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Abstract

In this study we consider a linear model with forecast feedback in which boundedly rational agents
are learning the parameter values of the rational expectations equilibrium by the OLS learning
procedure. We show strong consistency of the OLS estimates under much weaker assumptions
on the involved time series than the ones usually employed. This result extends the boundedly
rational learning approach to models including non-stationary time series, like processes with
polynomial trends or unit root autoregressive processes, and indicates that the idea that agents
can learn only stationary rational expectations equilibria is misleading.
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Chapter 1

Introduction

A specific feature of economic models is that expectations of agents matter and have to be modeled
in order to complete the model. But since the process which generates individual expectations
is neither observable nor completely understood and empirical results do not suggest one specific
expectations formation scheme it is tempting for a model builder to employ an ad hoc expectations
scheme. But, as it is well known, the choice of an expectations formation scheme is not only a
matter of taste or convenience. Dynamic models incorporating different expectations formation
schemes can show substantially different dynamic behaviour. Moreover, by introducing a suitable
expectations formation scheme it is possible to construct models which show almost any dynamical
behaviour and are able “to explain almost everything — and thus nothing” as GRANDMONT (1992,
p. 13) remarks.

The rational expectations hypothesis (REH) introduced by MuTh (1961) which suggests that
agents’ expectations “are essentially the same as the predictions of the relevant theory” (p. 315)
points out a way out of this dilemma. At first sight the REH seems to be an attractive way to
model agents’ expectations since it is free from any ad-hoc assumptions and reflects the common
point of view that “information is scarce, and the economic system does not waste it” (MuTH
(1961, p. 316)). But the microeconomic foundation of the REH on the level of individual agents
has turned out to be problematic since it imposes extreme informational assumptions on agents.

To support the REH it was frequently argued that agents can learn somehow to form rational
expectations. More precisely, it was argued that “by observing the history of a stationary world,
people can eventually learn the objective probability distributions” of real outcomes “by using
Bayesian or classical statistical techniques” (Bray (1983, p. 124)). Unfortunately, this problem is
more difficult than the formulation suggest since agents, during the learning phase, change their
behaviour in the light of what they have learned and thereby introduce non-stationarities into
the model. For that reason standard results of Bayesian theory and classical statistics cannot
provide a rigorous mathematical proof of the assertion that agents can learn to form rational
expectations. Since the late seventies several studies were contributed to the question whether
agents can learn to form rational expectations following a ‘reasonable’ learning procedure but
there are still some questions open.

A point which was frequently stressed in the literature is that learning, in order to be suc-
cessful, requires a certain amount of stationarity of the economic environment. Therefore the
first analytical studies (Bray (1982, 1983), BRAaY/SavIN (1986), KoTTMANN (1990), and MOHR
(1990)) were restricted to the case that the variables agents use to form their predictions (i.e. the

regressors of the OLS-procedure) are exogenous and follow a stationary and ergodic process!.

1Only FOURGEAUD ET AL. (1986) consider the slightly more general case that the involved time series are stable
in the sense that the condition number of the matrix of moments remains bounded.



In models in which agents’ predictions are based also on lagged endogenous variables station-
arity and ergodicity of the involved times series cannot be assumed a priori since these properties
are endogenous. Nevertheless, since some kind of stability is needed in order to ensure con-
vergence of the estimates towards the RE parameters it is generally assumed that at least the
exogenous variables are stationary and ergodic processes (see, e.g. MARCET/SARGENT (1989a,b)
and KuaN/WHITE (1994)). In ZENNER (1994b) the assumption of stationarity and ergodicity is
dropped but it is assumed that the exogenous variables are stable processes in the sense that the
condition number of the matrix of moments remains bounded. Hence the case that the exogenous
variables follow an integrated process or a process with some trend is excluded as well as it is
excluded that the RE solution possesses roots on or outside the unit circle?.

In summary it may be said that virtually nothing is known about the performance of bound-
edly rational learning procedures in models in which the exogenous variables are not necessarily
stable processes in the sense mentioned above.

On the other hand it is well known that the least squares estimates in linear regression models
are strongly consistent under much more general conditions than stationarity and ergodicity of
the involved time series (see, e.g., La1/WEI (1982)). It is only necessary that the orders of growth
of the several regressor variables (measured by the minimum and maximum eigenvalues of the
matrix of moments) do not differ ‘too much’. Hence it is worthwhile to analyze whether this
property carries over to models with forecast feedback.

In this paper we show that this is, in fact, the case. We show that in a simple linear model
with a single forecast term agents can learn to form rational expectations with probability one
under assumptions corresponding to the weakest possible assumptions in linear regression models.
This result which has, to our knowledge, no counterpart in the literature extends the boundedly
rational learning approach to a larger class of models. It covers processes with polynomial trends
as well as autoregressive processes with unit roots for the exogenous variables. This extension
might prove to be useful especially in macro-economics.

The paper is arranged as follows. In Chapter 2 we present the model, specify the learning
procedure, and list the assumptions underlying our convergence analysis. The main convergence
result is proved in Chapter 3. Since the conditions ensuring convergence differ from standard
assumptions Chapter 4 is devoted to some applications for which these conditions are met. These
applications include processes with polynomial trend variables and autoregressive models with
unit roots for the exogenous variables. Finally, in Chapter 5 we give some concluding remarks.

2Only the studies by MARCET/SARGENT (1989c) and ZENNER (1992a,b, 1994a) consider the case that the RE
solution is an autoregressive process with roots on or outside the unit circle. But these studies are restricted to
univariate first order autoregressive models and the convergence analysis relies crucially on that special structure.



