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Chapter 1

Introduction

ARCH models have become very popular in the recent theory of financial mar-
kets because they have proven useful in explaining the empirical findings of
volatility clustering and fat tailed distributions.

Since on the other hand financial time series typically consist of a large number
of observations, the employment of nonparametric procedures, or more speci-
fically of kernel estimators in order to identify the underlying data generating
process is a natural approach. Not surprisingly this has been done extensively
in literature. However, to our knowledge, no rigorous investigation of the
asymptotic behaviour of the estimators employed in an ARCH framework is
available. To fill this gap at least partially we here study the consistency of a
modified kernel estimator provided the real data generating process is given by
a solution of a parametric ARCH(q) model as introduced in the econometric
literature by ENGLE(1982). But this can only be seen as a first step, since
we have in mind an extension to nonparametric models in order to exploit
the full flexibility of kernel estimators. Consequently, the main purpose of the
current analysis is to reveal the particular problems of nonparametric ARCH
estimation the narrow but well-known class of parametric ARCH(q) models.

The rest of the paper is organized as follows: In chapter 2 we introduce the
classical ARCH(q) model and discuss some aspects of the corresponding solu-
tion theory. In chapter 3 we describe the prediction and estimation problem
motivating the current analysis and propose a modified kernel estimator. The
consistency of this filter in the ARCH(q) context is studied in chapter 4. The
technique employed to prove the main results goes back to BIERENS(1983)



Chapter 2

The ARCH(q) Model

2.1 Basic assumptions and vector representation

Let ¢ denote a discrete time stochastic process of i. i. d. real-valued random
variables with moments Fey = 0 and Ee} = 1. The ARCH(q) model is then
given by the stochastic difference equation

o = e Vhi, teZ (2.1)

hy = h(77t—17 .- -77t—q)
q
= ag+ ) aini,
=1
where
qg>0

ap>0 a; 20 2=1,...,q.

Instead of following ENGLE (1982) in assuming the conditional distribution
of the n}s to be normal, we admit a more extensive class of distributions, only
restricted by some mild regularity conditions.

The following set of assumptions specifies the class of models 2.1 we deal
with in this paper:

(A.1) ! a;<1.
(A. 2) The distribution of the €,s is absolutely continuous with re-

spect to Lebesgue measure. The corresponding density f.(u)
is continuous and bounded on IR.



(A.3) FEet < +oo.
(A. 4) The density f.(u) is twice continuously differentiable on IR.

2.2 Aspects of solution theory

Following an equivalent approach by BoUGEROL/PicarDp (1992) for more
general GARCH models, we start our solution analysis introducing an inflated
state representation of equation 2.1 squared:

nt = e hy, teZ (2.2)

Without loss of generality we assume that ¢ > 2 (adding some «a; equal to 0 if
needed) and define, allowing for overparametrization in the regression problem
we will deal with later, for some k > ¢, nonnegative (k+2)-dimensional vectors

Zy = (haga i i)

D= (ao,O,...,O)T,

and nonnegative (k +2) X (k + 2) random matrices

04163 Qg a, 0 0
G% 0 0 0 0
0 1

At =
0 0
0 0 1 0

We notice that {n?},cz is a solution of 2.2 if and only if {Z;};c7 is a
solution of

Zt - AtZt—l —|— D, t € Z (23)

The existence of strictly stationary and integrable solutions of system 2.3
obviously depends on the limit behaviour of the product of i. i. d. random
matrices

Mtﬂ— = AtAt—l e At_7—_|_1 (24)

for 7 — c0. BOouGEROL/P1CcARD(1992) demonstrated how convergence results
found by KESTEN/SPITZER(1984) can be exploited to analyze the asymptotics
of My ;. We follow their procedure and present a first auxiliary result we shall
extensively make use of in a later section:



Lemma 1
Suppose that (A.1) holds. Then,for some constants mqy > 0,
mo >0 and Vt € Z

0 WMl = olemT) as,
(it) E{M, .} = o(e7™7)
(1ii) E{[[Mus[l} = o(e7™7)
where || - || denotes the infinity-norm.
Proof:

(i) The spectral radius pg of E{A¢} is less than one under (A.1). Thus we can
apply inequality (1.4) in KESTEN/SPITZER (1984) to obtain Vt € Z

1
lim —log||M: .|| <logpy <0 a.s.
T—00 T

which implies (i) for some m; > 0.

