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Chapter 1

Introduction

In a recent paper (Cron(1995)) we showed the uniform consistency of a modi-
�ed kernel estimator provided the data generating process is given by a strictly
stationary solution of the univariate parametric ARCH(q)-model introduced
in the econometric literature by Engle(1982). There the decisive property
of the underlying data generating process to guarantee the consistency of the
modi�ed kernel estimator was its exponential �-stability in L1. Therefore it is
natural to look for more general processes to ful�l this condition in order to
exploit the full 
exibility of kernel estimators. In this paper a class of mul-
tivariate nonparametric models is studied. Our main attention is directed to
the solution theory of such models.

We consider a system of m di�erence equations

�1(t) = �1(t)h
1

2

1 (�
2
1(t� 1); : : : ; �21(t� q); �22(t� 1); : : : ; �2m(t� q)) (1.1)

...
...

...

�m(t) = �m(t)h
1

2

m(�21(t� 1); : : : ; �21(t� q); �22(t� 1); : : : ; �2m(t� q));

t 2 Z, where f�(t)gt2Z = f�1(t); : : : ; �m(t)gt2Z denotes a sequence of i. i. d.
random vectors with mean zero and �nite variances and hi : IRqm ! IR any
measurable positive function. While the expectation of any vector solving the
nonparametric VARCH(q,m)-model above conditioned on past values of
the solution process is zero, its contemporaneous conditional covariances are
given by

Ef�i(t)�j(t) j �1(t� 1); : : : ; �m(t� q)g
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= Ef�i(t)�j(t)gh
1

2

i (�
2
1(t� 1); : : : ; �2m(t� q))h

1

2

j (�
2
1(t� 1); : : : ; �2m(t� q)) a: s: ;

i; j = 1; : : : ;m, which in the case of i = j can be simpli�ed to

Ef�2i (t) j �1(t� 1); : : : ; �m(t� q)g = hi(�
2
1(t� 1); : : : ; �2m(t� q)) a: s: ;

if we assume the normalization Ef�2i (t)g = 1; i = 1; : : : ;m, as will be done
hereafter.

We can imagine that system 1.1 describes the price changes of m assets. While
these changes are serially uncorrelated both conditional on past values and
unconditional, their conditional variances and mutual conditional covariances
depend on past price changes. Therefore we are interested in identifying the
Baire functions

mi;j(x) = Ef�i(t)�j(t) j �1(t� 1) = x1; : : : ; �m(t� q) = xqmg;
i; j = 1; : : : ;m, which represent these conditional variances and covariances,
e. g. ,in order to evaluate the risk of a portfolio consisting of these m assets
based on observed past price changes of these assets 1. For this purpose we
make use of a modi�ed kernel estimator.

Let yi;j(t) := �i(t)�j(t), x̂(t) := (�21(t� 1); : : : ; �2m(t� q))0, and x(t) :=
(�1(t� 1); : : : ; �m(t� q))0; t = 1; : : : ; T denote the data set and � : IRqm ! IR

the truncation function

�(u) :=

(
1 : kuk � C

C

kuk : kuk > C
(1:2)

where C is a positive constant and k�k denotes the Euclidean norm. We de�ne
the modi�ed kernel estimator by

m̂i;j;T (x) :=
ĝi;j;T (x)

f̂T (x)
; (1.3)

1From a theoretical point of view one could equally well consider the functions
Ef�i(t)�j(t) j �2

1
(t � 1) = x1; : : : ; �

2

m(t � q) = xqmg instead of the symmetric func-
tions mi;j(x), provided the data generating process is indeed given by 1.1. In prac-
tice, however, one would give away information when replacing the conditioning �-�eld
�(f�i(t� k)g

i=1;:::;m;k2IN+
) by its subset �(f�2i (t� k)g

i=1;:::;m;k2IN+
) when the (unknown)

real data generating process is given e. g. by a solution of the asymmetric model we deal
with in chapter 5.
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ĝi;j;T (x) :=
1

T

TX
t=1


�qmT �(x̂(t))yi;j(t)K

 
x� x(t)


T

!
;

f̂T (x) :=
1

T

TX
t=1


�qmT K

 
x� x(t)


T

!
;

with the usual properties of the kernel K(u) and the bandwidth sequence
f
TgT2IN .

