Projektbereich B Discussion Paper No. B–351 Extensions of G-based Matrix Partial Orders by S. K. JAIN, Athens, U.S.A.

S. K. MITRA, New Delhi, India and H. J. WERNER^∗, Bonn, Germany 1995

This draft appears in: SIAM J. Matrix Anal. Appl.

∗Financial support by Deutsche Forschungsgemeinschaft, Sonderforschungsbereich 303 at the University of Bonn, is gratefully acknowledged.

Extensions of G-based Matrix Partial Orders

S. K. Jain^† Department of Mathematics Ohio University, Athens, Ohio 45701, USA

S. K. Mitra^‡ Indian Statistical Institute New Delhi 110016, India

H. J. Werner^§ Institute for Econometrics and Operations Research Econometrics Unit University of Bonn D-53113 Bonn, Germany

ABSTRACT

We prove that a partial order ⪯^G on IRm^×n can always be extended to a G-based matrix partial order ⪯^{G�} such that G^∗(A) ≠ ∅ for all A ∈ IRm^×n, thus answering an open question [6]. It is further shown that this result does not in general remain true if besides G, we also insist that G^∗ should be semicomplete. And even if in a special situation this is possible and even if card G(A) ≤ 1 for each A, then this does not mean that there also need be a semicomplete extension such that G^∗(A) is singleton for all A. In addition some other interesting results on matrix partial orders are given. For instance, a useful characterization for a semicomplete map to induce a partial order on the set of square matrices is derived.

Keywords: G-based matrix partial order, star order, minus order, sharp order, semicomplete map, property-p map

AMS subject classifications: 15A30, 15A09

†Research supported by US Fulbright Award (1991-92), NSF Grant INT 9210491 (1992-93), and Baker Fund Award of Ohio University (1993-94).

‡Research partially supported by Council of Scientific and Industrial Research under its Emeritus Scientists Scheme.

§Financial support by Deutsche Forschungsgemeinschaft, Sonderforschungsbereich 303 at the University of Bonn, is gratefully acknowledged.

This paper appears in SIAM J. MATRIX ANAL. APPL. -1

Extensions of G-based Matrix Partial Orders

S. K. Jain^† Department of Mathematics Ohio University, Athens, Ohio 45701, USA

S. K. Mitra^‡ Indian Statistical Institute New Delhi 110016, India and H. J. Werner^§ Institute for Econometrics and Operations Research Econometrics Unit University of Bonn D-53113 Bonn, Germany

ABSTRACT

We prove that a partial order ⪯^G on IRm^×n can always be extended to a G-based matrix partial order ⪯^{G�} such that G^∗(A) ≠ ∅ for all A ∈ IRm^×n, thus answering an open question [6]. It is further shown that this result does not in general remain true if besides G, we also insist that G^∗ should be semicomplete. And even if in a special situation this is possible and even if card G(A) ≤ 1 for each A, then this does not mean that there also need be a semicomplete extension such that G^∗(A) is singleton for all A. In addition some other interesting results on matrix partial orders are given. For instance, a useful characterization for a semicomplete map to induce a partial order on the set of square matrices is derived.

†Research supported by US Fulbright Award (1991-92), NSF Grant INT 9210491 (1992-93), and Baker Fund Award of Ohio University (1993-94).

‡Research partially supported by Council of Scientific and Industrial Research under its Emeritus Scientists Scheme.

§Financial support by Deutsche Forschungsgemeinschaft, Sonderforschungsbereich 303 at the University of Bonn, is gratefully acknowledged.

This paper appears in SIAM J. MATRIX ANAL. APPL. 1

1. INTRODUCTION

This paper continues a series of recent articles investigating different types of matrix orders and discussing their properties and relations; see [6], [7], [8], [18]. To facilitate reading we first present the order concept which is of interest to us in this paper.

Let IR^{m×n} denote the set of real m × n matrices, and let P(S) denote the power set of a set S. Moreover, let

G : IR^{m×n} → P(IR^{n×m})

be a map such that G(A) ⊆ A{1} (1.1) where A{1} denotes the set of all g-inverses of A; see Section 2. The map G is called semicomplete if for every matrix A ∈ IR^{m×n} one has GAG ∈ G(A) whenever G ∈ G(A). Define the relation ⪯^G on IR^{m×n} by saying

A ⪯^G B if (B − A)X = 0, X(B − A) = 0 for some X ∈ G(A). (1.2)

This relation is said to be a G-based relation, and if G is semicomplete, then ⪯^G is also said to be semicomplete. Call the set Ω_G := {A ∈ IR^{m×n} | G(A) ≠ ∅} the support of G or ⪯^G . The relation ⪯^G is automatically antisymmetric. Furthermore, it is trivially reflexive on its support. Throughout this paper, a G-based relation is therefore said to be a partial order (on IR^{m×n}) if it is transitive. As in the literature the notion of a partial order is occasionally defined in a stronger manner, it is pertinent to emphasize here that in our definition the condition of reflexivity is not required to hold on the whole of IR^{m×n}. That ⪯^G as defined by (1.2) need not always correspond to a partial order, that is, that ⪯^G need not necessarily be transitive is illustrated by Example 1 in [6, p. 242]. Sufficient conditions that make ⪯^G a partial order are studied in [6]. Observe that the above G-based relation concept, which is due to Mitra [6], covers as special cases the various known matrix orders such as the star order ⪯^∗ (set G(A) = {A^†}), the minus order ⪯^− (set G(A) = A{1}), and the sharp order ⪯^# (set G(A) = {A^# } if A has index 1, and set G(A) = ∅ otherwise), to mention only a few. Next, let ⪯^G correspond to a partial order. The sharp order provides us with a typical Gbased partial order that does not support the whole set of square matrices. For such a case the following question was an interesting open problem; see [6, p.252]: Is it possible to modify G only on the complement of Ω_G so that the modified map, say G^∗, continues to induce a partial order? Let us call a map G^∗ which is defined like G an extension of G if G^∗(A) = G(A) for each A ∈ Ω_G ; and if G^∗ is an extension of G, then let us call the induced relation ⪯^{G�} a G-based extension of the relation ⪯^G . Of particular interest to us is the question whether a partial order ⪯^G with Ω_G ≠ IR^{m×n} admits a G-based partial order extension ⪯^{G�} such that G^∗(A) ≠ ∅, for all A. This question was affirmatively answered in the special case of the sharp order in [7].

The purpose of this paper is manifold. In Section 4 we prove that the above question can, in general, be answered in the affirmative. Actually we show that there do exist a lot of G-based extensions. That the answer looks different in case ⪯^G and its extension ⪯^{G�} are, in addition, both required to be semicomplete is discussed in Section 5. A typical example of a semicomplete G-based partial order ⪯^G not allowing for such an extension is given there. Of course, this does not mean that it is always impossible. But even if for a certain ⪯^G there is such a semicomplete partial order extension, then this does not mean that there also need be such an extension ⪯^{G�} for which G^∗(A) is a singleton set for all A ∉ Ω_G . The sharp order (see Example 4.3 along with Theorem 5.5) can serve as an example to illustrate this fact. In addition, some further interesting results on matrix partial orders are given. Section 3, for instance, contains a useful characterization for a semicomplete map G, which is defined on the set of square n × n matrices, to induce a partial order ⪯^G . The concept of a property-p relation discussed in Section 5 arises from this characterization. It was implicitly studied earlier by Mitra in [6], though its significance is brought out in the present paper. It is shown in Section 5 that such a relation always possesses a (unique) maximal property-p extension and a method for getting this extension is given. Section 2 contains a few background results from the theory of g-inversion which are used in the subsequent sections and which might also be very useful in a future attempt to solve the open problem stated in Section 5.