(ii) is obviously valid for my < —In po.
(iii) The matrix M;, is nonnegativel
from (ii).m

. Hence, the result follows immediatly

An immediate consequence of the preceding Lemma is the following result:

Lemma 2

Suppose that (A.1) holds. Then

(i) equation 2.3 has a strictly stationary and integrable solution {Z;}cz,
(ii) equation 2.1 has a strictly stationary, square-integrable solution {n:}icz.

Proof: (see Theorem 1. 3 in BouGgEroL/PicarDp (1992)).
(i) Lemma 1 (i) implies that the series

i M, D
s=1

converges absolutely a. s. for any ¢t € Z. Therefore the sequence

Zy=D+ > M;,D teZ (2.5)

s=1

1. . .
i.e. all entries are nonnegative.



is a well-defined nonnegative solution of 2.3 which can be written as
Zt - F(At7At—17 . )

for some measurable function F' independent of f. Moreover, the process
{A+}sez is strictly stationary. This shows the strict stationarity of the solution
2.5. Its integrability follows from Lemma 1 (ii) and the monotone convergence
theorem.

(ii) Let

m = 1Et20 \V 77152 - 1Et<0 \V 77152 (26)
= 1Et20 V Zt(2) - 1Et<0 V Z15(2)7

where Zt(z) is the second % component of the vector Z; that solves 2.3. Then
{nt}1ez is a strictly stationary and square-integrable solution of 2.1. m

A further aspect of ARCH processes we are interested in is the kind of
distribution of the variables that might serve as regressors in the estimation
problem we shall deal with later: We ask whether the continuity and smooth-
ness properties of the distributions of the innovations ¢; pass over to the col-
umn vector z; := (14—1,...,M—k). The affirmative answer is given in the next
auxiliary result:

Lemma 3

(i) Suppose that {n;}icz is a strictly stationary solution of 2.1 and that (A.2)
holds. Then the distribution of the random vector x; := (—1,...,M—k) is
absolutely continuous with respect to Lebesgue measure with continuous density
flur, .. ug).

(ii) If in addition (A.4) holds , this density is twice continuously differentiable
on any compact subset E C IRF.

Proof:

(i) We start showing the existence of a density: Let & := (1_1,...,7_;) for any
[ > 1. Using algebraic induction and the usual rule for density transformation,
it can be seen that for any B € B}

/Bfgz(ul,...,ul | i1y oy —i—g)duq . . .duy

2We could define ; := em/Zgl) as well. For later purposes, however, representation 2.6

is advantageous.



where fgz : IR' x IR — IR is the nonnegative Baire function given by

_ L _1
fgz(ul, e, U | V_]—15.- .,?J_l_q) = H{h_; X fﬁ(uj‘h_]2 )},

7=1
q
hej= a0+ Y ai{ly_jsiul + Lg_jenv?;_i},
=1

is a version of the conditional probability P{¢! € B | n_j_1,...,m-1—,}. There-
fore, using Fubini’s theorem and the Tonelli-Hobson argument, we can write
for any B € By

P{Ehe BY = E{P{€' € Bln-i1,--sn-1-4}}
= E{/B f;z(ul, coo | oimts e mi—g)duy . dug )
= /B E{fgz(ul, con U | i1y ey mi—g) Fdug . duy

= /B fgl(uh coup)duy .. dug,

say. With [ chosen k this shows the existence of the density . Because the
function fe(-) is continuous and bounded on IR' x IR? ,and [ could be chosen
arbitrarily in the preceding argument, we look at the representation

Jluy, ..o ug) = fee(ug, ... ug)

= /Bq fgz(ul, e W | Ukt e s kg ) fea(Whgts o o Ukgg )dUELT o dUp4g

to obtain the continuity using a well known result from analysis (see e.g.
AposToL (1977),10.38)

(ii) The second part of the Lemma follows similarly (see e.g. AposToL (1977),
10.39). m



Chapter 3

Prediction and estimation in

ARCH models

3.1 Prediction problems

The conditional variance var(n; | Fi—1), where F; := o(ne, -1, . ..), of any
stochastic process {n:}:cz that fulfils 2.1 is well defined and given by

var(ne | Fio1) = E(nf | Feer) = M1, .o, i—g) . 5., (3.1)

since {n;}:ez itself is a sequence of martingale differences.! The random vari-
able 3.1 can be interpreted as best Ly -approximation of n? given its predeces-
sors if it is square-integrable or, to put it another way, if the fourth moment of
n; exists.To ensure the square-integrability of 3.1, however, rather restrictive
additional assumptions which involve jointly the parameters and the distribu-
tion of the innovations are required?. Therefore, one has to be careful speaking
of a "best” (in the mean squared error sense) prediction in connection with
the conditional variance. Yet we shall accept 3.1 as a reasonable prediction,
which is at least unbiased.

