tzo is right-continuous. This completes the proof of Proposi-
tion 4.3. O

3. The next proposition is a slight modification of Theorem 5.7 in Delbaen
and Schachermayer [4] and we only sketch the proof. We use the notations
of Proposition 4.2.

Proposition 4.4 Let 7 and o be stopping times on (Q,F,F, P) such that
7 < o, and [ be a bounded F,-measurable random variable. Denote V, =
esssupgem(x) Lolf | F7]. There is an admissible integrand H such that

(HeX);=0,t<7, and V.4+(Heo X), > f.

Proof For simplicity we consider the case 7 = 0 and o = oco.
Following Delbaen and Schachermayer [4] we define the sets:

Ko = {(W+(HeX),: H isan admissible integrand},
Co = Ko— LY,
C = Cof )L™,

where LY and L™ are the sets of positive and bounded random functions on
(Q,F, P) respectively.

We need to prove that f € €. We proceed on a well known path. By The-
orem 4.2 in Delbaen and Schachermayer [4] (see also remark after corollary

1.2) the set €' is a(L>, L')- closed. Therefore, if f ¢ C, by the Hahn—Banach

theorem there is a signed measure R € L' such that

sup KFrg < Erf.
g€eC

This inequality and construction of the set C' imply that R is positive measure

such that Fr(H e X),, = 0, if H and —H are admissible processes. If we

15



normalize the measure R as R(2) = 1, we obtain that R is an absolutely
continuous probability such that X is a local R-martingale. Therefore for
each € > 0 measure R = ¢P + (1 — ¢)R belongs to M(X). We easily deduce
that

sup Kpeg = Vo= sup FEgf > Egef.

geC QeM(X)
Therefore

Erf =limEgef < Vy < sup Erg
e—0 QEO

and we come to a contradiction. O

4. Finally we prove a technical lemma to be used later in several occasions.
This lemma can be considered as an extension of Lemma A 1.1 from Delbaen
and Schachermayer [4] to the setting of increasing processes.

Suppose A is a family of random processes; then the notation B € conv A
means that the process B is a finite convex combination of elements in A.

Lemma 4.2 Let (A"),>1 be a sequence of positive increasing adapted pro-
cesses on a filtered probability space (Q,F,F,P). There exist a sequence
B™ € conv (A", A" ), n > 1, and a [0, +o0]-valued increasing process B
such that

B; = limlimsup B . = limliminf B}

e—0 L. e—=0 n—oo

If there are T > 0 and € > 0 such that for all n: P(A% > €) > ¢, then
P(Br >0)>0.

Proof Let (t;)i>1 be a dense subset of [0, +00[. Application of Lemma A 1.1
from Delbaen and Schachermayer [4] and diagonalization procedure results
in a sequence B™ € conv (A", A"t' ...), n > 1, such that for all ¢ > 1 the
sequence (B} ),>1 converges almost surely to a [0, +-oc]-valued variable By .
We now define process B = (B;)s>0 as
Bt = inf B;
t; >t v

It can be easily seen that the sequence (B"),>1 and the process B are the

processes required by the lemma.
Finally, if P(A} > €) > € then
E(Br A1) > liminf (EB} A1) > liminf (EAS A1) > €

and the result follows. O
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5 Proof of the main theorem

We start with two auxiliary lemmas.

We are in the setting of Theorem 2.1. Let V' be a positive supermartingale
for all Q € M(X). By C we denote the set of increasing processes C' such that
Co = 0 and the process V + C' is a supermartingale for all @ € M(X). We
introduce an order relation < on C saying that Cy is less than Cy (C7 < C5)
if 5 — (' is an increasing process.

Lemma 5.1 There exists the mazimal element C on the ordered set C.

Proof Kuratowski’s lemma (see Kelley [14] th.25, page 33) implies the exis-
tence of a maximal chain C € C. Denote

a=sup KC,.
ceC

It ¢ € C, the process V + (' is a P-supermartingale, and hence
ECw < E(Vao + Cu) < Vi

It follows that a < +o0. B

Now we find an ordered sequence (C"),>1 in C such that expectations
ECY tend to a as n tend to oo, and define the process C as the limit:
C" 1 C, n — oo. Notice that the convergence here is uniform on [0, +0o0].