2. GENERALIZED INVERSION AND PRELIMINARIES

Let M and N be linear subspaces in the n-dimensional real space IR^n. Then M^⊥ will denote the orthogonal complement of M in IR^n (with respect to the usual inner product), and if M ∩ N = {0}, then M ⊕ N will denote the direct sum of M and N . Next, if N is a direct complement of M (i.e. IR^n = M ⊕ N ), then P_{M,N} will denote the well-defined projector on M along N (see, e.g., [10, pp. 106–113]). Notice that P_{M,N} may be defined by P_{M,N} u = u if u ∈ M and P_{M,N} u = 0 if u ∈ N . For a given matrix A in the space IR^{m×n} of all real m × n matrices, denote by A^t, N (A), R(A), N_c(A), and R_c(A), respectively, the transpose of A, the null space of A, the range space of A, the set of all direct complements of N (A), and the set of all direct complements of R(A). Let I be the identity matrix and 0 the zero matrix of whatever size is appropriate to the context. Further we denote by AM the image of M under A, i.e. AM = {Au | u ∈ M}.

Now let A ∈ IR^{m×n}, let M ∈ N_c(A), and let S ∈ R_c(A). Consider the matrix equations (G1) AXA = A, (G2) XAX = X, (GM) XA = P_{M,N (A)}, (GS) AX = P_{R(A),S}. (2.1)

Suppose that ∅ ≠ η ⊆ {1, 2, M, S}. Then let Aη denote the set of all those matrices X which satisfy equations (Gi) for all i ∈ η. Any X ∈ Aη is called an η-inverse of A, and is also denoted by A^η. {1}-inverses are usually called generalized inverses or g-inverses and are also denoted by A^−. {1, 2}-inverses are also called reflexive g-inverses and are denoted by A^−_r . For an extensive discussion of the theory of g-inversion, we refer, e.g., to the books by Ben-Israel and Greville [1], Hartung and Werner [3], Pringle and Rayner [9], Rao and Mitra [10]; for a geometric approach, to Werner [12, Chapter 1] and Rao and Yanai [11]; and for a projector theoretical one, e.g., to the paper by Langenhop [4].

Only for the sake of clarity and for easier reference, we mention the following well-known results (cf. [12], see also [15], [17]).

Theorem 2.1. For given A ∈ IR^{m×n}, we have:

(i) The {2, M, S}-inverse of A exists uniquely.

(ii) Any {M}-inverse of A and likewise any {S}-inverse of A is always a {1}-inverse of A. Conversely, for any {1}-inverse of A there uniquely exist an M ∈ N_c(A) and an S ∈ R_c(A) such that X ∈ A{M, S}. Moreover, if X ∈ A{M, S}, then XAX = A^{{2,M,S}}. (iii) If X ∈ A{M, S}, then M = R(XA) ⊆ R(X), N (X) ⊆ S and XS ⊆ N (A). Hence, in particular, rank(A) = rank(AX) = rank(XA). Moreover, X = A^{{2,M,S}} iff R(X) = M and N (X) = S.

(iv) If rank(A) = r < min{m, n} then, for each integer s with r ≤ s ≤ min{m, n}, there exist g-inverses A^− such that rank(A^−) = s. Moreover, rank(A) = rank(A^−) iff A^− is a reflexive g-inverse.

(v) The Moore-Penrose inverse of A, henceforth denoted by A^†, coincides with the {2, R(A^t), N (A^t)}-inverse of A.

When A is square, ind(A), the index of A denotes the smallest positive integer k for which rank(A^k) = rank(A^{k+1}) or, equivalently, R(A^k) = R(A^{k+1}). Now, let A be any square matrix of index 1. Then R(A) ∈ N_c(A) and N (A) ∈ R_c(A), so that by Theorem 2.1(i) the {2, R(A), N (A)}-inverse exists and is unique. This g-inverse is called the group-inverse of A and is denoted by A^# . It is the unique {1, 2}-inverse X of A satisfying AX = XA. Recall that a square matrix A has ind(A) = k iff there exist a nilpotent matrix N_A of degree k (i.e. N^k_A = 0 whereas N^{k−1}_A ≠ 0) and a core matrix C_A (i.e. ind(C_A) = 1) such that

A = C_A + N_A, C_AN_A = 0, N_AC_A = 0; (2.2)

see, for instance, [1, pp. 175–177] or [16, p. 246]. This decomposition is called the core-nilpotent decomposition of A and is uniquely determined. In the literature, core matrices are also often called group matrices or GP matrices.

From Chipman we have the following definition: Two matrices A and B of the same column number, say n, are said to be complementary to one another if IR^n = R(A^t) ⊕ R(B^t). In the literature, complementary matrices have been studied because of their importance in statistics (see, for instance, Chipman [2], Pringle and Rayner [9], Hartung and Werner [3], [18]). In [15] (see also [14], [13], [17]) the following weaker or stronger versions of that notion are studied:

(a) B is said to be weakly complementary to A if R(A^t) ∩ R(B^t) = {0}. (b) B is said to be (weakly) bicomplementary to A if B and B^t are (weakly) complementary to A and A^t, respectively.

A pair of weakly bicomplementary matrices is also often said to be a pair of disjoint matrices (also written A + B = A ⊕ B); cf. Mitra [5]. The connections between these concepts and the concept of generalized inversion are discussed in detail in [15] and [5]. Below we only cite those results that are of interest to us in this paper.

Theorem 2.2. (See [15, p.369].) For A ∈ IR^{n×n}: let M ∈ N_c(A) and let S ∈ R_c(A). Further let H be a matrix of basis vectors for M^⊥, and let T be a matrix of basis vectors for S. If we define B = T H^t, then B satisfies N (B) = M and R(B) = S, and so B is bicomplementary to A.

Theorem 2.3 is also well-known (cf. [15, pp. 359–364] in combination with [6, p. 240]).

Theorem 2.3. For given A, B ∈ IR^{m×n}, the following conditions are equivalent:

(i) A + B = A ⊕ B;

(ii) R(A + B) = R(A) ⊕ R(B); (iii) rank(A + B) = rank(A) + rank(B);

(iv) N (A + B) = N (A) ∩ N (B), M = [M ∩ N (A)] ⊕ [M ∩ N (B)] for each M ∈ N_c(A + B); (v) (A + B){1} ⊆ A{1}; (vi) (A+B){M, S} ⊆ A{M∩N (B), S ⊕R(B)} for each M ∈ N_c(A+B) and S ∈ R_c(A + B);

(vii) A ⪯^− A + B;

(viii) A^t + B^t = A^t ⊕ B^t.

Theorem 2.4. (See [15, p. 362].) If A + B = A ⊕ B, then (A + B)^{{2,M,S}} = A^{{2,M∩N (B),S⊕R(B)}} + B^{{2,M∩N (A),S⊕R(A)}} for every M ∈ N_c(A + B) and for every S ∈ R_c(A + B).