In the following chapter we present a solution theory for system 1.1 under
certain conditions on the functions hi. Chapter 3 provides consistency results
for the kernel estimator 1.3. In the �nal chapter we generalize model 1.1 re-
placing the squared lagged values which serve as arguments for the functions
hi by ordinary lagged values allowing in this way for asymmetric behaviour.
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Chapter 2

The nonparametric
VARCH(q,m)-model

2.1 Basic assumptions

The following assumptions specify the class of models 1.1 we deal with in this
paper:

(A. 1) The sequence of random vectors f�1(t); : : : ; �m(t)gt2Z is i. i.

d. with mean zero and variances Ef�2i g = 1 for i = 1; : : : ;m.

Moreover,

Ef�4i g < +1 for i = 1; : : : ;m.

(A. 2) The distribution of �i; i = 1; : : : ;m; is absolutely continuous

with respect to Lebesgue measure. The corresponding density

f�i(u) is twice continuously di�erentiable and bounded on IR.

(A. 3) The nonnegative functions hi : IR
qm
+ ! IR; i = 1; : : : ;m;

have unbounded support and are continuously di�erentiable

on IRqm. The derivatives are bounded, i. e.

sup
u2IRqm

�����@hi(u)@uk

����� =: �(i; k) < +1

for i = 1; : : : ;m and k = 1; : : : ; qm.
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(A. 4) De�ne the q � q-matrix

A(i; j) :=

0
BBB@

�(i; (j � 1)q + 1) : : : : : : �(i; jq)

�ijIq�1 0

1
CCCA

8i; j = 1; : : : ; q and the qm� qm-matrix

A :=

0
BBB@

A(1; 1) A(1; 2) : : : A(1;m)
A(2; 1) : : : : : : : : :

: : : : : : : : : : : :

A(m; 1) : : : : : : A(m;m)

1
CCCA :

The spectral radius � := �(A) is less than unity.

2.2 Solution theory

Under the assumptions made above the following results hold:

Lemma 1
System 1.1 has a strictly stationary, square-integrable solution.

Proof:
De�ne

�i(t) :=

 
�2i (t) 0
0 Iq�1

!
;�(t) :=

0
BBBBBBB@

�1(t) 0 : : :
. . . 0

0 �2(t) 0
. . . : : :

. . . . . . . . . . . . . . .

: : : : : : : : :
. . . �m(t)

1
CCCCCCCA
;

Zi(t) :=

0
BB@

�2i (t)
...
�2i (t� q + 1)

1
CCA ;X(t) :=

0
BB@

Z1(t)
...
Zm(t)

1
CCA

and functions
Hi : IRqm ! IRq;
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Hi(u) =

0
BBBB@

hi(u1; : : : ; uqm)
u(i�1)q+1

...
uiq�1

1
CCCCA

and
H : IRqm ! IRqm;

H(u) =

0
BB@

H1(u)
...
Hm(u)

1
CCA :

Then we obtain an equivalent representation of system 1.1 squared:

X(t) = �(t)H(X(t� 1)); t 2 Z: (2:1)

We solve this system �rst: Let IRqm�qm be the space of qm� qm real-valued
matrices and 
�IR

qm�qm its � -fold product space. We de�ne by recursion for
any � 2 IN+

H(�) : 
�IR
qm�qm � IRqm ! IRqm;

H(1)(P1;X) := H(P1H(X))

H(2)(P1; P2;X) := H(P1H
(1)(P2;X))

...
...

...

H(�)(P1; : : : ; P� ;X) := H(P1H
(��1)(P2; : : : ; P� ;X)):

Note that

X(t) = �(t)H(�)(�(t� 1); : : : ;�(t� � );X(t� � � 1)): (2:2)

For notational convenience we introduce the symbol

j u j:=

0
BB@
j u1 j
...
j un j

1
CCA

for any vector u 2 IRn and state some simple inequalities which hold compo-
nentwise:
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(1) If A is a nonnegative n� n matrix, j Au j� A j u j.
(2) j u� v j�j u� z j + j z � v j.
(3) j u j � j v j�j u� v j.

Assumption (A.3) together with Taylor's formula implies that

j H(u)�H(v) j� A j u� v j; (2:3)

where A is de�ned in (A.4), and since H(0) is nonnegative, we obtain in
particular from (3)

j H(u) j� H(0) +A j u j : (2:4)

Therefore,with

X(�)(t) := �(t)H(�)(�(t� 1); : : : ;�(t� � ); 0);

X(�+n)(t) := �(t)H(�+n)(�(t� 1); : : : ;�(t� (� + n)); 0);

t 2 Z; � 2 IN+ and �(t) := A�(t) we have

���X(�)(t)�X(�+n)(t)
���

� �(t)�(t� 1)
���H(��1)(�(t� 2); : : : ;�(t� � ); 0)

� H(�+n�1)(�(t� 2); : : : ;�(t� (� + n)); 0)
��� ;

since �(t) and �(t� 1) are nonnegative. By recursion, we obtain

���X(�)(t)�X(�+n)(t)
��� � �(t)

�Y
d=1

�(t� d)

�
8<
:

�+nX
s=�+1

�(t� (� + 1)) : : :�(t� s)H(0)

9=
; :

Marko�'s inequality and the mutual independence of the �(t) imply that

P

 
sup
n�1




X(�)(t)�X(�+n)(t)



 > �

!