Instead of elaborating this point here, we turn to the main question we deal
with in this paper: How can we identify the function h : IR? — IR , which
is typically unknown in an economic framework, in order to be enabled to

In the context of the parametric ARCH model studied here, one could equally well
choose 0(17?,17?_1, ...) as conditioning o-field. However,in more general ARCH models to
be analyzed in future, we possibly would give away information, since 0(17?,17?_1,...) -

o(ne, Me—1,--.). B
“In the ARCH(1) model with normal innovations 3a5 < 1 is required (see ENGLE (1982))



calculate predictions based on observed past values 7 Most of the literature is
devoted to (Pseudo-) Maximum-Likelihood estimators. We propose a modified
kernel estimator, because there is some reason to believe that in this way we
can detach ourselves from the little flexible parametric formulation of ARCH
models.

3.2 A nonparametric filter

Given a data set {y;, ¢ }1=1,.. 1, where y; := 07 and ¢ := (-1, ..., }—k), the
standard kernel estimator of the regression function m(z) := E{y, | ¢ = 2}

can be written as 3
R gr(x)
mr(z) = =5 , (3.2)
fr(z)
1 & T — Xy
. - -
x) = = E K ( ),
gT( ) Tt:l YT Yt o
1 & T — Xy
3 bk [T
x) = = g K ( ),
fr(z) T £ T vr

where the kernel K(u) is a real function on IR* and {y7},py is a (possibly
stochastic,i. e. data driven) decreasing sequence of positive numbers with limit
zero. The class of admissible kernels is restricted by certain conditions which
are listed in the introductory section of the next chapter.

We observe that whenever k& > ¢g,any restriction ¢ |qu{u},u € IRF7 of the
Baire function ¢(2) coincides with a Baire function representing the condi-
tional variance.

When analyzing the asymptotic behaviour of the filter proposed, we are con-
fronted with (at least) two particular problems: Firstly, we have to ensure
that the underlying data generating process has an asymptotically vanishing
memory. This can be achieved assuming the process to fulfil certain mixing
conditions. The verification of mixing conditions is a hard task, however. Thus
we follow an alternative approach introduced by BIERENS(1983), that relies
on the weaker concept of v-stability.

Secondly, in view of the preceding section, we cannot assume, as is standard,
that the dependent variable y; is square integrable,or, to put it another way,

®The inflated representation elucidates that the denominator can be seen as an estimator
for the k-dimensional marginal density of the data generating process. Its consistency is
implicitly contained in the results of chapter 4.



that the data generating process 2.1 possesses fourth moments. Hence we
have to use a truncation procedure. We introduce a truncation function
¢:IRF — IR

R e
AV=\ 5 s > ¢
[l

where (' is a positive constant, and define the modified kernel estimator

mr(z) = gr(@)
(@) fT($)7 (33)

N 1 & _k = Ty
in(e) = 7Y artolenk (=),
=1

T
fr(z) = %vak]( (x — $t) ‘
t=1

yr

We notice that the truncation function together with assumption (A.1) guar-
antees that V¢ € Z

Slad)ye = dlz)e{oo+ Y ami) (3.4)

=1
q
< ef{ao+ Y aiC?}
=1

< €%{Oéo-|—c2}

_ 2
= & Co,

say, and therefore implies E{¢?(x;)y?} < C2 - Ee < +oc under (A.3). An
additional truncation of the regressors z; is not required because this is done
by the kernel. The estimator 3.3 is the usual kernel estimator applied on
the data generating process with the dependent variable transformed by the
truncation function.

For later purposes we notice that the truncation function is bounded by unity,
continuous on IR, twice differentiable with continuous derivatives on {u €
IR* : ||lu|| < C} and fulfils the following easily verified inequality:

k
| o(uyui — p(v)of || uf —vf [+ | uf —of | (3.5)

i=1

fore=1,...,k.

10



Chapter 4

Consistency Results

4.1 Basic assumptions

For clarity, we start by listing all assumptions concerning the filter 3.3 needed
somewhere in the current chapter:

(K. 1) K(u)is a nonnegative, bounded, continuous and symmetric
real-valued function on IR® that integrates to one.

(K. 2) HquIx(u) — 0 for Jul| = +oc.