Chapter 2

The Model

We consider a linear model with forecast feedback given by its reduced form equation
(2.1) Yer1 = @'z¢ + ayi iy + Wiy, t>0,
where

e y; is the time ¢ real valued endogenous variable,

e z; is an n-dimensional random vector with n > 1,

e w; is the time ¢ disturbance term,

yi is the aggregate or market prediction of y, made by agents at time ¢ — 1, and

¢ € IR" and a € IR are model parameters.

We make the following two assumptions specifying the required properties of the disturbance
terms w; and the random variables z;.

Assumption (A.1):
The disturbance terms {w;},-, form a martingale difference sequence with respect to a filtration
{Fi}50» 1-6. Elwip1]|F] = 0 as., such that

(2.2) sup E[|we 1?0 7] < oo a.s.
>0

for some fixed 6 > 0. O

Assumption (A.2):
The random variables z; are F;-measurable for all £ > 0 and satisfy

(2.3) Z || = o a.s.
t=0
and
(2.4) T* :=inf{t € IN|Z, is nonsingular} < oo a.s.

where Z7 is defined as Z¢ 1= Y1, 242, O



Assumption (A.1) is a standard assumption on disturbance terms in econometrics. It general-
izes the common assumption that the disturbance terms form a white noise process with bounded
(2 + é)th moments®.

Assumption (A.2) is a minimum assumption on the variables z; and it should be noted that
it is not sufficient for our convergence results. But since the additional assumptions ensuring
convergence arise quite naturally in the course of the convergence analysis in Chapter 3 we
decided to introduce them lateron. The conditions (2.3) and (2.4) are very weak in that they
only require that z; does not vanish too rapidly as t — oo and that there are no exact linear
dependencies among the variables contained in z;.

Notice that the random variable T is measurable. In fact, it is a stopping time with respect
to the canonical filtration of {Z,}.

Since we adopt the point of view that the o-algebra F; contains all information about the
model (2.1) available at time ¢ the measurability assumption in (A.2) imposes no restriction on
the variables z;. Nevertheless, Assumptions (A.1) and (A.2) together rule out the possibility of
autocorrelated disturbance terms and correlations between w;41 and {Zs}sgt-

Notice that Assumption (A.2) does not require the variables z; to be exogenous. The vector
z; may contain lagged endogenous variables but, unlike to our recent study (ZENNER (1994b)),
we are not able to verify the conditions required for convergence in that case.

In order to complete the model we still have to specify the predictions of agents. We assume
that at time ¢, the time when agents form their predictions yj, 1, the realization of z; is observable
and known by agents and that the predictions y;,, are based on the information set?

(25) It:{ztvytv"'vzlvylv‘ZO} Cft-

If all agents know the equation (2.1) and the parameters @ and ¢ and, additionally, it is
common knowledge that the knowledge of (2.1), a, and ¢ is common knowledge then agents
can calculate the so-called rational expectations E[y;y1|l;], thus the conditional mathematical
expectation of y;41 with respect to the information set ;. In our model the rational expectations
are uniquely given as

1
(2.6) Elyit1lL] = mtﬁlzta

provided that a # 1. If the agents’ predictions in (2.1) are given as yf,; = (1 —a)"'¢’z; then the
model (2.1) is called to be in a rational expectations equilibrium and the process {y;} is called a
rational expectations solution.

Since we assume the variables z; to be known by agents at time ¢ agents have to learn only
the parameter

(2.7) o—

l1—a

¢

in order to form rational expectations. The learning procedure is made explicit in

!The reason why we require w; to have slightly more than bounded second (conditional) moments is, more
or less, a didactical one. The slightly stronger assumption enables us to obtain a slightly stronger convergence
result and reduces the notational complexity in some proofs. Nevertheless, the technique used to show convergence
applies also for the weaker assumption of bounded second (conditional) moments, but in that case we need slightly
stronger assumptions on the variables z;. This tradeoff between the different assumptions will be described in more
detail in Chapter 3.

We thus assume that the agents know which variables determine the endogenous variable. Hence we rule
out the possibility that agents are poorly informed. But since we do not require that the parameter vector ¢ is
non-zero in each component we include the possibility that agents consider also sun-spot variables which influence
the endogenous variable only via the agents’ expectations. These sun-spot variables are then contained in z;.



Assumption (A.3):
Agents’ predictions yf,, are given by

(28) yte+1 = 0t/zt7 t Z 0,

with
=149

t—1
(29) 0; = Zzszls Zzsys-l-l
s=0 s=0

where the stochastic inverse is defined as the Moore-Penrose inverse if necessary®. O

In order to motivate an assumption like (A.3) is is usually assumed that agents believe in an
auxiliary model
(210) Y41 = 0/Zt + €41

with some parameter 8 € JR" and a disturbance term e;4q which is independent from the in-
formation set I;. Based on this model agents estimate the unknown (hypothetical) parameter @
by the ordinary least squares (OLS) procedure and predict y;1y by yi; = 0, z;, where 0, is the
time ¢ OLS-estimate of . Given the belief of agents that (2.10) is the correctly specified model
the use of the OLS-learning procedure is rational.