� P

0
@sup

n�1







�(t)
�Y

d=1

�(t� d)

8<
:

�+nX
s=�+1

�(t� (� + 1)) : : :�(t� s)H(0)

9=
;






 > �

1
A
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� P

0
@sup

n�1






�(t)
�Y

d=1

�(t� d)















�+nX
s=�+1

�(t� (� + 1)) : : :�(t� s)H(0)







 > �

1
A

� 1

�
E

(




�(t)
�Y

d=1

�(t� d)







)
E

8<
:supn�1








�+nX

s=�+1

�(t� (� + 1)) : : :�(t� s)H(0)








9=
; ;

where k � k denotes the in�nity-norm. Moreover, we have

E

(




�(t)
�Y

d=1

�(t� d)







)

� E fk�(t)kgE
(






�Y
d=1

�(t� d)







)

� E

(
1 +

mX
i=1

�2i (t)

)
E

8<
:
X
k;k�

 
�Y

d=1

�(t � d)

!
(k;k�)

9=
;

� (m+ 1)
X
k;k�

(A�)(k;k�)

= O(�� )

and,if � is less than unity,Fatou's lemma together with the strict stationarity
of f�(t)gt2Z yields

E

8<
:supn�1








�+nX

s=�+1

�(t� (� + 1)) : : :�(t� s)H(0)








9=
;

� E

8<
:

1X
s=�+1

k�(t� (� + 1)) : : :�(t� s)H(0)k
9=
;

� kH(0)k
1X

s=�+1

0
@E








sY

d=�+1

�(t� d)








1
A

= kH(0)k
1X
s=1

 
E







sY

d=1

�(t� d)







!

< +1:

We conclude that

lim
�!1P

 
sup
n�1

kX(�)(t)�X(�+n)(t)k > �

!
= 0
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for all � > 0. Therefore X(�)(t) is a Cauchy-sequence a. s.
(cf. Gaenssler/Stute(1977)) and hence

X(t) := lim
�!1X(�)(t) a: s:

= �(t)H(1)(�(t� 1);�(t� 2); : : :)

= F (�(t);�(t� 1); : : :)

exists a. s. . It is a nonnegative solution of 2.1, since

X(�)(t) = �(t)H(X(��1)(t� 1));

whence
lim
�!1X(�)(t) = �(t)H( lim

�!1X(�)(t� 1)):

Since f�(t)gt2Z is a strictly stationary process and F is a measurable and time-
independent function, fX(t)gt2Z is strictly stationary. Moreover, repeated
application of 2.4 yields

X(t) � �(t) lim
�!1

�X
d=1

�(t � 1) : : :�(t� d)H(0) + �(t)H(0) a: s: :

Therefore the integrability of X(t) follows from the monotone convergence
theorem.
Finally, de�ne

1(t) :=

0
BBB@

1�1(t)�0 0 : : : 0
0 1�2(t)�0 : : : : : :

: : : : : : : : : : : :

0 : : : : : : 1�m(t)�0

1
CCCA :

Then,with square roots taken positive,

0
BB@

�1(t)
...
�m(t)

1
CCA := 1(t)

0
BBBBBB@

q
X(1)(t)q
X(q+1)(t)

...q
X(m�1)q+1(t)

1
CCCCCCA
� (I � 1(t))

0
BBBBBB@

q
X(1)(t)q
X(q+1)(t)

...q
X(m�1)q+1(t)

1
CCCCCCA
;

whereX(i)(t) denotes the i-th component ofX(t), is a strictly stationary,square-
integrable solution of 1.1.
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Lemma 2
Let Ft;� denote the �-�eld �(�(t); �(t� 1); : : : ; �(t� � + 1).Then for 0 < � < 1

2

and for all t 2 Z

(i) E jEf�i(t)�j(t) j Ft;�g � �i(t)�j(t)j = o(e��� )
(ii) E jEf�i(t) j Ft;�g � �i(t)j = o(e��� )

8i; j = 1; : : : ;m.