(K. 3) K(u) has an absolutely integrable characteristic function
B(v) := ka exp(iv'u) K (u)du, for which the additional in-
tegrability condition

[ el 80) v < o
Rk
holds.
(K. 4)

/uu’]((u)du < Fo0.
Rk
(K. 5) Hqu"'zK(u) — 0 for Jul| = +oc.

To connect estimator 3.3 to the model in regard we formulate the

11



Working Hypothesis 1

The data set {(ye, v¢) em1... 7 = {0 Me1y « - s ek t=1,... T Stems from a strictly
stationary solution of 2.1 with ¢ < k under assumptions (A.1) to (A.3).

Observe that in view of Lemma 2 this hypothesis is always meaningful.

4.2 The forgetfulness of ARCH(q) processes

This section has preliminary character. As indicated in section 3.2 we have to
ensure that the data generating process has a vanishing memory in a sense that
has to be made precise. Our definition of stochastic forgetfulness, implicitly
given in the following Lemma, corresponds to the concept of exponential v-
stability in L.

Lemma 4
(i) Let Fi, denote the o-field o( Ay, Ay_q1,..., As_;11). Suppose that (A.1)
holds. Then a constant m > 0 exists such that Vt € 7

V(1) = B\ E{(o(x)ye. x¢) | Frr} — (0(xe)ys, x¢)|| = o(e™™7).

Proof:
Step 1
Define the F; ;-measurable random vector Z; ; := 22;11 M D + D and note
that
Z — Zt,ﬂ' = Mt,TZt—T-

Then we can deduce from Lemma 1 that Vi € Z

ENE{Z: | Fir} = Z4|| (4.1)
< E|Zi— Zi\| + E\|E{Z — Zi - | Fer}l| = o(e™™27).
Step 2

Define ni—;; == E{m—; | Fi-},70 = 1,...,k. It is easy to see that Ve >
OVte Z¥r e IN,i=1,...k,

E| \/77152_2',7 - \/E|
= Bl s se i — )
+ B{ly <o |\ iR, — T )

1 1
EEE | i, - i | +2e2

IN

12



Now let € = €(7) = €™ for some M < my. Then for any
m < %m we obtain from Step 1

El i, =i |=o(e™™7). (4.2)
Step 3

We note that n,_; -,¢ = 1,...,k, and ¢ are F;, measurable and recall the
representation of 7, in the proof of Lemma 2 (ii). Then we can deduce from
step 2 that forall 7 = 1,...,k,

Elmiz=mei| < E|laso(BLmi | Fird = fni) |
+ B | Tacol E{\Pi | Fird = fn2) |
E|E{ 02| Ford =) |
B EQ nt | Fird = Jniis |
+ Bl ni, )|

B E{\/nps = \Jui | P |
B, = i) |

2 | ks, = Jmd) |

o(e™™7).

IN

Step 4
Define ¢, := E{x: | Fir} and yi r := E{n? | Fi,}. With arguments identical
to those in step 3 we can show that ¥Vt € Z

E | E{o(xz)y | For} — @)y |< 28 | o7 )ye,r — &2y | - (4.3)

Finally we can exploit 3.5 and the fact that € is independent of x . as well
as of z; to obtain from step 1

E | ¢($t,7)yt,7 - ¢($t)yt |

q
= I €t2 Zai[¢($t,7)77t?—i,7 - ¢($t)77152—i] |
=1

k
< (q+ D) _El|ni . —ni;
=1
(¢ + VDEE|E{Z: | Fir} — Z4)]

= o(e” 7).

The proof is complete if we choose the constant m as in step 2. m

13



4.3 Uniform consistency

The main result of the present analysis relies on three preparing Lemmata
that describe the limit behaviour of bias and variance of the estimator 3.3.
The underlying decomposition concept goes back to BIERENS(1983).

Lemma 5 (Asymptotic Unbiasedness)

Define M(C,¢€):= {u € IR* : ||u|| < C — ¢} and let denote g(x) := m(z)f(x).
Suppose that Working Hypothesis 1 and assumptions (K.1) and (K.2) hold and
that {VT}TeﬂV s a sequence of positive numbers satisfying

li =0.
Tgnoo T 0

Then we have
(i |
lim  sup | E{grla)} - g(a)|=0. (4.4)
—00 e M(0,0)
(71) If in addition assumptions (A.4),(K.4) and (K.5) hold, we have for any
€€ (0,C)

sup | E{gr(z)} - g(x) |= O(17). (4.5)
zeM(Cle)

Proof:

Although most of the arguments used here are standard, we present the proof
in full length, since there are some small technical difficulties.