3. G-BASED PARTIAL ORDER CHARACTERIZATIONS

In what follows, let G be a map on IR^{m×n} satisfying (1.1) for each m×n matrix A, and let Ω_G be its support. For A, B ∈ Ω_G , it is convenient to put G(A | B) := {GAG | G ∈ G(B)}, (3.1) G_r(B) := {B^−_r | B^−_r ∈ G(B)}, (3.2) and G_r(A | B) := {GAG | G ∈ G_r(B)}. (3.3) Observe that G is semicomplete iff G(A | A) = G_r(A) for each A ∈ Ω_G .

Mitra [6, p. 242] has shown that ⪯^G as defined in (1.2) need not always correspond to a partial order. It is therefore quite natural to ask for sufficient and/or necessary conditions under which (1.2) defines a partial order. In [6, p. 243], Mitra has derived the following sufficient condition for ⪯^G to correspond to a partial order.

Theorem 3.1. Let

A ⪯^G B, B not maximal =⇒ G(A | B) ⊆ G(A). (3.4)

Then ⪯^G defines a partial order.

Note that a matrix B is called maximal relative to ⪯^G if there is no matrix C ≠ B such that B ⪯^G C. Since B ⪯^G C implies B ⪯^− C, by Theorem 2.3(iii) rank(B) < min{m, n}, whenever B is not maximal. Further note if B ∉ Ω_G and/or B is of full rank (i.e. rank(B) = min{m, n}) then B is maximal relative to ⪯^G .

In context with Theorem 3.1 it is further pertinent to mention that the only place where condition (3.4) is invoked by Mitra is in proving that the implication A ⪯^G B, B ⪯^G C =⇒ A ⪯^G C holds true, that is, in proving that the relation ⪯^G is transitive. But there B ∈ Ω_G so that, without loss of generality, B can be assumed not to be maximal; for otherwise B = C in which case the implication is trivial. In the same paper, Mitra has shown [6, p. 243] that condition (3.4), though sufficient, is in general not necessary for ⪯^G to define a partial order.

In this paper we are especially interested in semicomplete maps. Our next theorem will show, in particular, that if G is a semicomplete map on the set of square n × n matrices, then, for ⪯^G to be a partial order, the condition (3.4) is not only sufficient but also necessary. The proof follows from ([6], Theorems 2.3, 2.4 and 2.5). In passing, we mention that an alternative possibility of proving this theorem would be to make use of the Theorems 2.2, 2.3 and 2.4 in this paper.

Theorem 3.2. Let G be a semicomplete map on IR^{n×n}. Then the following conditions are equivalent:

(i) ⪯^G is a partial order;

(ii) A ⪯^G B, B not maximal =⇒ G_r(A | B) ⊆ G_r(A); (iii) A ⪯^G B, B not maximal =⇒ G(A | B) ⊆ G(A).

Next we give

Theorem 3.3. Let G as defined by (1.1) be a map on IR^{m×n} and assume that G(A) ≠ ∅ ⇒ G(A) ∩ A{1, 2} ≠ ∅. (3.5) Let the relation ⪯^G be defined as in (1.2). If A ∈ Ω_G then A is maximal if and only if rank(A) = min{m, n}.

Proof. Let A ∈ Ω_G and rank(A) ≠ min{m, n}. Here we follow exactly the steps as in the proof of Theorem 2.5 in [6] to arrive at a matrix C ≠ A which dominates A under ⪯^G ; the modifications required to prove this are obvious.

Note that a semicomplete map trivially satisfies the condition (3.5). Hence Theorem 3.3 holds for a semicomplete map.

That the characterizations in Theorem 3.2 are not necessarily true for a map G that is defined on the set of nonsquare m × n matrices (i.e. m ≠ n) is shown by our next numerical example. Though Example 5 in [6] might also be used for this purpose, the example given below is easier to understand.

Example 3.4. Consider the matrices

A = 1 0 0 0 0 0 0 0 0 0 0 0 , B = 1 0 0 0 1 0 0 0 0 0 0 0 , G = 1 0 0 0 0 1 0 0 1 0 0 0 ,

and the set A consisting of all those real matrices H_{a,b} := 1 0 a b 0 0 0 0 1 0 a b

for which a ≠ 0 and/or b ≠ 0. By checking the corresponding defining equations (G1) and (G2) of (2.1) it is seen that G ∈ B{1, 2} and that A ⊆ A{1, 2}. Define the map G on IR^{4×3} by G(C) = { A if C = A, {G} if C = B, ∅ otherwise.

As is evident, G is semicomplete. Check that A ⪯^G B. Since Ω_G = {A, B}, the relation ⪯^G is transitive iff A ⪯^G B, B ⪯^G C =⇒ A ⪯^G C holds true. Notice that C satisfies B ⪯^G C iff

C = C_{c,d} := 1 0 0 0 1 0 c 0 −c d 0 −d for some real scalars c and d. Since A ⪯^G C_{c,d} holds irrespective of c and d, it is now clear that the relation ⪯^G defines a partial order. However, observe that GAG = H_{0,0} fails to belong to A.

In this context it should be mentioned that if the semicomplete map G is such that for each A its image G(A) is singleton or empty then, even in the nonsquare case (i.e. m ≠ n), condition (3.4) turns out to be necessary and sufficient for ⪯^G to define a partial order. The following result is only insofar slightly more general than Theorem 2.6 in [6] as it allows G(A) to be empty; however, observe that the proof given in [6, p. 250] actually includes our result.

Theorem 3.5. Let G as defined by (1.1) be a semicomplete map such that card G(A) ≤ 1 for each A ∈ IR^{m×n}. Then for ⪯^G to correspond to a partial order, it is necessary and sufficient that

A ⪯^G B, B not maximal =⇒ G(A | B) ⊆ G(A). (3.4)

4. G-BASED PARTIAL ORDER EXTENSIONS

We begin this section with the following result.

Theorem 4.1. Let ⪯^G as defined by (1.2) correspond to a partial order, and let Ω_G be a proper subset of IR^{m×n}. The relation ⪯^G can then be extended to a G-based partial order ⪯^{G�} that supports the whole of IR^{m×n}.

Proof. Define the map G^∗ by

G^∗(A) = { G(A) if A ∈ Ω_G, {A^−_{max}} otherwise,

(4.1)

where A^−_{max} is an arbitrary but fixed full-rank g-inverse of A. Theorem 2.1(iv) tells us that such a g-inverse of A with rank r := min{m, n} does always exist. We next prove that each matrix A ∉ Ω_G is maximal relative to ⪯^{G�} . To that end let A ∉ Ω_G. Moreover, let B be any matrix such that A ⪯^{G�} B. Clearly, A ⪯^{G�} B iff (B − A)A^−_{max} = 0 and A^−_{max} (B − A) = 0. Since A^−_{max} is a full-rank matrix, this, of course, happens iff B − A = 0. So we arrive at B = A, and it is now clear that A is maximal relative to ⪯^{G�} . With this observation in mind, it is evident that ⪯^{G�} inherits the transitivity property from ⪯^G . As ⪯^{G�} supports each matrix, the proof is complete.