Proof:
We de�ne the Ft;� -measurable random vector

X(t; � ) := �(t)H(��1)(�(t� 1); : : : ;�(t� � + 1);EfX(t� � )g)
and note that

X(t) = �(t)H(��1)(�(t� 1); : : : ;�(t� � + 1);X(t� � )):

From 2.3 we have

jX(t)�X(t; � )j � �(t)
��1Y
d=1

�(t� d)A jX(t� � )� EfX(t� � )gj :

Hence,

E jX(t)�X(t; � )j � A�E jX(t� � )� EfX(t� � )gj
� 2A�EfX(0)g
= O(�� )�:

Denote �2i (t; � ) = Ef�2i j Ft;�g. Then we have for i; j = 1; : : : ;m,

E jEf�i(t)�j(t) j Ft;�g � �i(t)�j(t)j
= E

����(1�i(t)�0 � 1�i(t)<0)(1�j(t)�0 � 1�j(t)<0)
q
�2i (t)

q
�2j (t)

� (1�i(t)�0 � 1�i(t)<0)(1�j(t)�0 � 1�j(t)<0)Ef
q
�2i (t)

q
�2j (t) j Ft;�g

����
� E

����
q
�2i (t)

q
�2j (t)� Ef

q
�2i (t)

q
�2j (t) j Ft;�g

����
� 2E

����
q
�2i (t)

q
�2j (t)�

q
�2i (t; � )

q
�2j (t; � )

���� ;
11



where the last inequality follows from the fact that for any integrable
F -measurable '

E j� � Ef� j Fgj � E j� � 'j+ E j'� Ef� j Fgj
= E j� � 'j+ E jEf'� � j Fgj
� 2E j� � 'j :

Finally, the Cauchy-Schwarz inequality yields

E
���q�2i (t)�2j (t)�q

�2i (t; � )�
2
j (t; � )

���
�

s
E

�q
�2i (t)�

q
�2i (t; � )

�2
E�2j (t) +

r
E
�q

�2j (t)�
q
�2j (t; � )

�2
E�2i (t; � )

= O

0
@max

8<
:
s
E

�q
�2i (t)�

q
�2i (t; � )

�2
;

r
E
�q

�2j (t)�
q
�2j (t; � )

�29=
;
1
A

= O(�
1

2
� );

since

E

�q
�2i (t)�

q
�2i (t; � )

�2
� E

����2i (t)� �2i (t; � )
���

� kE jX(t)�X(t; � )jk
for all i = 1; : : : ;m. We obtain for 0 < � < 1

2

E jEf�i(t)�j(t) j Ft;�g � �i(t)�j(t)j = o(e��� ):

If we replace �j(t) by 1 in the preceding argument, we obtain the second
statement.

Lemma 3
The distribution of (�1(t� 1); : : : ; �m(t� q)) is absolutely continuous w. r. to

Lebesgue measure with twice continuously di�erentiable density f(u1; : : : ; uqm)
on any compact subset E � IRqm.

Proof:
It can be seen by algebraic induction and the rule for density transformation
that for any B 2 B� and i = 1; : : : ;m;Z

B
h
� 1

2

i (�21(t� 1); : : : ; �2m(t� q))f�i(uh
� 1

2

i (�21(t� 1); : : : ; �2m(t� q)))du

12



is a version of the conditional probability Pf�i(t) 2 B j �1(t�1); : : : ; �m(t�q)g.
Therefore we can write

Pf�i(t) 2 Bg
= EfPf�i(t) 2 B j �1(t� 1); : : : ; �m(t� q)gg
= Ef

Z
B
h
� 1

2

i (�21(t� 1); : : : ; �2m(t� q))f�i(uh
� 1

2

i (�21(t� 1); : : : ; �2m(t� q)))dug

=
Z
B
Efh�

1

2

i (�21(t� 1); : : : ; �2m(t� q))f�i(uh
� 1

2

i (�21(t� 1); : : : ; �2m(t� q)))gdu

=
Z
B
f�i(u)du;

say. This shows the existence of a marginal density f�i(u) and implies imme-
diately the existence of a qm-dimensional density f(u1; : : : ; uqm) of the vector
(�1(t�1); : : : ; �m(t�q)). The further properties follow from well-known results
from calculus. (see e. g. Apostol(1977),10.39).