For notational convenience, we suppress the time index of the bandwidth and
simply write 7.

(i) Since the data set (y, ¢),t = 1,...,7T stems from a strictly stationary
solution of 2.1 with density f(u), we have for any v > 0, and Yz € IR*

| E{gr(z)} - g(x) |
= [ E{E{Gi(2) [ @)} — g(2) |

= ‘E {7_k¢($1)E{y1 |z} K (x ;xl)} —g(x)

14



The special form of ¢(u) implies

r— 2z

) dz - g(z)

zeM(C,0)

sup | [ ko0
Rk

r— 2z

v

) dz = o)g(a)

zeM(C,0)

= s | [ e
Rk

zeM(C,0)

= sw Lév*mAK(wgz)w—gu>,

where §(u) is the continuous function ¢(u)g(w). We can apply the classical
splitting technique to obtain

sup / ’y_kg(z)l( (u) dz — g(z)
zeM(C,0) Y
Rk

< sup  sup [ g(x4yu)—g(@) |
€M (C,0) [|vul| <8

+ s | [ (a0 = G (u)dal.
zeM(C,0)
llvull28

Since §(z) is continuous on IR*, it is uniformly continuous on compact sub-
sets. Therefore the first expression can be made arbitrarily close to zero for
0 sufficiently small. Having chosen é this way, the remaining integral can be

bounded by

sup / K(u)g(z + yu)du+ sup g(x) / K(u)du.
zeM(C,0) zeM(C,0)
llyull26 llyull26
The second term converges to zero for v | 0, since g(«) attains its maximum on
M(C,0) and the integral can be made arbitrarily small choosing 7 sufficiently
small for é given.
The first integral is bounded by

sup / K(u)g(z + yu)du
zeM(C,0)
llyull>8

15



< s s (WIFKG) [ (e
€M (C,0) [[yul|>6 [lvul|> 6

IN

sup ([l (w) § 675 [ 47g(2)d
llyull26 e

= o()6~"Ey
= ol).
for v | 0 under (K.2).

(ii)Using the same arguments as in the proof of part (i) (with the difference
that € is given here), we obtain

sup  [E{gr(x)} — g(2)]

zeM(Cle)
= swp | [l + yu) - o)) (w)du
zeM(Cle)
< s | [ e+ - )K (ud
zeM(Cle)
lvull<e
+ sup / gz 4+ vyu) K (u)du
zeM(Cle)
llyull2e
+ sup / g(z) K (u)du
zeM(Cle)
llyull2e
= L+ 1+ 1s.

(1) We notice that the vectors z,z + yu are in an open subset of IR* the
function §(z) is partially continuously differentiable on, as long as « € M(C,¢)
and [|yu|] < e. Therefore we can make use of the arguments in Lemma 2 of
BIERENS(1989), together with (K.4) and the symmetry of the kernel, to see
that I = O(v?%).

(2) We have
1
—1
2
< sw ol {* [ g2
Jull>< Y

16



IN

sup € |ul|"? K (w)O(1)
Jul]> <

o(1).

under (K.5).
(3) Similarly we have I3 = O(y?) under (K.5). m

Lemma 6
Suppose that the Working Hypothesis holds and that {7(T)},c pv is a sequence
of natural numbers. Then, for any sequence {VT}TeﬂV of positive numbers,

B s [BGn() | Fuoin) = B :o( %) (16)
re

Proof:

(cf. BIERENS(1983),Lemma 1)

The measurability of the supremum on the left-hand side of 4.6 follows from a
continuity argument (see Lemma 1 of JENNRICH(1969)). The inversion formula

for characteristic functions and Proposition 1 in the Appendix yield that ¥y >
0 we have for the left-hand expression in 4.6

E{%é(b(%)ytlf (x ;xt) | ftJ(T)}
—p {%éqb(wt)ytff (=) H

F sup
xERk

< (%) [ wr@ ool
Rk
1 k
< sup, (v () ]R/k 18(0) do,
where
T
wr(v):=F %Z_: [E {qb(xt)yt exp(iv'z,) | ft,T(T)} — E{¢(z)y exp(iv’xt)}] ‘ )

17



Since for T' and v given the sequences {E [qﬁ(xt)yt sin(v'zy) | ]:t,T(T)] } d

relv
{E [qﬁ(xt)yt cos(v'xy) | ]:t,T(T)] }teﬂV are p-mixing stochastic processes with

it can be shown (BIERENS(1983),Lemma 1) that under (A.1)-(A.3),

sup wr(v) =0 ( #) .