One can interpret the auxiliary model as reflecting the agents’ beliefs concerning their eco-
nomic environment. Hence agents do not fully understand the economic system they are part
of. In particular, they do not take into account that the market expectation affects the outcome
of the endogenous variable?. But one can also think of the agents’ behaviour in a more naive
way. Suppose that agents are aware that there exists a relationship between y,41 and z;, either
because they know roughly how the economic system works or that explorative data analysis has
revealed such a relationship. In order to extract the information on y;41 contained in z; agents
simply carry out a regression of y,41 on z;.

3The convention that the stochastic inverse be given by the Moore—Penrose inverse ensures that 6, is well-defined
and measurable on the full w—space. In practice other conventions might be more convenient such as replacing a
singular matrix Z; by €l 4+ Z; with some fixed € > 0. Since T™ is a stopping time with respect to the filtration {F:}
one can easily allow for a split-case definition of 6; for w such that ¢+ > T™ and ¢t < T, resp.

*The main methodological problem of the boundedly rational learning approach consists in justifying that agents
neglect the forecast feedback. Clearly, this problem cannot be solved without imposing some amount of irrationality
on agents’ behaviour. Some arguments to support this lack of rationality are the following.

Since expectations are generally not observable agents cannot find out what other agents expect and, in general,
they cannot even deduce ex post what the other agents did expect. In addition, gathering information about other
agents’ expectations can be too costly. Hence it is impossible to include expectations into an auxiliary model like
(2.10). Even if there exists some institution which reports ex post the past market expectation there remains the
problem to predict the current market expectation.

In a competitive market in which a single agents’ prediction has no impact on real outcomes agents may believe
that the market expectation, as an aggregate, is already rational, either because agents believe that the other agents
are more sophisticated or that the average expectation is more accurate than an individual one (an argument which
was already used by MUTH (1961) based on empirical evidence).

But agents can also be aware of the problem of infinite regress of expectations yet do not know how to solve
it since they do not know the parameter values of (2.1). (In the rational learning approach it is usually assumed
that agents know at least the parameter values which have to be known in order to solve the problem of infinite
regress. )

Finally, since we allow sun-spot variables among the variables contained in z; the auxiliary model (2.10) can
contain some kind of ‘rumour variables’ reflecting some economy-wide collective beliefs about future events.



Chapter 3

Convergence Analysis

We comply with the following notational conventions. Multivariate variables and multivariate pa-
rameters are denoted by boldface letters. The transpose of a (column) vector z will be denoted by
z'. By ||z||* we denote the Euclidian norm, thus ||z||* = 2’z. For a matrix A, \,in(A), Mpax(A)
denote the minimum and maximum eigenvalue in modulus. By || A|| we denote the operator norm,
thus ||A||*> = Anaz(A’A). By |A| we denote the determinant of A and by tr(A) its trace. Let a;
and b; be two sequences of non-negative real numbers. We employ the Landau symbols o(-) and
O(-) in the usual sense, thus a; = o(by) < a;/by — 0 and a; = O(b;) & sup|as /by < .

In this chapter we show the following result which determines the order of convergence or
divergence of the OLS-estimates.

Theorem 3.1:
Suppose that (A.1)~(A.3) hold and a < 1/2. Let A be given by

- M= 227 =

Iy

(3.2) lim sup A, < (1 = 33‘2 s

then

(3.3) 1011 — 8] = O (%) N

The following corollary is then obvious.
Corollary 3.2:
Suppose that (A.1)~(A.3) hold and a < 1/2. If the condition (3.2) is satisfied and

(3.4) log Mnax(Zi) = 0(Amin(Z4)) a.s.

then @; — 0 a.s.



The proof of Theorem 3.1 is based on the analysis of the quadratic form

(3.5) Vi= (0, —0)Z,_1(6; - 0).

We show that the non-negative process V; is an extended stochastic Lyapunov function in the
sense of LAT (1989), i.e. we show that V; has the ‘almost supermartingale’ property as introduced
by RoBBINS/SIEGMUND (1971). This enables us to use a refinement of the almost supermartingale
convergence theorem by LA1 (1989) in order to show that V; = O(log Ayaex(Z¢—1)) a.s. under the
assumptions of Theorem 3.1.

Proposition 3.3: (La1 (1989))

Let {w},~, be a martingale difference sequence with respect to some filtration {F;},, such that
SUP,>( E[t_vtz_|_1|ft] < oo a.s. Let Vi, ay, B¢, n:, and uy be non-negative Fi-measurable random
variables such that 3 {2y oy < 00 a.s. Suppose that for t > 0

(3.6) Vigr U+ a)Vi+ Beyr — i1 + wewipn - as.

Then

(i) On the event [y 124 E[Bi| Fi—1] < 0], Vi converges a.s. and 3 2, Elmp| Fi—1] < oo a.s.
(ii) For every o > 0

T T T-1 V2t
(3.7) maX{VT,Zm} =0 (Z B¢ + (Z uf) ) a.s.

We need some more auxiliary results. The first one is a simple lemma known as the theorem
of ABEL/DINI (see KNOPP (1964)).

Lemma 3.4:
Let (dt)tZO be a sequence of non-negative real numbers with dy > 0 such that Dy := ZZ:O ds — o0
ast — oo. Let a >0, then

(3.8) d < = a> 1.

The following result is the keystone in the martingale difference approach. It is based on the
local convergence theorem for martingales by Crow (1965) and provides a kind of deterministic
reduction for weighted sums of martingale difference sequences.