The proof of the preceding theorem has shown that there are a lot of trivial ways to extend a G-based partial order on the whole of IR^{m×n}. We call an extension ⪯^{G�} a trivial extension of ⪯^G if A ⪯^{G�} B ⇐⇒ A ⪯^G B for all pairs of matrices with A ≠ B. In fact, this means, in an obvious sense, that ⪯^G and ⪯^{G�} are equivalent relations.

Now it seems quite natural to ask: Given a G-based partial order that excludes from its support a chunck of IR^{m×n}, does it always admit a nontrivial G-based partial order extension that supports the whole of IR^{m×n}?

Concerning the sharp order ⪯^#, Mitra [7, Theorem 2.1] has already given an affirmative answer to this question. In order to discuss that result we need some further notation. Recall that if A is a square n × n matrix, then A = C_A + N_A

stands for the uniquely determined core-nilpotent decomposition of A; see (2.2) in Section 2. Let us write A ⪯^† B if

A ⪯^− B and C_A ⪯^# C_B.

Note that the relation ⪯^† is an extension of the sharp order ⪯^# , in the sense that A ⪯^# B =⇒ A ⪯^† B. Since the minus order and the sharp order are partial orders, ⪯^† is also a partial order. Moreover, observe that by Theorem 2.1 in [7] the relation ⪯^† is equivalent to the G-based relation ⪯^{G0} , where the map G^0 is defined by G^0(A) := { {A^#} if ind(A) = 1, {A^− | R(C_A) ⊆ R(A^−), N (A^−) ⊆ N (C_A)} otherwise. (4.2) It is pertinent to prove already here that this map G^0 fails to be semicomplete whenever n ≥ 3. For this purpose, let n ≥ 3 and let A ∈ IR^{n×n} be a matrix that is neither core nor nilpotent. Then A = C_A + N_A, C_A ≠ 0, N_A ≠ 0, 1 < rank(A) = rank(C_A) + rank(N_A) < n. So it is possible to choose an M ∈ N_c(A) such that R(C_A) ⊈ M (see Section 2). In addition, choose S ∈ R_c(A). From Theorem 2.2 we then know that there exists a matrix B such that R(B) = S, N (B) = M, and B is bicomplementary to

A. Note that the matrix A + B is hence, in particular, nonsingular. From Theorem 2.3 along with Theorem 2.4 and Theorem 2.1 we get

(A + B)^{−1} A(A + B)^{−1} = A^{{2,N (B),R(B)}}. (4.3)

But although trivially (A + B)^{−1} ∈ G^0(A), (A + B)^{−1} A(A + B)^{−1} does not belong to G^0(A) because R(C_A) ⊈ N (B) = M. But now it is clear that G^0 is not a semicomplete map if n ≥ 3. The only exceptions are the cases n = 1 and n = 2. Every matrix of order 1 × 1 is a core matrix. Here the map is clearly semicomplete. A matrix A of order 2 × 2 is either a core matrix or is nilpotent. If A is nilpotent then G^0(A) = A{1}, so that the map G^0 is also trivially seen to be semicomplete in that case.

For A, let P_A denote the well defined projector onto R(C_A) along N (C_A), that is, let P_A = C_AC^#_A . As

C^#_A + (I − P_A)A^−(I − P_A) ∈ G^0(A) if ind(A) > 1

(see [7, Lemma 2.3]), clearly G^0(A) ≠ ∅, for each A. Combining observations now shows that ⪯^{G0} is indeed a G-based partial order extension of the sharp order that supports the whole of IR^{n×n}. This is shown in Mitra [7].

The theorem which follows is somewhat different; it gives a G-based extension ⪯^{G�} of ⪯^# and various equivalent descriptions of the underlying map G_∗.

Theorem 4.2. For square n × n matrices, let G^0 and G_∗ be defined by (4.2) and

G_∗(A) := { {A^#} if ind(A) = 1, {A^− | A^−C_AA^− = C^#_A } otherwise,

(4.4)

respectively. Letting P_A = C_AC^#_A , we then have:

(i) For noncore square matrices A, G_∗(A) allows the following equivalent descriptions

G_∗(A) = {A^− | A^−C_A = C_AA^−}, (4.5) G_∗(A) = {A^− | R(C_A) ⊆ R(A^−A), N (AA^−) ⊆ N (C_A)},(4.6) G_∗(A) = {C^#_A + (I − P_A)Z(I − P_A) | Z ∈ A{1}}. (4.7)

(ii) The relation ⪯^{G�} is a semicomplete partial order extension of the sharp order ⪯^# and supports the whole of IR^{n×n}. Moreover, if n ≥ 3 then G_∗ is properly finer than G^0. Precisely, G_∗(A) ⊆ G^0(A) for each matrix A, and G_∗(A) ≠ G^0(A) whenever A is neither core nor nilpotent.

Proof. (i): Let A be a noncore square matrix. It is easily checked that (4.7) is a subset of A{1}. We now show that A^− ∈ the set (4.7) ⇒ A^− ∈ the set (4.4) ⇒ A^− ∈ the set (4.5) ⇒ A^− ∈ the set (4.6) ⇒ A^− ∈ the set (4.7), thus establishing equivalence. Let A^− = C^#_A + (I − P_A)Z(I − P_A). Then A^−C_AA^− = [C^#_A +(I −P_A)Z(I −P_A)]C_AC^#_A C_A[C^#_A +(I −P_A)Z(I −P_A)] = C^#_A C_AC^#_A C_AC^#_A = C^#_A . This implies A^−C_A = A^−C_AA^−C_A = C^#_A C_A = C_AC^#_A = C_AA^−C_AA^− = C_AA^− using Theorem 2.3(v) since A = C_A ⊕ N_A which in turn shows

C_A = C_AA^−C_A = A^−C^2_A = A^−AC_A.

This is equivalent to R(C_A) ⊆ R(A^−A). Similarly

C_A = C_AA^−C_A = C^2_AA^− = C_AAA^−

or, equivalently, N (AA^−) ⊆ N (C_A). From the pair of equivalences just established it is seen that A^− ∈ the set (4.6) implies that the matrix X = A^− satisfies the simultaneous system of equations

XC^2_A = C_A = C^2_AX. (4.8)

The matrix X = C^#_A is a particular solution of (4.8). Using Lemma 2.3.1 in [10], we have thus X = C^#_A + (I − P_A)Z(I − P_A), Z arbitrary as the expression for the general solution of (4.8). But then it is immediate that in order that X ∈ A{1} we must have Z ∈ N_A{1}. Since (I −P_A)X(I −P_A) = (I − P_A)Z(I − P_A), it is now clear that (4.6) implies (4.7).