It is easy to see that C ec. Moreover, since C is the maximal chain in
C, the process (' is the maximal element of C iff it is the maximal element of
C. Let C € C. Because all elements of C are comparable between each other,
there are two possibilities:

1. ¢ < C"™ for some ng and then ' < @,

2. C" < (' for all n > 1 and then C' < C. However the theorem on
monotone convergence implies that

EC, = lim EC" =a> EC...

n—oo

Therefore @o = (', and hence C=cC.
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The proof of the Lemma 5.1 is finished. O

Let ' be the maximal element of C given by Lemma 5.1. Define the
process U = (Uy)¢>0 by

Uy=Vi+Ci 120
Let also T be a positive number, and 7 be a dense subset of [0,7].

Lemma 5.2 Let (G™),>1 be a sequence of admissible integrands, and (A™),>1
be a sequence of adapted increasing processes such that Ay =0, n > 1, and

U+ (G"eX); > —a, t€]0,T], n>1 forsome a>0

and

limsup |Up+ (G" 0 X ), — A7 = Uy| =0, teT,

n—oo

where process U and set T are defined before the formulation of the lemma.

Then
1) wvariables A% tend to 0 in probability as n tends to oo

2) mazimal functions (Uy+ G™ @ X —U) tend to 0 in probability as n tends
to co.

Proof 1) Assume that there exist an increasing sequence (ny)r>1 and a posi-
tive number € such that P(A7F > ¢€) > €, k > 1. Then Lemma 4.2 implies the
existence of a sequence B* € conv (A™, A™+1 ...}, k > 1 and of increasing
adapted process B such that P(Br > 0) > 0 and

B, = (lsimlim sup Bf+5 = limliminfo+5, t>0.

=0 koo §—0 k—oo

We come to a contradiction with the maximality of 6, if show that By = 0 and
the process U + B is a supermartingale on interval [0, T] for all Q@ € M(X).

By H* we denote the convex combination of (G, G"™+1 ...) obtained
with the same weights as B € conv (A™, A"+ .. ). We have

limsup|Us + (H* ¢ X)), — Bf —U| =0, teT

k—o0
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and

U+ (H" e X); > —a, t€0,T], k> 1.

Now we fix ¢ > 0 and define a sequence (#;);>1 in 7 such that ¢ | ¢, | — co.
We deduce

Uy 4 By = lim liminf(U;, + By) = U + Jim Tim inf(H* o X);,.

[—oo k— —00  k—oo

If t = 0, Fatou’s lemma and the supermartingale property of H* ¢ X imply
that

By = EBy=FE limliminf(H" & X),

[—oo k—oo

< liminfliminf F(H" e X), <O0.

[—o0 k—oco

Since B > 0, it follows that By = 0.
Further, for ¢t > 0, s € 7, s <t and @ € M(X) Fatou’s lemma and the
supermartingale property of H" ¢ X imply
EglUi+ Bi|F) < Uy +liminfliminf Eo[(H* ¢ X),,|F,]
< Uy + ligninf(Hk o X);
= liminf(U, + BY < U, + B,.
Because the set 7 is dense in [0, 7], we deduce that the process U + B is
a supermartingale on [0, 7] for all € M(X) and come to the contradiction.
The first assertion of the lemma is proved.
2) We must prove that maximal functions ((G™ — G™) e X )} tend to 0

in probability as n and m tend to oco. If this was not the case, we could find
two increasing sequences (ix, jx)e>1 and a positive number € such that

P(sup ((G* =G e X); >¢)>¢, k>1.

0<t<T
We define stopping time 71 as
m=inf{t>0: ((G*—G"*)eX), >e}.
We have

{or i@ —omexizd =t mw <1y,

<T
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Therefore
(5.1) Plry <T)>e€, k>1.