Lemma 3.5: (Lar/WEr (1982))
Suppose that {w:} is a martingale difference sequence with respect to some filtration {F;} such
that supyso E[w? 4| F] < oo a.s. and {us} is a sequence of Fi-adapted random variables. Then

)

T 00
(i) ZUtwt+1 converges a.s. on the event [Z ul < oo
t=0 t=0

T T o
(ii) Zutwt—l—l =0 (Z uf) a.s. on the event [Z uf = oo],

)

o0 o0
(iii) Z luglwi, < oo a.s. on the event [Z lug| < o0
=0 =0

T T 14«
(iv) Z |ut|w$_|_1 =0 (Z |ut|) a.5. on

If {w} satisfies also sup;>q E[|wiy1]?T8|F] < o0 a.s. for some 6 > 0 then

T T
(v) Z lug|wiy, = O (Z |ut|) a.s. on [sup lug] < o0
t=0 t=0 t>0

o0
Z || = oo] Jor every o > 0.

t=0

The last auxiliary result concerns the quadratic form A;.

Lemma 3.6: (Lar/WEr (1982))
Let (z;) be a sequence of n-dimensional vectors. Let Z, and T* be defined as in Assumption (A.2)
and \; as in (3.1) with Z7' the Moore—Penrose inverse if necessary. Suppose that T* < oo. Then

Z|—1Z_
(3.9) A = % for  t>T"
1
and
T
(3.10) Z At =0 (log|Z7])= O (log \au(Z 7)) .
t=0

In the following lemma we show that the sum } ;2, A; is a.s. unbounded under Assumption
(A.2), a property we need lateron.

Lemma 3.7:
Let {z;} be a sequence of random vectors in IR"™ such that (A.2) is satisfied. Then

(3.11) Zz;Zt_lzt = 00 a.s.
t=0

with Z7' the Moore-Penrose inverse if necessary.
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Proof:
We argue pathwise. Since T < 0o a.s. by Assumption (A.2) it is sufficient to show (3.11) with

the sum starting at t = T*. Let t > T". Since Z; is symmetric and positive definite we know
that

!
3.12 127 2 > 2 e dpin(Z271) = —2EL
( ) Zply 2y Z 2z (Z,") Noas( Z7)
and since A,q,(Z;) < tr(Zy) we obtain
(3.13) Sz Zilz > Z ztzt =0
t=T* t= T* s=T* Z5%s

where the equality follows by Lemma 3.4. B

Proof of Theorem 3.1:
Due to the split-case definition of 8; in (A.3) we have to argue pathwise. For fixed ¢ let ¢ > T,
Then we have the following recursive representation for the least squares estimates

0t+1

1
-1
Zt Z ZsYs+1
s=0

t—1
= Zt_l (Z z5y5+1 —I_ th;((j) —I_ aet) ‘I‘ ztwt+1)

s=0
(314) = Z_1 (Zt 1015 —|— ZtZ;((z) —|— a0t) —|— zth'l)
= 0;,-7Z; tht(et (p+aby)) + Z7 2w
= 015 — (1 — Q)Zt tht(et — 0) + Zt_lzth_l

using the equality ¢ = (1 — a)@. Hence

(315) 0t+1 - é = [I - (1 - a)Zt_lztz;] (015 — é) + Zt_lzth_l.
Define
(316) ‘/t - (015 - 0)/Zt—1(0t - 0)

Then we obtain

Viger = (0141 —60)Z(0141 — 6)
= (0,-0)[I-(1-0)2]22) 2, [T - (1-0)27" 22} (6. - 0)
+2(6; - 0)' [I - (1= a)Zt_lztz;]/ztwt-l—l + 2127 2wy
(3.17) = Vit (0: — 0) 2,250, — 0) + \wiyy + wpwipr
—(0: - 8Y [201 — a)z,2} — (1 — a)* A2z (6, - 0)
= Vit Awiyg 4 wwig
—[1=20— (1= 0] [2(6, - 0))?

with
(3.18) ug = 2[1 — (1 — a)\](0; — 8)'z.
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Furthermore define

1 = [1—2a—(1—a)*\][zy(0: — O))%,
(3.19) Nit1 = Terid[m >0

Berr = Mwipy — Tear g, <o
to obtain
(3.20) Vier = Vit Big1 — i1 + wwiys.

on the event [t > T*].

If 0 <t < T* we define Vi4q by (3.16) and set Bi11 = Vig1, mig1 = Vi, and u, = 0. Also set
Vo = 0 for all w. Then Vi, Bit1, Mg, and uy are well-defined random variables satisfying (3.20)
and the measurability assumption of Proposition 3.3.

In order to verify the assumptions of Proposition 3.3 we remark first that 7,(w) < 0 holds
only for finitely many ¢ for almost all w € €. This is easily seen because

1-2a

(1-a)*

hence by assumption (3.2) we can infer that 7; < 0 holds only for finitely many ¢.
But this implies

(3.21) g1 2 0 <= A <

T T-1
(3.22) Y B=0 (Z /\twf_l_l) +0(1)  as.
t=1 t=0

By Lemma 3.7 we know that Y 3° A\; = oo a.s. Hence, since Ay < n, Lemma 3.5 (v) and Lemma
3.6 imply that

T
(3.23) > Bi=0(logAnaw(Z7-1))  aus.
=1

Now we determine the order of ZOT u?. By assumption (3.2) we can infer that there exists a
positive constant € = e(w) such that 1 — 2a — (1 — a)?A; > ¢ for all but finitely many ¢. This
implies that u? < C1;4q for all but finitely many ¢ with some positive constant C'. Hence

T-1 T
(3.24) Z ui =0 (Z m) a.s.
t=0 t=1

Now we can apply Proposition 3.3. We obtain

T T T 1/2+4«
(3.25) maX{VT,Zm} =0 (Zﬂt + (Z uf) ) a.s.

for every a > 0. This implies, using (3.23) and (3.24) with some o < 1/2, that

T
(3.26) max {VT,Z m} = 0 (log Anaz(Z1-1)) a.s.