(ii): From part (i) it is clear that ⪯^{G�} is a G-based extension of ⪯^# that supports the whole of IR^{n×n}. Semicompleteness of G_∗ follows from (4.6) by observing R(A^−AA^−A) = R(A^−A) and N (AA^−AA^−) = N (AA^−). Next note that the proof of Theorem 2.1 in [7] can be used word for word to establish that ⪯^† is equivalent to ⪯^{G�} . The relation ⪯^{G�} therefore corresponds to a G-based partial order extension of the sharp order and is equivalent to the G-based relation ⪯^{G0} . Comparing (4.2) with (4.6) shows that G_∗(A) ⊆ G^0(A) holds for each matrix A. That G_∗ is properly finer than G^0 whenever n ≥ 3 is an easy consequence of the lines directly following (4.2). To see this, let A be neither core nor nilpotent and consider the matrix A + B constructed there. As seen above, (A + B)^{−1} ∈ G^0(A). That (A+B)^{−1} fails to belong to G^∗(A) follows from (4.3) since R(C_A) ⊈ N (B). Note that G_∗(A) = G^0(A) if A is core or nilpotent. This completes the proof.

Notice that G_∗ as defined by (4.4) is semicomplete and that card G_∗(A) > 1 whenever ind(A) > 1. It is therefore interesting to mention that the following example will show that for n ≥ 3 there does not exist any G-based semicomplete partial order extension ⪯^{G̃} of the sharp order ⪯^# such that G̃(A) is a singleton set for all A.

Example 4.3. First, let n = 3. Consider the nilpotent matrix

A = 0 0 0 0 0 0 1 0 0 .

In virtue of Theorem 3.2 it is sufficient to show that for each reflexive ginverse A^−_r of A we can always find a matrix B of rank 2 and index 1 such that B^# AB^# ≠ A^−_r although AA^−_r = BA^−_r and A^−_r A = A^−_r B.

Observe that

A{1, 2} = { 1 c d ( a b 1 ) | a, b, c, d ∈ IR }

is an efficient parametrization of the set of all reflexive g-inverses of the nilpotent matrix A. This can be easily seen, for instance, by means of (G1) and (G2) in (2.1). Consider an arbitrary but fixed reflexive g-inverse

A^−_r = 1 c d ( a b 1 )

of A and put

x := 1 f −(a + fb) and y^t := (_{−fd−ca} f−c d+a+fb f−c 1 ) where f := 1 − cc^†. Set B := A + xy^t. Since f = 0 ⇐⇒ c ≠ 0, and f = 1 ⇐⇒ c = 0, (4.9)

fc = 0 and f^2 = f. This in turn implies y^tx = 0. As A^−_r x = 0 and y^tA^−_r = 0, clearly A^−_r A = A^−_r B and AA^−_r = BA^−_r . Next notice that B^3 = Axy^tA + xy^tAxy^t = A + xy^t = B. Therefore, ind(B) = 1 and B^# = B (note Section 2). Recalling (4.9) the desired result now follows from

B^#AB^# = BAB = xy^t = 1 f −(c + fb) (_{−fd−ca} f−c d+a+fb f−c 1 )

≠ 1 c d ( a b 1 ) = A^−_r .

If n > 3, then the proof follows along similar lines and is thus omitted.

5. SEMICOMPLETE G-BASED PARTIAL ORDER EXTENSIONS

In this final section, let G as defined by (1.1) be a semicomplete map on IR^{m×n} and let this map induce a partial order ⪯^G .

Recall that each full-rank matrix A (i.e. rank(A) = min{m, n}) is maximal relative to ⪯^G . It is pertinent to mention that modifying G(·) for one or more full-rank matrices will lead to a new map but that this modified map continues to induce exactly the same relation ⪯^G as G (at least concerning all pairs (A, B) of matrices with A ≠ B). Without loss of generality, let us henceforth assume that G(A) = A{1} for each full-rank matrix A.

Let us further assume that Ω_G ≠ IR^{m×n}. Then A ∉ Ω_G for some matrix A with rank(A) < min{m, n}. For each matrix B ∈ IR^{m×n}, let UP_G(B) := {A | A ⪯^G B} denote the set of all those matrices which are up-stream of B. Moreover, whenever B ∉ Ω_G is such that UP_G (B) ≠ ∅, put G_0(B) := {B^− | B^−AB^− ∈ G(A) for each A ∈ UP_G (B)}. (5.1)

Finally, define a new map G^∗ (in respect to G) by

G^∗(B) :=

G(B) if B ∈ Ω_G ;

G_0(B) if B ∉ Ω_G , UP_G (B) ≠ ∅; B{1} otherwise.

(5.2)

For square matrices (i.e. m = n), Theorem 3.2 could now tend to make one believe that G^∗ as defined by (5.2) does induce, in any case, a (nontrivial) semicomplete partial order extension ⪯^{G�} of ⪯^G which unlike ⪯^G supports the whole of IR^{n×n}. That this, however, is erroneous is seen by the following example.

Example 5.1. Consider the matrices

A_1 :=

1 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 , A2 := 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 ,

and B :=

1 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 .

By checking the corresponding defining equations (G1) and (G2) of (2.1) it is seen that

G_1 :=

1 0 0 1 0 1 0 1 0 0 0 0 1 0 0 1 and G2 :=

0 0 0 0 0 1 0 0 0 0 1 0 0 1 −1 0

are reflexive g-inverses of A_1 and A_2, respectively. Define the map

G : IR^{4×4} → P(IR^{4×4}) by G(A) = { {G_1} if A = A_1, {G_2} if A = A_2, ∅ otherwise.

It is obvious that G is semicomplete and that the induced order ⪯^G defines a partial order with support Ω_G = {A_1, A_2}. Now let G̃ be a semicomplete extension of G such that the induced order ⪯^{G̃} corresponds to a partial order.

Suppose that ⪯^{G̃} supports IR^{4×4}, that is, Ω_{G̃} = IR^{4×4}. Then B ∈ Ω_{G̃} or, equivalently, G̃_r(B) ≠ ∅. On the one hand, by Theorem 3.3, B cannot be maximal with respect to ⪯^{G̃} because B is singular. Hence, by Theorem 3.2, G̃_r(A | B) ⊆ G̃_r(A) for each A ⪯^{G̃} B. For i = 1, 2, clearly G̃_r (A_i) = G_r(A_i) = {G_i}. Since BG_1 = A_1G_1 and G_1B = G_1A_1, A_1 ⪯^{G̃} B. Likewise it is seen that A_2 ⪯^{G̃} B. Consequently,

B^−_r A_iB^−_r = G_i for i = 1, 2 and for each B^−_r ∈ G̃_r(B).

On the other hand, recall that G̃_r(B) ⊆ B{1, 2}. It is easy to check that

B{1} = { 1 0 0 x_1 0 1 0 x_2 0 0 1 x_3 y_1 y_2 y_3 z | xi, yi, z ∈ IR (i = 1, 2, 3) } .

Therefore

B{1, 2} = { 1 0 0 0 1 0 0 0 1 y_1 y_2 y_3

1 0 0 x_1 0 1 0 x_2 0 0 1 x_3

| x_i, y_i ∈ IR (i = 1, 2, 3) }

because of B{1, 2} = B{1}{B}B{1} (recall Theorem 2.1). From this we get {B^−_r A_1B^−_r | B^−_r ∈ B{1, 2}} = { 1 0 0 1 0 0 y_1 y_2

( 1 0 0 x_1 0 1 0 x_2 ) | x_i, y_i ∈ IR (i = 1, 2) } (5.3) and {B^−_r A_2B^−_r | B^−_r ∈ B{1, 2} = { 0 0 1 0 0 1 y_2 y_3

( 0 1 0 x_2 0 0 1 x_3 ) | x_i, y_i ∈ IR (i = 2, 3) } . (5.4)

Invoking (5.3) and (5.4), respectively, now yields

B^−_r A_1B^−_r = G_1 iff y_1 = 1, y_2 = 0, x_1 = 1, x_2 = 1, and B^−_r A_2B^−_r = G_2 iff y_2 = 1, y_3 = −1, x_2 = 0, x_3 = 0.