Now for k£ > 1 we define integrand L* and increasing process C* as

Lk = le]{t < Tk} + ij]{t > Tk},
Ct = (G = G™) 0 X)o iy o

We have
(L" o X))y — Cf = (G™ o X)ilio 5 + (G & X)ili7, 4oc-
It follows that
U+ (LF e X)y > —a, t€[0,T], k>1.

Part 1) of the lemma implies that variables Aglf and A?ﬁ tend to 0 in
probability as k tends to co. Passing to a subsequence we can suppose that
this convergence holds almost surely. Then

lim sup(|Us + (Gik e X):— U+ |Up+ (ij e X),—U)=0, teT

k—o0

and therefore

limsup |Uy + (L* ¢ X)), — CF —U,| =0, teT.

k—o0

Now we deduce from the part 1) of the lemma that variables C% tend to 0
in probability as k& tends to oc. But

Cég“ > GI{TkST}
and we come to the contradiction with (5.1). O

Proof (of Theorem 2.1) Let C be a maximal element of C given by Lemma
5.1. By U = (Uy):>0 we denote process

Ui=Vi+C,y >0

To prove Theorem 2.1 we have to construct an admissible integrand L such
that
Ut:U0+(L.X)t, tZO

20



Notice that it is sufficient to prove this representation only for any finite time
interval [0,7T]. Indeed, if there are admissible integrands L"™ such that

Ut:U0+(Ln.X)t, O§t§n,

then we can define the desired integrand L as

+oo
L=> L'I{n—1<t<n}

n=1

In the sequel we consider the case when ¢ belongs to [0, 1]. To make the proof
more readable we divide it on a number of steps.

Step 1 There are admissible integrands (K" ),>1 such that

(5.2) limsup(Up + (K" e X), — U); = 0,
(5.3) Up+ (K" e X) >0 , telo,1], n>1
(5.4) sup(K" e X, K" e X]; < +o0o,

n>1

where all relations hold almost surely.

Proof First we construct the sequence of admissible integrands (G"),>1 such
that

(5.5) limsup(Up + (G" 0 X), — Us); = 0,

n—oo

(5.6) Up+(GreX) >0 , t€[0,2], n>1.

The desired sequence (K™),>1 will be obtained later as the sequence of ap-
propriate convex combinations of (G"),>1.

By 7 (n) we denote the set of numbers of the form -27", 0 <7 < 2"*!. We
have that 7(n) € 7(n + 1) and that the limiting set 7 (c0) = |J,5; 7 (n) is
dense in [0,2]. For n > 1 we define process U™ = (U[")i>0 as U = min(Uy, n).
It is clear that U™ is a ()-supermartingale for all @) € M(X).

For n > 1 and 0 <7 < 2"t — 1 Proposition 4.4 implies the existence of
an admissible integrand G™ such that

(G eX), =0, t<qi-27"
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and

U'T.Lz—n + (an o X)(i—|—1)~2—" Z U(TZL'_|_1).2—n-

K3

Now we define integrand G™ and increasing process A" as

ntl_q
Gro= > G << (i 1) 27,
=0
ntl_q
A= ¥ (U;g_n + (G 0 X) 412 — Ug+1),2_n> [
=0
We have
(5.7) Uy + (G” ° X)Z'.Q—n — Al =Uln, 0<0< ontt,

The process G™ as a finite sum of admissible integrands is an admissible
integrand. Therefore G @ X is a supermartingale. Since

Uy +(G"e X)y=U) 4+ Ay >0,

we deduce that Uy + (G e X)), > 0, t € [0,2]. This proves inequality (5.6).
Further, because maximal functions (U™ — U)5 tend to 0 almost surely as
n tends to oo, we deduce from (5.7) that

limsup sup |Up + (G" e X); — AY — U] = 0.

n—00 tET(n)

Now part 2) of Lemma 5.2 implies the convergence of maximal functions (Up+
(G" e X); — Us); to 0 in probability. Passing, if necessary, to a subsequence,
we can suppose that this convergence holds almost surely. It follows that the
Eq.(5.5) for the sequence (G™),>1 takes place.