=1
Since B B
(3.27) Viss = 12520151 — O)IF > Amin( 2010141 — O]
we finally obtain

— 10g /\m(w(ZT))

2 0r, 1 — 0|2 = O (28 maalLT) -

(3.28) 02— 0] = 0 (s Z) s

and the proof is complete. B
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Since the proof of Theorem 3.1 applies in a pathwise manner we can formulate Theorem 3.1
also in the following way.

Theorem 3.8:
Suppose that (A.1)~(A.3) hold and a < 1/2. Then, on the event where
1—-2a log Anax(Z1)

(3.29) limsup Ay < —— and

t—o0 (1—a)? Amin(Z7) =o(1) a.s.

holds, 0; — 8 a.s.

Remark:
There exists a tradeoff between the assumptions imposed on the disturbance terms and the order
of 8, — @ in the following way. If we relax Assumption (A.1) in that we only require

(3.30) sup E[w? 4] 7] < o0 a.s.
>0

we obtain by the same reasoning as in the proof of Theorem 3.1, but with Lemma 3.5 (iv) instead
of (v), the slightly weaker result

B 1+6
(3.31) uom—ou?:o(“‘)gAW(ZT)) )

for every 6 > 0.

It is worth noting that Theorem 3.1 and Theorem 3.8 apply for any choice of random vari-
ables z; such that Assumption (A.2) is satisfied. We do not a priori restrict z; to contain only
exogenous variables. Nevertheless, whenever z; contains also lagged endogenous variables the
conditions (3.2) and (3.4) are endogenous and have to be verified. Unfortunately, we failed in
doing so although computer simulations suggest that (3.2) and (3.4) are satisfied for some range
of parameter values ¢ and ¢. See Chapter 5 for some details.



Chapter 4

Convergence Results

Although the convergence results of the preceding chapter are satisfactory from the mathematical
point of view it is not at all clear which kind of time series {z;} satisfy the assumptions of Theorem
3.1 or Corollary 3.2, especially the condition (3.2) for the quadratic form A;. In this chapter we
present some examples, including stationary and ergodic processes, processes with a polynomial
trend, and autoregressive processes with unit roots. As already mentioned we confine ourselves
to the case that z; contains only exogenous variables.

Stationary and Ergodic Processes

In models with forecast feedback the exogenous variables are usually assumed to be stationary
and ergodic. In such a case we obtain the following result.

Corollary 4.1:
Suppose that (A.1)~(A.3) hold and a < 1/2. If

T
1
4.1 =N 22— Z* a.s.
( ’
T =1

with Z* a (possibly pathdependent) positive definite matriz. Then 8; — 0 a.s.

Proof:
We show first that Ay — 0 a.s. By Lemma 3.6 we know that for ¢ sufficiently large

2l _ (t— 1)n |57

4.2 N=2Z7 2z, =1 -
( ) t Zilay 2y |Zt| 1

Hence Ay — 0 a.s. by (4.1) and condition (3.2) holds true. Moreover, (4.1) implies that A,,,(Z;) =
O(Amin(Z¢)) a.s. Hence also condition (3.4) is met and Corollary 3.2. applies. B

13
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Corollary 4.1 gives a result which is somewhat weaker than the results of BRAY /SAvIN (1986),
MARCET/SARGENT (1989a,b), and KoTTMANN (1990) which show a.s. convergence if @ < 1.
This indicates that the approach proposed in this paper is not the optimal one for this class
of processes. Nevertheless, Theorem 3.1 gives a slightly stronger result determining the rate of
convergence (||@;41 — 0||> = O(logt/t)) than the result ||@; — @]|*> = o(t) obtained by FOURGEAUD
ET AL. (1986) and KoTTMANN (1990).

Corollary 4.1 indicates that the condition (3.2) for the quadratic form A; does not mean any
restriction in a stationary and ergodic environment. Therefore it is worthwhile to ask whether
condition (3.2) can be dispensed with under more general conditions than (4.1). The answer
is negative as the following example shows. If we relax the condition (4.1) slightly to A4 =
O(Amin) a.s. we cannot conclude that A\; — 0 a.s. without imposing further assumptions on {z;}.

Example 4.2:
Consider the (deterministic) process z; defined by

10
0 otherwise.

5, g g
(4.3) Zt:{ t ift=10",m € IV,

It it easy to see that

T

> # €10.1,0.9].

t=1

9 1
(4.4) ligrisgp A = 0 and T

Hence Apaw(Zi) = O(Amin(Z;)) but Ay £ 0. Nevertheless, Corollary 3.2 implies that 6; — 8 a.s.
if

10 1 10 1
4.5 - — 4 — — — .
(4:5) ( 81+9)<“< 819
This shows that our approach provides convergence results in situations where almost all other
approaches fail. O

Stable Processes

FOURGEAUD ET AL. (1986) have shown that if ¢ < 1/2 and
(i) Apin(Z71) — o0 a.s.,

(i) Amaz(Z7) = O(Apin(Z71)) a.s.,

(iii) || Z7"(Z7 — Z7-1)|| — 0 a.s., and

(iv) HZ:FI ZtT:o ziwip1]] — 0 a.s.

then @, — 0 a.s. We show now that their result is a special case of Corollary 3.2.
Assumption (i) is stronger than Assumption (A.2), and (ii) is stronger than (3.4). In view of
Lemma 3.5 Assumption (iv) is implied by (i) and (ii). (FOURGEAUD ET AL. make the slightly
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different assumption that the disturbance terms satisfy the orthogonality condition E[ziwyq] =
0.) Since

127 (Z7 = Zr-)IIP = 27" zr27 |
/\max(szépZ:Fzszép)
zépszépZ}zzT
(2727 z7)?