Since it is impossible to set, at the same time, y_2 equal to 0 and equal to 1, there does not exist any reflexive g-inverse B^−_r of B satisfying simultaneously B^−_r A_1B^−_r = G_1 and B^−_r A_2B^−_r = G_2.

But, in fact, G̃_r(B) ⊆ B{1, 2}. Consequently G̃_r(B) = ∅, a contradiction to Ω_{G̃} = IR^{4×4}. As desired, the relation ⪯^G thus fails to possess a G-based semicomplete partial order extension ⪯^{G̃} that supports the whole of IR^{4×4}.

Example 5.1 thus exhibits that we cannot always expect that G^∗ supports the whole set of m × n matrices. Nevertheless, we will next show that G^∗ is semicomplete whenever G is semicomplete.

Theorem 5.2. Let G as defined by (1.1) be a semicomplete map, and let G^∗ be defined according to (5.2). Then G^∗ is also semicomplete.

Proof. Let B ∈ Ω_G� . Then G^∗(B) ≠ ∅. We have to show that B^−BB^− ∈ G^∗(B) whenever B^− ∈ G^∗(B). If B ∈ Ω_G, then G^∗(B) = G(B), and the desired result follows from the semicompleteness of G. Next, assume that B ∉ Ω_G . Then either UP_G (B) = ∅ or UP_G (B) ≠ ∅. In the former case G^∗(B) = B{1}, so that B^−BB^− ∈ G^∗(B) holds trivially for each B^− ∈ G^∗(B) (note Theorem 2.1(ii)). In the latter case G^∗(B) = G_0(B). But then, by definition of G_0(B), B^− ∈ G^∗(B) iff B^−AB^− ∈ G(A) for each A ∈ UP_G (B). Since A ∈ UP_G (B) iff A ⪯^G B, then A ⪯^− B and so, in view of Theorem 2.3(ii) and (v), R(A) ⊆ R(B) and N (B) ⊆ N (A) or, equivalently, BB^−A = A = AB^−B. Consequently B^−BB^−AB^−BB^− = B^−AB^− ∈ G(A). Since B^−_r := B^−BB^− is a reflexive g-inverse of B and since B^−_r AB^−_r ∈ G(A) is satisfied, the proof is done.

For the G-based sharp order ⪯^# (set G(A) = {A^#} if ind(A) = 1 and G(A) = ∅ if ind(A) > 1) Theorem 5.5 will even show that the associated relation ⪯^{G�} corresponds to a partial order. In order to prove this, we need the following result.

Theorem 5.3. For square matrices, let the semicomplete G-based relations, ⪯^G and ⪯^{G̃} , both correspond to partial orders. Further, let G^∗ be defined in respect to G according to (5.2). If ⪯^{G̃} is a G-based extension of ⪯^G , then G̃(A) ⊆ G^∗(A) (5.5)

for each A. Thus ⪯^{G̃} is finer than ⪯^{G�} , that is, A ⪯^{G̃} B =⇒ A ⪯^{G�} B. (5.6) Note that (5.5) and (5.6) are not equivalent conditions. In general (5.5) ⇒ (5.6). The reverse implication, however, need not be always true.

Proof. By definition of a G-based extension, clearly G̃(B) = G(B) whenever G(B) ≠ ∅. Since in that case also G^∗(B) = G(B), we trivially arrive at G̃(B) ⊆ G^∗(B).

Let us next consider the case when G̃(B) ≠ ∅ but G(B) = ∅. Note that, by Theorem 3.3, B is maximal relative to ⪯^{G̃} iff B is nonsingular. First, let B be not maximal and suppose that there does exist some proper predecessor of B relative to ⪯^{G̃} , say A. Then A ≠ B and A ⪯^{G̃} B. Since G̃ is semicomplete and since ⪯^{G̃} corresponds to a partial order, we know from Theorem 3.2 that G̃(A | B) ⊆ G̃(A) for each A ⪯^{G̃} B. Therefore, in particular, G̃(A | B) ⊆ G(A) for each A with A ⪯^G B, thus showing that G̃(B) ⊆ G_0(B) = G^∗(B) when UP_G (B) ≠ ∅. When UP_G (B) = ∅, then trivially G̃(B) ⊆ B{1} = G^∗(B). Second, let B be not maximal and suppose UP_{G̃}(B) = {B}. Then UP_G (B) = ∅, so that G^∗(B) = B{1}. Since G̃(B) ⊆ B{1}, again G̃(B) ⊆ G^∗(B). Third, let B be maximal relative to ⪯^{G̃} . Since G̃(B) ≠ ∅, B is nonsingular. Consequently, G̃(B) = {B^{−1}}. Recall that in the beginning of this section we have seen that modifying G(C) in case of a nonsingular matrix C has no affect on the induced relation; to avoid unnecessary considerations we thus agreed to assume that G(C) = {C^{−1}} for each nonsingular matrix C. Hence G^∗(B) = {B^{−1}}, so that trivially G̃(B) = G^∗(B).

To complete the proof we finally have to consider the case when G̃(B) = ∅. Needless to say, the inclusion G̃(B) ⊆ G^∗(B) holds trivially in this case.

This theorem admits the following interesting corollary; its proof is straightforward and thus omitted. Observe that Example 5.1 is in accordance with this corollary.

Corollary 5.4. For square n × n matrices, let ⪯^G denote a G-based semicomplete partial order excluding from its support at least one singular matrix. Let G^∗ be defined by (5.2). For a G-based semicomplete partial order extension of ⪯^G , which supports all n × n matrices, to exist it is then necessary that G^∗(A) ≠ ∅ for each singular matrix A.

Theorem 5.3 enables us now to prove the following preannounced result regarding the sharp order.

Theorem 5.5. Let G^∗ be defined according to (5.2) in respect to the usual semicomplete map G which belongs to the G-based sharp order ⪯^# . Then G^∗ induces a semicomplete partial order extension of ⪯^# that supports the set of all square matrices. Moreover, G^∗ is equal to the map G_∗ which was introduced in Theorem 4.2.

Proof. Let G_∗ denote the map introduced in Theorem 4.2 by (4.4). Let A be any square matrix, and let A = C_A + N_A again be its core-nilpotent decomposition. Then C_A ⪯^# A, since C^#_A N_A = N_AC^#_A = 0. Consequently, C_A ∈ UP_G (A) which in turn implies G^∗(A) ⊆ G_∗(A). To prove the converse inclusion, note that, by Theorem 4.2, ⪯^{G�} is semicomplete. Hence, in view of Theorem 5.3, G_∗(A) ⊆ G^∗(A). Combining observations results in G^∗(A) = G_∗(A), and our claims follow from Theorem 4.2.