UEBk

Together with the integrability of the characteristic function, the proof is
complete.m

The next result characterizes the rate of convergence of the approximation
error that occurs when the actual random variables are replaced by conditional
expectations.

Lemma 7

Suppose that the Working Hypothesis and assumptions (K.1)and (K.3) hold
and that {7(T)} ¢ py is a sequence of natural numbers. Then, for any sequence
{11} rev v > 0, with limy_ oo y7 = 0 and some constant m > 0,

Esup |E{inr(e) | Forn) = in(@)] = o(em My (H1), (4.7)
cclR

18



Proof:
We can make use of Proposition 1 in the Appendix and the inversion formula
for characteristic functions to obtain

E {(b(xt)ytlf (x ;Txt) | ft,T(T)}
s ()

< () [ o)t an
Rk

E sup ’yfk

xERk

where

dr(v) = E B {8y exp(iv'ar) | Fr oy} — dan)y expliv'ay)|.

We recall the notation and technique used in the proof of Lemma 4 and 3.4.
Moreover we note that | ¢ — 1 |<| u | for all u € IR. We apply Lemma 4 to
obtain

or(v) < 2B|E{o(a1)y1 | Fiqy} exp(iv'ey -z)) — o(w1)yn exp(iva: )|
< 2B |(exp(iv'er ) E{6(1)y1 | Frrny} — olan)n )|
+ 2B |¢(e1)y1(exp(iv'zy 17)) - exp(iv'ar )|
< 2B |E{é(m)mn | Fioir)} - dlo)n|
+ 2CoB |21 -2y — wllo]

= o(e™ (1 + [Jol]).

This implies

[ @) 180r0)]do

= o) ot [ 1) Lo+ 57 [ 11l 50 | do
k k

= 0(€_MT(T)7;(k+1))7

which completes the proof. m
The Lemmata 5,6 and 7 enable us to formulate the following consistency
result for the estimator 3.3:

19



Theorem 1 (Uniform Consistency)
(1) Suppose that the Working Hypothesis and (K.1),(K.2) and (K.3) hold.
Then for any sequence {yr}opy satisfying

1
=T * 0
yr ,ME( 2]6)

{66 (0, sup f(a) ,C>0},
xERk

p lim sup (z)—m(z)|=0. (4.8)
T—00 pe{f(u)>6}NM(C,0)

(ii) Suppose that in addition (A.4}),(K.4) and (K.5) hold. Then,for any triple
{6 € (0, sup f(x)] ,e> 0,0 > 0}
xERk

plim {r sup
ze{f(u)>6}NM(Ce)

and any pair

we have

with C' > € we have

where (7 = o(min(y32, 1)), ér = o(y4VT).

Proof:
(i) The measurability of the supremum in 4.8 follows again from a continuity

argument (Lemma 1 of JENNRICH(1969)). Choosing e. g. (1) = [T%_“k], we
can link Lemmata 6 and 7 to obtain

lim £ sup |gr(z) — E{gr(a)}] = 0.
T—co
xER

Combining this last implication with Lemma 5 yields

lim B sup |gr(e) = g(z)| = 0
T—oo  zeM(C0)

and, since all results remain valid if we replace 3 by 1 Vt € Z,

lim £ sup ‘fT f(w)‘ =0.
T—oo  zeM(C,0)
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Since we can write

A _ L
[ or() = m) |= 7o

b

‘mT(x)(f(x) — fr(@) + fr(@)(gr(z) - g(x))

the result follows.
(ii) follows from similar arguments. m
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Appendix A

Proposition 1 Suppose that x,y are ky, ko-dimensional random vectors on a
probability space (2, A, P) and that f : IR*> x IR* — IR and g : IR — IR are

Baire functions such that

sup | f(y,1) [< g(1), /Bkg(t)dt < +o0.
yelRF2

Then
£ {/ﬂ%k Fly,0)dt | x} - /]Rk E{f(y,1)| 2}dt Fo—a.s.,

where F,, denotes the distribution of x.

Proof:
We observe that both sides of the equation are finite because of the bounded-
ness of f(y,t).Hence, by Fubini’s Theorem VC € o(z),

1] B | ayanar
[l [ ) 2yl
/]Rk [/C F(y, t)dPldt
/O[/ﬂ%k fly, t)dt]dP.

This shows that ka E{f(y,t)| «}dtis a version of the conditional expectation
E{fpi f(y.0)dt | 2} m
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