M,

(4.6)

v

where the inequality follows by the Cauchy-Schwarz inequality, the condition (iii) implies \; — 0
a.s.

We define a process {z;} as stable if it satisfies

(4.7) Amar(Zt) = O(Apin(Z1)) = O(1) a.s.
and
(4.8) |l z¢]]* = o(t) a.s.

Then, since A; < ||z¢]|?/Anin(Z+), we obtain

Corollary 4.3:
Suppose that (A.1)-(A.3) hold and a < 1/2. Suppose furthermore that {z;} is a stable process,

thus (4.7) and (4.8) hold. Then 6; — 0 a.s.

It is an interesting question whether @ < 1/2 is a necessary condition for a.s. convergence or
just a sufficient one. We do not know. The coincidence of the condition @ < 1/2 in our result and
the result of FOURGEAUD ET AL. (1986) may rely on the fact that both approaches are, more or
less, based on algebraic properties of the involved time series. But it is as well possible that it
relies on deeper mathematical or probabilistic properties.

To conclude this section we want to remark that the preceding results hold also if the distur-
bance terms satisfy (3.30) instead of (2.2). Clearly, in that case the rate of convergence reduces
to ||0:11 — 0]]* = O((logt)179/t) a.s. for every & > 0.

Non-Stable Processes

Now we consider processes {z,;} which do not satisfy (4.7)and hence are not stable. Instead, we
assume that

1
(4.9) liTminf T/\mm(ZT) >0 a.s. and Amaz(Z1) = O(T?) a.s.
with some o > 1. Since n™1tr(Z;) < Mpuw(Z;) < tr(Z;) this implies that some components of
z¢ grow with at most an algebraic (i.e. polynomial) order. In the sequel we prove a result which
implies that Ay — 0 a.s. can hold also for these processes and Corollary 3.2 applies.
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Our analysis relies on the following partitioning. Suppose that there exists a partition 2z} =

(z7,...,zV) where i is ¢; x L and Y7 ¢; = n. Fori = 0,...,m— 1 define ui’ = (2", ..., 2T
and
. T . ,/
(4.10) = Zu%u% .
=0
Also define .
% 11!
(4.11) Q= Zztzt
t=0
fore=1,...,m— 1.

The following result shows that the behaviour of the quadratic form Ar is determined by the
behaviour of the same kind of quadratic forms involving only the subvectors wf, 2% and the
submatrices P%, Q%, provided that the matrix Z1 can be partitioned in an appropriate way.

Proposition 4.4:
Let {z:} be a sequence of n-dimensional random vectors and Z1 = ZtT:o z:z}. Suppose that the
vectors zr and the matrices Z 1 can be partitioned as above such that

() Amas(@F) = O (Amin( PFY))  as. fori=1,...,m—1,
(i) 1202 = o (SLoll=il?) s fori=1,....,m—1, and
(i) irlgnoou?_ll(P}”_l)_lu}”_l =0 as

Then A\t — 0 a.s.

The proof of Proposition 4.4 relies crucially on the following result.

Lemma 4.5: (La1/WEI (1983))
Let A be a positive definite symmetric n X n matriz. Let A be partitioned as

P H
(4.12) A= ( H Q )

where P, @ are p X p and ¢ X q matrices such that n = p+ ¢q. Then for every u € IRP

(4.13) (”) A (”) <uwPlu (14|47 (@) .

o o

Proof of Proposition 4.4:
Let w%, z%, P%, and Q% be defined as above. Then

1\’ 1
! =1 Ur —1{ Ut
zrdpzr = ( 1)ZT ( 1)
2T 2T

”LLll ’LL1 (0] ! (0]
4.14 < 21 Ty zzH T 2 Z:1
) <o)z () (s 2 (4
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Since Z1 = P9 we obtain for the latter quadratic form by (i) and (ii)
1

(le) P (T) Do (PY)

- 25112 Aas(QF)
(4.15) =0 (tr(QlT) Amm(POT))

= o(l) a.s.

IN

[l

since t7(Q%) < ¢1 Amas(QF).
For the former quadratic form Lemma 4.5 implies

() e ()

IN

F (PR Tk (141 PYI (@)

" o (wrtpia 142490
= 0 (u} (P 'uf) .

Since , ,

(4.17) Pl = ( (IIE), g%)

with some matrix H% we can proceed inductively in the same way and finally obtain
(4.18) 227 er = 0 (wp V(P g™ ) 4 o(1) as.

Now condition (iii) implies the desired result. W

Proposition 4.4 can be applied to the following kind of situations. Suppose that zt consists of
random variables with different asymptotlc behaviour, for example, z, = (23, 22, 21"} such that

z follows a stable process and 2%, 27 show some different trends. In that case we have m = 3.