In context with Theorem 5.5, Theorem 5.3 and Theorem 4.2 it is pertinent to mention the following. Consider the maps G^0 and G_∗ defined by (4.2) and (4.4), respectively. From Theorem 4.2 it is known that if n ≥ 3 then G_∗ is properly finer than G^0. Theorem 5.5 now tells us that G_∗ = G^∗. Since ⪯^{G0} is equivalent to the partial order ⪯^† (see Section 4), this seems to contradict Theorem 5.3. Fortunately, however, from the lines directly following (4.2) we already know that G^0 fails to be a semicomplete map whenever n ≥ 3.

For the sequel it is convenient to call G as defined by (1.1) a property-p map if G is semicomplete and condition (3.4) of Section 3 is satisfied. If G is a property-p map, the induced relation ⪯^G as defined by (1.2) is called a property-p relation. Since a name should give some aid in visualizing the notion, it is natural to ask: Where does the name “property-p” come from? The answer is (at least implicitly) already given by Theorem 3.1. For notice that, according to this theorem, each property-p relation is a partial order. In other words, to possess this property “p” is a sufficient condition for relation ⪯^G to define a partial order. In case of square matrices (i.e., when m = n), we even know from Theorem 3.2 that a semicomplete G-based relation ⪯^G corresponds to a partial order iff it is a property-p relation.

Motivated by Theorem 5.5 one might conjecture that, even in the nonsquare case (i.e., when m ≠ n), the relation ⪯^{G�} does always correspond to a partial order, provided G is a property-p map. The next part of this paper is devoted to establish that this is indeed the case. For that purpose we need the following lemma.

Lemma 5.6. Let G be property-p map, and let G^∗ be defined in respect to G according to (5.2). If A ⪯^G B and B ⪯^{G�} C, then A ⪯^G C.

Proof. If A = B and/or B = C, then trivially A ⪯^G C. Henceforward, let A ≠ B and let B ≠ C. Then A ∈ UP_G(B) and G^∗(B) ≠ ∅. Since G is a property-p map, by Theorem 3.1 clearly A ⪯^G C whenever B ∈ Ω_G. Now let B ∉ Ω_G . Then G^∗(B) = G_0(B). Since B ⪯^{G�} C, (C − B)B^− = 0 and B^−(C − B) = 0 for some suitable B^− ∈ G_0(B). This in turn implies

(C − B)B^−AB^− = 0, B^−AB^−(C − B) = 0. (5.7a, b)

By definition of G_0(B), B^−AB^− ∈ G(A). That B{1} ⊆ A{1}, R(A) ⊆ R(B) and N (B) ⊆ N (A) follows from A ⪯^G B by means of Theorem 2.3. But then BB^−AB^− = AB^− because BB^− is a projector onto R(B). Moreover, AB^−AB^− = AB^−. So BB^−AB^− = AB^−AB^− or, equivalently,

(B − A)B^−AB^− = 0. (5.8a)

Since B^−B is a projector along N (B), we also likewise get B^−AB^−B = B^−AB^−A or, equivalently,

B^−AB^−(B − A) = 0. (5.8b)

Combining (5.7) with (5.8) yields (C − A)B^−AB^− = 0, B^−AB^−(C − A) = 0. Since B^−AB^− ∈ G(A), as claimed A ⪯^G C.

Theorem 5.7. Let G be a property-p map, and let G^∗ be defined in respect to G according to (5.2). Then G^∗ is also a property-p map. Although the relation ⪯^{G�} thus defines a partial order it need not necessarily support each matrix.

Proof. That ⪯^{G�} does not necessarily support each matrix follows from Example 5.1. That G^∗ is semicomplete is the result of Theorem 5.2. In view of Theorem 3.1 we therefore only have to prove that the implication

A ⪯^{G�} B, B not maximal =⇒ G^∗(A | B) ⊆ G^∗(A)

holds true. So let us assume that A ⪯^{G�} B and that B is not maximal relative to ⪯^{G�} . Recall that B is not maximal iff B ∈ Ω_G� and rank(B) < min{m, n}. We consider the following four exhaustive cases.

Case 1: A ∈ Ω_G , B ∈ Ω_G. This case is trivial because G is a property-p map.

Case 2: A ∈ Ω_G , B ∉ Ω_G . Then A ∈ UP_G (B), so that G^∗(B) = G_0(B). Since B is not maximal, G_0(B) ≠ ∅. Now let B^− ∈ G_0(B). By definition of G_0(B), B^−AB^− ∈ G(A). Since A ∈ Ω_G , G^∗(A) = G(A). Combining these observations results in G^∗(A | B) ⊆ G^∗(A).

Case 3: A ∉ Ω_G, UP_G (A) = ∅. Then G^∗(A) = A{1}. Since A ⪯^{G�} B, B{1} ⊆ A{1} by Theorem 2.3(v). Then, in view of Theorem 2.1, B^−AB^− ∈ A{1, 2} ⊆ A{1} for each B^−. Observing G^∗(B) ⊆ B{1} thus yields G^∗(A | B) ⊆ G^∗(A).

Case 4: A ∉ Ω_G , UP_G (A) ≠ ∅. Then G^∗(A) = G_0(A) ≠ ∅ because A ∈ Ω_G� . So by Lemma 5.6, UP_G (A) ⊆ UP_G(B). Therefore

G^∗(B) = { G(B) if B ∈ Ω_G , G_0(B) otherwise.

Since B is not maximal, necessarily G^∗(B) ≠ ∅. By definion of G_0 and since G is a property-p map,

G^∗(C | B) ⊆ G(C) for each C ∈ UP_G (A). (5.9)

Recall that

G_0(A) := {A^− | A^−CA^− ∈ G(C) for each C ∈ UP_G (A)}.

Now let C ∈ UP_G (A). Then, by (5.9), B^−CB^− ∈ G(C). Observe that C ⪯^G A ⪯^{G�} B implies, by Theorem 2.3, B{1} ⊆ A{1}, R(C) ⊆ R(A) and N (A) ⊆ N (C). Therefore B^−AB^− ∈ A{1} and B^−AB^−CB^−AB^− = B^−CB^−. So (B^−AB^−)C(B^−AB^−) ∈ G(C) = G^∗(C), which in turn implies B^−AB^− ∈ G^∗(A), by definition of G^∗(A). Hence again G^∗(A | B) ⊆ G^∗(A), and the proof is complete.

Theorem 5.3 also admits a version that includes the possibly nonsquare case. Since the proof is nearly identical, it is omitted.

Theorem 5.8. Let G and G̃ be property-p maps on the set of m × n matrices. Further, let G^∗ be defined in respect to G according to (5.2). If ⪯^{G̃} is a G-based extension of ⪯^G , then ⪯^{G̃} is finer than ⪯^{G�} .

In other words, if G is a property-p map then ⪯^{G�} as defined via (5.2) represents the maximal possible G-based extension of ⪯^G in the set of all property-p relations. This shows, in particular, that if ⪯^{G�} does not support each matrix, then it is impossible to find a property-p relation that is an extension of ⪯^G and supports the whole set of matrices (recall the convention regarding the full-rank matrices). Example 3.4 has shown that in the nonsquare case there are semicomplete G-based partial orders which fail to be property-p relations. The question how to obtain a maximal G-based partial order extension in such a case remains unanswered in this paper. It is expected, however, that the geometry of g-inversion (see Section 2) might be helpful in finding an answer.