Since (U)5 < 400, we deduce from Eq.(5.5) that

sup(G" o X); < 4o0.

n>1
Therefore, the probability of stopping time

Um:ir;fiinf{tzo: (G" o X):| > m}
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being below 2 tends to 0 as m tends to oco. Accounting for the supermartin-
gale property of G @ X we obtain that

E[UO—I—(G”OX)(TTM] <m+ E[Us+ (G" 0 X),, ] <m+ U,.

Now the Davis inequality implies the existence of constant D,, < +oo such
that

E[G"e X,G" e X]!/* < D,
According to Lemma 4.2 there are a sequence of increasing processes (" €
conv <[G” e X.G" e X]1/2 G e X, G e X]1/2 ... .>, n > 1, and an in-

creasing process ' such that

C; = limlimsup ], = limliminf C}’ t>0.

t4e?
e—=0 0 e—=0 n—oo

From Fatou’s lemma we deduce that

EC (0, > 2) <liminf EC} (0, >2) < D,,.
Since limy,—oo P(o, > 2) = 1, we have that C; < 400 almost surely and
therefore sup,,~, C7 < +o0.
Now we define the desired sequence (K™),>1 as the sequence of convex
combinations of (G"),>; obtained in much the same way as the sequence

(C™)p>1 was obtained from <[G” e X.G" e X]1/2> . Now the proof of Step

n>1
1 follows from (5.5), (5.6), and the “Minkowski” inequality:

[K"e X, K" o X]i/2 < C7 (see Dellacherie and Meyer [6] Chapter VII,
Eq.(54.1)). The proof of Step 1 is finished. O

If the sequence ([K™ o X, K™ @ X]) _, is bounded not only in probability
but in Lé—norm for some measure () € M(X):

sup Lg [K" ¢ X, K" ¢ X|, < 400,

n>1
then by standard arguments we can find a sequence
L™ € conv (K", K™ . .)), n > 1, such that martingales (L" @ X) . con-
verge in the space M?(Q,[0,1]) of square integrable martingales. The limit-
ing martingale has the form L e X for some integrand L (see, for example,

Jacod [11] Chapter 4), and we finish.
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Under more weak condition (5.4), the construction of desirable integrand
L is much more complex. We proceed on a similar way as in Delbaen and
Schachermayer [4].
Denote p = sup,,»; [K" ¢ X, K" o X],, and define probability R on (Q,F)
such that -
dR e’
dP ~ Ee=r'
Then the inequality (5.4) in Step 1 implies that R ~ P.
The process X is a locally bounded P-martingale. Therefore, it is a
special semi-martingale with respect to measure R. Let X = M 4+ A be the
canonical decomposition of X, where M is an R-local martingale and A is a

process of R-integrable variation. Because the definition of stochastic integral
is invariant with respect to equivalent changes of measure, the stochastic
integral K™ o X exists on (2, F,F, R) and is a semi-martingale. Since

(5.8) Erpsup [K" ¢ X, K" ¢ X], < 400,

n>1

Lemma4.1 and Proposition 4.1 imply that K" e X is a special semi-martingale
on [0, 1] with canonical decomposition

(K"oX),=(K"e M), + (K" 0 A), 0<t<1.

Step 2 There is a sequence L™ € conv (K™, K"t ...}, n > 1, such that the
sequence (L™ @ M),>1 converges in semi-martingale topology on [0, 1].

Proof Lemma 4.1 and Eq.(5.8) imply that sup,, Er[K" ¢ M, K" ¢ M], <
+o00. Therefore the sequence (K™ @ M), is bounded in the space

M?(R, [0,1]) of square integrable martingales. Hence there is a sequence
L™ € conv (K™ K" ...), n > 1, such that R-martingales (L™ o M) .,
converge in M?*(R,[0,1]) and therefore converge also in the semi-martingale
topology on [0,1]. O

Step 3 The sequence (L™ e A), ., where integrands (L™),>1 are given in
Step 2, converges in semi-martingale topology on [0,1].