In the first step we set u! = (23, 22'). Then condition (i) of Proposition 4.4 requires that

T
(4.19) W(Zz,}z,}’): Amin(Z7))  aus.

t=0

and condition (ii) requires that

T
(4.20) lz7(* = o (Z HZ%HQ) a.s.
t=0

Suppose that A (Z7) is of minimum order O(7") a.s. Then (4.19) is satisfied while (4.20) is
satisfied since z} follows a stable process.
In the second step we set w? = z2. Then condition (i) requires that

b (Ee) o (B (D)D) e
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and condition (ii) requires that

T
(4.22) 127[* = o (Z HZ?HQ) a.s.
t=0

While (4.22) it is generally not very difficult to verify the verification of (4.21) can cause some
problem since the minimum order of the minimum eigenvalue is generally difficult to determine.
Nevertheless, in some applications (4.21) can be shown with some effort, for example if 2? and
2} are two different trends. See also Example 4.6.

Finally, condition (iii) requires that

T -1
(4.23) 23/ (Z z?z?/) 25— 0 a.s.
t=0

Although this is, basically, the same kind of problem as the original one (i.e. to show that A\, — 0)
it is generally easier to solve since z7 is of a lower dimension than z;, possibly of dimension one.
If the minimum and maximum eigenvalues of the matrix in (4.23) are of the same order then
(4.23) reduces to a problem like in (4.20) and (4.22).

Now we present two examples of non-stable processes which satisfy the assumptions of Corol-
lary 3.2.

Example 4.6:
Let x; be a real valued stochastic process such that

1
(4.24) Ty = T th — i a.s.
and
T
(4.25) Z (2y — z7)* — o* a.s.
t=0

with some fixed p € IR, 6% > 0. Set z; = (w,t), thus z; contains z; and a linear trend. We
claim that

(4.26) Amaz(Z1) = O(T?)  as.
and
(4.27) liminf — /\mm(ZT) >0 a.s.

Hence the eigenvalue condition of Corollary 3.2 will be satisfied.
In order to show (4.26) and (4.27) we define Z7 = +Z7. Since

AmaaL’(ET) S tT(ET)
1 <& 1 <&
_ 2 2
(4.28) = T;xtJrT;t
(T+1)(2T + 1)

= O()+ G a.s.
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the property (4.26) is obvious. To show (4.27) we consider the inverse of Z7 which is easily
calculated as

T4+1)(2T+1 T
~_1 1 ﬁ—%—) _% Zt:l tay
(4.29) Zr

~dr
AL ite, AY L a?
with
2
T+1D)(2T+1) 1 & 1 &
t=0 t=1

We shall show that
(T+1)(2T + 1)

(4.31) dr = 5 (C'+o(1)) a.s.

with some positive constant C' and
~-1 ¢ 0
(4.32) Z; — ( 0 0 ) a.s.

Hence Amx(Z;l) — (' a.s. and (4.27) is shown.
To show (4.31) we consider the sum %Z;‘FZI tz;. By partial summation we obtain

1< 1 &
(4.33) 7 ;mt =ar(T+1) -7 ;m.

Using assumption (4.24) it is not difficult to show that

1< T+1
(4.34) T ;tit = ,uT—I_ + o(T) a.s.
as T'— oo. Hence

1< T+1
(4.35) T ;mt =Hy + o(T) a.s.
On the other hand we have by (4.25)
(4.36) Lsnp) (Lsopa) S TEDRTHD ooy

. T 2 T & i | = 5 ot + 1 0 a.s.
With some elementary calculations we finally obtain
T+ 12T+ 1 1

(4.37) dr = (T + )(6 1) ((72 + leﬁ —|—0(1)) a.s.
Hence

(4.38) M -0 (IO%TS) =o(1) a.s.

In addition Proposition 4.4 implies A\; — 0 a.s. by (4.24) and Corollary 4.1. Hence 8; — 0 a.s. if
a<1/2. 0
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Remark:

Example 4.6 can be generalized in several directions. Firstly, the trend variable in z; may be any
polynomial trend. Secondly, the variable z; may be multivariate as long as conditions equivalent
to (4.24) and (4.25) are satisfied. Finally, the vector z; may include several trend variables,
provided that they are not linear dependent. Of course, if z; is of dimension larger than two the
proof of (3.2) and (3.4) will be not as simple as in our example.

Since autoregressive processes with unit roots are quite popular, especially in macro-economics,
we show in the following example that these processes satisfy the assumptions of Corollary 3.2.
Example 4.7:
Let 2, be an AR(p) process, i.e.
(4.39) Tp= Q11+ PpTi—p + €

with {e;} a martingale difference sequence with respect to some filtration {G;} such that

(4.40) sup E[le(|*]Gi-1] < > a.s.
i>1

for some a > 2 and .

o1 2
(4.41) hTHLlOI})f T ;E[et|gt_1] >0 a.s.
Suppose furthermore that the initial values zg,...,21_, are Go-measurable and that the charac-
teristic polynomial
(1.42) R() = 2 — P — o~ Gprz— by
possesses roots inside as well as on the unit circle. Let p be the largest multiplicity of all the dis-
tinct roots on the unit circle and set @y = (2¢,...,2¢—p+1)’. Then it is well-known (cf. La1/WEl

(1983) or (1985)) that

T
(4.43) Amaz (Z a:ta:;) =0 (TQ’) loglog T) a.s.,
t=0
1 T
(4.44) lim inf T/\mm (Z wtw;) >0 a.s.
T—co P
and
T _1
4.4 li ! y = .S.
(4.45) Jim a7 (; CI}tCI}t) x7 =0 a.s

Now let z; = @; and suppose that G; C F; f()}’ all £ > 0. Then the assumptions of Corollary 3.2
are satisfied and we can conclude that 8; — 0 a.s.if a < 1/2. O

We wish to remark that Iixample 4.7 can be generalized without further considerations to
multivariate autoregressive processes with possibly multiple unit roots.
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Conclusions and Remarks

In this study we have shown that agents can learn to form rational expectations even in an
environment in which the rational expectations equilibrium is a non-stationary process. This
result extends the class of models for which the boundedly rational learning approach applies
and indicates that the presumption that learning, in order to be successful, requires a stationary
environment is misleading.