Our next theorem will provide us with a sufficient condition on ⪯^G under which its maximal possible G-based extension ⪯^{G�} supports each matrix. Let us call D a maximal element of UP_G(A) (in respect to ⪯^G ) if D ∈ UP_G (A) and there is no matrix C ∈ UP_G(A) such that C ≠ D and D ⪯^G C. If UP_G(A) possesses a unique maximal element C, C is called the greatest element of UP_G (A).

Theorem 5.9. Let G be a property-p map such that, for each matrix A, UP_G (A) possesses a greatest element whenever UP_G (A) ≠ ∅. Again let G^∗ be defined in respect to G according to (5.2). The property-p relation ⪯^{G�} then supports each matrix and is the maximal possible (partial order) extension of ⪯^G in the class of property-p relations.

Proof. Recalling Theorem 5.7 we only have to show that, in the framework of our theorem, G^∗ supports each matrix. By definition of G^∗, clearly G^∗(A) = ∅ only if A ∉ Ω_G is such that UP_G (A) ≠ ∅. Let A ∉ Ω_G , and let UP_G(A) ≠ ∅. Notice that UP_G (A) has a greatest element, say D. So C ⪯^G D ⪯^G A, (5.10) for each C ∈ UP_G (A). In particular, D ⪯^G A. Hence D ⪯^− A which, in view of Theorem 2.3, also implies (A − D) ⪯^− A. But then D^−_r (A − D) = 0 and (A − D)D^−_r = 0 for some D^−_r ∈ G(D) as well as (A − D)^−_r D = 0 and D(A − D)^−_r = 0 for some {1, 2}-inverse (A − D)^−_r of (A − D). With these observations in mind it is easy to check that G := D^−_r + (A − D)^−_r is a {1, 2}-inverse of A and that GDG = D^−_r . Put G̃(A) := {A^− | A^−DA^− ∈ G(D)}.

Since G ∈ G̃(A), G̃(A) ≠ ∅. In order to complete the proof it thus suffices to show that G̃(A) = G^∗(A). Trivially, G̃(A) ⊇ G^∗(A). So let A^− ∈ G̃(A) and let C ⪯^G A. Notice that (5.10) implies A{1} ⊆ D{1}, R(C) ⊆ R(D) and N (D) ⊆ N (C) (recall Theorem 2.3). But then A^−CA^− = A^−DA^−CA^−DA^−. By observing A^−DA^− ∈ G(D), and since G(C | D) ⊆ G(C), we now obtain A^−CA^− ∈ G(C), yielding that A^− ∈ G^∗(A).

At this point it is interesting to mention that Theorem 5.5 is in accordance with Theorem 5.9. For observe that, according to Lemma 2.1 in [7], B ⪯^# A implies B ⪯^# C_A, so that the core part C_A of A is the greatest predecessor of A in respect to the sharp order. Theorem 5.5 tells us that G^∗(A) can be defined, equivalently, by G_∗(A) from (4.4), that is, in terms of the greatest (and so uniquely determined maximal) predecessor of A. Since this might be advantageous computationally it is pertinent to mention that for each property-p map G the crucial part G_0(B) in the definition of G^∗(B) [see (5.1)] can always be redefined in a similar manner as

G_0(B) := {B^− | B^−CB^− ∈ G(C) for each maximal element C from UP_G(B)}.

(5.11)

The equivalence of these definitions can be seen pretty much as the last part in the proof of Theorem 5.9.

In context with the previous theorem it is further natural to ask: Is the phenomenon observed in Example 5.1 universally true whenever there is multiplicity of maximal elements for at least one set UP_G(A)? In other words, does failure of uniqueness always correspond to a situation where with ⪯^G also all its G-based property-p extensions have poor support? That this is not the case is illustrated in our final example.

Example 5.10. Consider the matrices

A_1 :=

1 0 0 0 0 0 0 0 0 and A_2 :=

0 0 0 0 1 0 0 0 0 .

Put B := A_1 + A_2. Observe that these matrices are all of index 1. Check A^#_1 = A_1 and A^#_2 = A_2. Define the map G(·) on the set of 3 × 3 matrices according to G(A) = { {A_1} if A = A_1, {A_2} if A = A_2, ∅ otherwise.

Notice that ⪯^G defines a partial ordering. Checking A_i ⪯^G B (i = 1, 2) yields UP_G(B) = {A_1, A_2}. The sharp order ⪯^# is obviously a possible partial order extension of ⪯^G . It thus follows from Theorem 4.2 that there is a partial order extension of ⪯^G that supports each matrix, although UP_G(B) does not possess a greatest element.

The authors would like to thank three referees for their comments on this paper.

REFERENCES

1 A. Ben-Israel and T. N. E. Greville, Generalized Inverses: Theory and Applications, Wiley, New York, 1974; Krieger, New York, 1980.

2 J. S. Chipman, On least squares with insufficient observations, J. Amer.

Statist. Assoc. 59: 1078–1111 (1964).

3 J. Hartung and H. J. Werner, Hypothesenprüfung im restringierten linearen Modell – Theorie und Anwendungen, Vandenhoeck & Ruprecht, Göttingen, 1984.

4 C. E. Langenhop, On generalized inverses of matrices, SIAM J. Appl. Math.

15: 1239–1246 (1967).

5 S. K. Mitra, Fixed rank solutions of linear matrix equations, Sankhyā Ser.

A34: 387–392 (1972).

6 S. K. Mitra, Matrix partial orders through generalized inverses: unified theory, Linear Algebra Appl. 148: 237–263 (1991).

7 S. K. Mitra, On G-based extensions of the sharp order, Linear and Multilinear Algebra 31: 147–151 (1992).

8 S. K. Mitra and R. E. Hartwig, Partial orders based on outer inverses, Linear Algebra Appl. 176: 3–20 (1992).

9 R. M. Pringle and A. A. Rayner, Generalized Inverse Matrices with Applications to Statistics, Griffin, London, 1971.

10 C. R. Rao and S. K. Mitra, Generalized Inverse of Matrices and its Applications, Wiley, New York, 1971.

11 C. R. Rao and H. Yanai, Generalized inverse of linear transformations: A geometric approach, Linear Algebra Appl. 66: 87–98 (1985).

12 H. J. Werner, G-Inverse und monotone Matrizen, Dissertation, Univ. of Bonn, 1977.

13 H. J. Werner, On extensions of Cramer’s rule for solutions of restricted linear systems, Linear and Multilinear Algebra 15: 319–330 (1984).

14 H. J. Werner, Weak complementarity and missing observations, Methods Oper. Res. 50: 421–439 (1985).

15 H. J. Werner, Generalized inversion and weak bi-complementarity, Linear and Multilinear Algebra 19: 357–372 (1986).

16 H. J. Werner, Some recent results on Drazin-Monotonicity of property-n matrices, Linear and Multilinear Algebra 21: 243–251 (1987).

17 H. J. Werner, C. R. Rao’s IPM method: A geometric approach, in: New Perspectives in Theoretical and Applied Statistics (M. L. Puri et al., Eds.), pp. 367–382, John Wiley & Sons, New York, 1987.

18 H. J. Werner, A closed form formula for the intersection of two complex matrices under the star order, Linear Algebra Appl. 140: 13–30 (1990).