Proof The proof of Step 3 follows the same lines as the proof of Lemma
4.11 in Delbaen and Schachermayer [4]. We have to show that variances
fol |L7 — L7'||dA;| tend to 0 as n and m tend to co. If this was not the case,
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we could find two increasing sequences (i, jn),>1 and a number € > 0 such
that P(A} > €) > e, n > 1, where A} = %fot |Lin — Lin||d A,

Hahn’s decomposition for increasing predictable processes implies the ex-
istence of predictable processes h™ with values in {—1,1} such that

1 rt . ,
Al = —/ (L™ — L'™)dA.
2 Jo

We define integrand G" as
1 , . ,
G"=—-(L"+ L+ r" (L™ — L")).
5 (L7 1w )
We have |
G e X = 5(Lin + L") e X + A"

Because L™ is a convex combination of integrands (K™, K%' ...) given in
Step 1, we deduce that

(5.9) limsup(Up + G" ¢ X — A" — U); = 0.

n—oo

By construction of A" and because

G LvVeA = S(hm—1) (L — Lin o A,
2
(G"— L") e A = —(h"+1)(L" — L") e A,

1
2
we deduce that processes (G" — L»)e A and (G" — L'~ )e A are the increasing
processes. Moreover, since

(G" — L") e M = %(h” — 1) (L= L") e M

and because processes (L» — [/)e M tend to 0 in semi-martingale topology
on [0,1], we deduce that maximal functions ((G™ — L") @ M) tend to 0 in
probability. The same holds for ((G" — L) e M);. Taking, if necessary, a
subsequence, we can suppose that these maximal functions converge almost

surely. Then stopping times 7,, defined as

T, = ir;f inf{t >0: (G™ e M); < max (([/"" o M), (Lj’" ° M)t> -1}
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form an increasing sequence such that

(5.10) lim I(7, < 1) =0.

For t < 7,, and m > n we have
(G" e X)=(G" oA+ (G"e M), > max((Li’" o A), (Lj’" o A))
—I—max(([/m o M), (Lj’" e M))—12> max(([/m o X):, (Lj’" e X)) — 1.
At time 7, the jump A(G™ & X) is either A(L™ & X) or A(L’™ & X), and

hence the inequality
(G™ o X); > max((Li’" o X):, (Lj’" e X)) —1

holds for ¢t < 7, and m > n. Because L™ is a convex combination of the
variables (K™, K™t! ...} given in Step 1, we deduce that

U+ (G"e X)), >—1, 0<t<7,, m>n.

Now we define integrand H" as H" = G"Ijy ). We obtain that " is an
admissible integrand on [0, 1]:

Up+ (H e X); > —1, 0<t<1.
Moreover, Egs. (5.9) and (5.10) imply that

(5.11) limsup(Up 4+ (H" @ X)s — AT — Uy)] = 0.
Now Lemma 5.2 implies that variables A7 tend to 0 in probability as n tend
to oo, and we come to the contradiction. The proot of Step 3 is finished. O

Now we are able to finish the proof of Theorem 2.1. Steps 2 and 3 imply
the existence of a sequence of admissible integrands (L"),>1 such that the
sequences (L™ @ M) ., and (L™ e A) ., converge in semi-martingale topology
on [0,1]. Therefore, the sequence ol stochastic integrals (L™ e X) . also
converges in the semi-martingale topology on [0,1]. Now Memin’s theorem
(see Memin [15] implies the existence of predictable process L such that
integrals L" X converge to L ¢ X in the semi-martingale topology on [0, 1].
In particular, maximal functions (L" ¢ X — [ @ X); tend to 0 in probability as
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n tends to co. Because L™ is a convex combination of the variables (K™ ),,>n
given in Step 1, we deduce that

U=Us+ (L eX), 0<t<1
and finish the proof of Theorem 2.1. O
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