From the mathematical point of view our result is not surprising since it is well known that the
OLS estimator in linear regression models is strongly consistent under more general conditions
than the ‘classical’ ones which require that the regressors are stationary and ergodic!. Therefore
it was to be expected that this feature carries over to linear models with forecast feedback if the
effect of forecast feedback is sufficiently small.

But also from the economic point of view it is not surprising that agents can learn rational
expectations in non-stationary models since learning in the context of the boundedly rational
learning approach means learning of parameter values, thus learning of the law of motion of the
endogenous variable. Although in our model the REE can be a non-stationary process the law of
motion of the REE is time invariant and the law of motion of {y;} is time dependent only because
agents persistently change their predictive behaviour during the learning phase. Therefore, if the
feedback between the perceived law of motion and the true law of motion is damped, it is not
surprising that agents can learn this law of motion by following a learning procedure which would
be appropriate to learn the law of motion in the REE.

Since agents are learning about relationships between economic variables which they observe
it is not necessary that the variables themselves are stationary. It is only necessary that these
relationships are ‘stable’ and the observed variables satisfy the requirements of the information
extraction mechanism by which agents learn. As mentioned above the OLS procedure is able to
deal with non-stationary variables. Other learning procedures, like the Stochastic Gradient (SG)
procedure? analyzed by ZENNER (1994b), lack this ability®.

To summarize this discussion we want to point out that our results do not actually refute

'If we set @ = 0 in our model, thus if there is no forecast feedback, then Corollary 3.2 gives the strong consistency
of the OLS estimates in a linear regression model satisfying the eigenvalue condition (3.4). Notice that if « = 0 the
condition (3.2) is always satisfied. As LA1/WEI (1982) have shown the condition (3.4) is in some sense the weakest
possible ensuring strong consistency.

2The SG procedure is a parameter estimation procedure which possesses a recursive representation like (3.14)
with the matrix Z; replaced by its trace. It is well known and popular in the theory on recursive identification
and control since it i1s computationally less demanding than the OLS procedure and sometimes easier to analyze
theoretically.

®On the other hand ZENNER (1994b) recently showed for the SG learning procedure that if || < 1 and the
characteristic polynomial of the REE possesses roots only inside the unit circle then {z:} is a stable process
whenever the exogenous variables follow a stable process.

21
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the intuitively appealing idea that learning can be successful only in an environment which is
stable or regular in some sense. What they show is that one has to be careful in using terms
like ‘stationary’ which possess different meanings in different contexts. In statistics ‘stationarity’
means a specific and well defined property of a time series while in colloquial language and in
economics ‘stationary’ is sometimes used synonymously to ‘time invariant’ or ‘regular’.

Since the performance of the least squares learning procedures in autoregressive models with
forecast feedback is not yet solved in a satisfactory manner?* we want to add some remarks on
the behaviour of the OLS procedure in our model when the random vector z, contains lagged
endogenous variables. Since we failed in verifying the assumptions of Corollary 3.2 in that case
these remarks are based on some computer simulations.

Firstly, we observed that if |a| < 1 (thus if the feedback function which maps the perceived
law of motion 6, into the true law of motion ¢ + a8, is contracting) and if the REE is a stable
process (thus if the characteristic polynomial of the REE possesses roots only inside the unit circle
and the exogenous variables follow a stable process) agents following the OLS learning procedure
cannot destabilize the system and learn the RE parameter values with probability one. FEven
if agents start with totally implausible initial estimates the process {y;} stabilizes after some
transient phase and the estimates converge. This finding corresponds to the convergence result
for the SG learning procedure shown by ZENNER (1994b).

Secondly, we observed the same kind of stability of rational expectations with respect to the
OLS procedure if the characteristic polynomial possesses unit roots or the exogenous variables
incorporate trend variables. But in the latter case a < 1/2 seems to be a necessary condition for
a.s. convergence.

Finally, we also observed convergence if the REE possesses roots outside the unit circle. In
that case the condition (3.2) is crucial since A; does not converge to zero but remains positive.
The limit point of A; then depends on the roots of the REE. If this limit point satisfies the
inequality (3.2) the OLS procedure seems to converge a.s. for stable exogenous variables as well
as for variables with a trend.

To conclude this study we want to remark that it is straightforward to generalize the re-
sults to multivariate (simultaneous equations) models. For notational convenience and since this
generalization incorporates no new ideas we decided to omit it.

*The ordinary differential equation (ODE) approach by Liuna (1977) adopted by MARCET/SARGENT
(1989a,b) seems to be widely accepted in economic theory (see, e.g., WOODFORD (1990), MOORE (1993), and
FUHRER/HOOKER (1993)) although it has a few short-comings. The main problem consists in justifying the use
of the so-called ‘projection facility’ on the level of individual agents. Without this facility no global convergence
results can be obtained for autoregressive models.

ZENNER (1994a) provides global convergence results of the OLS procedure in autoregressive models without using
this facility but the underlying analysis is restricted to univariate generalized AR(1) models.
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