2.3 Examples

The preceding section reveals that assumptions (A.3) and (A.4) are crucial
for the existence of strictly stationary and �-stable solutions of 1.1. These as-
sumptions restrict the e�ect of changes in squared lagged variables to changes
in mean of squared current variables. Therefore a closer look on conditions
that ensure the validity of (A.3) and (A.4) is of some interest. We give some
examples:

Example 1:
The parametric ARCH(q)-model

�(t) = �(t)

(
�0 +

qX
i=1

�i�
2(t� i)

) 1

2

with

�i � 0;
qX

i=1

�i < 1; �0 > 0;

is included.
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Assume that the following examples meet the requirements of (A.3).

Example 2:
There is no interdependence, i. e. A(i; j) = 0 if i 6= j. In this case a su�cient
condition for (A.4) is

iqX
k=(i�1)q+1

�(i; k) < 1

8i = 1; : : : ;m.

Example 3:
The model is free from feedback, i. e. A(i; j) = 0 if i < j. This reduces the
eigenvalues of A to those of A(i; i); i = 1; : : : ;m; and therefore the condition
given above is again su�cient.

Finally, we give a numerical (though insigni�cant in economic theory)
Example 4:

�1(t) = �1(t)
q
1 + 0:4�21(t� 1) + cos(0:5�22(t� 1))

�2(t) = �2(t)
q
1 + 0:5�21(t� 1) + sin(0:4�22(t� 1)):

In this case we have

A =

 
0:4 0:5
0:5 0:4

!
;

and therefore the spectral radius of A is 0:9, as a simple calculation shows.
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Chapter 3

Consistency results

3.1 Assumptions on the kernel

The subsequent results hold under the following assumptions concerning the
�lter 1.3:

(K. 1) K(u) is a nonnegative, bounded, continuous and symmetric

real-valued function on IRqm that integrates to one.

(K. 2) kukqmK(u)! 0 for kuk ! +1:

(K. 3) K(u) has an absolutely integrable characteristic function �(v) :=R
IRqm exp(iv0u)K(u)du, for which the additional integrability

condition Z
IRqm

kvk j �(v) j dv < +1

holds.
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3.2 Uniform Consistency

Lemma 4
De�ne M(C; �) := fu 2 IRqm : kuk � C � �g and gi;j(x) := mi;j(x)f(x).
Suppose that f
TgT2IN is a sequence of positive numbers satisfying

lim
T!1


T = 0:

Then we have for all i; j = 1; : : : ;m;

sup
x2M(

p
C;0)

j Efĝi;j;T (x)g � gi;j(x) j= o(1): (3:1)

Proof:
See Cron(1995),Lemma 5.

Lemma 5
Suppose that f� (T )g

T2IN is any sequence of natural numbers. Then, for any

sequence f
TgT2IN of positive numbers and i; j = 1; : : : ;m,


qmT E sup
x2IRqm

���Efĝi;j;T (x) j Ft;�(T )g � Efĝi;j;T (x)g
��� = O

0
@
s
� (T )

T

1
A : (3:2)

Proof:
In order to be able to apply Bierens(1983), Lemma 1 and Cron(1995),
Lemma 6 1, respectively, only the square-integrability of �(x̂(t)yi;j(t) is left
to be veri�ed. But under (A.3),

j �(x̂(t))yi;j(t) j
� �(x̂(t)) j �i(t)�j(t) j

� fhi(0)hj(0) + hi(0)aj x̂(t) + hj(0)aix̂(t) + (aix̂(t))(ajx̂(t))g
1

2

� C0 j �i(t)�j(t) j;
1Lemmata 6 and 7 of Cron(1995) are notationally incorrect: Replace m(x); m̂T (x) by

g(x) and ĝT (x), respectively.
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say,where ai := (�(i; 1); : : : ; �(i; qm)). Therefore,

Ef�2(x̂(t))y2i;j(t)g � C2
0Ef�2i (t)�2j(t)g � C2

0

q
Ef�4i (t)g

q
Ef�4j (t)g

from the Cauchy-Schwarz inequality.

Lemma 6
Suppose that f� (T )g

T2IN is any sequence of natural numbers. Then, for any

sequence f
TgT2IN with limT!1 
T = 0,i; j = 1; : : : ;m and some constant

� > 0,

E sup
x2IRqm

���Efĝi;j;T (x) j Ft;�(T )g � ĝi;j;T (x)
��� = o(e���(T )
�(qm+1)

T ): (3:3)

Proof:
To obtain a result equivalent to Lemma 7 and its underlying Lemma 4 of

Cron(1995), we start showing the Lipschitz-continuity of �(u)h
1

2

i (u)h
1

2

j (u):
On fkuk � Cg the Lipschitz-continuity with constant L� follows from the

continuous di�erentiability of h
1

2

i (u)h
1

2

j (u). Moreover it is easy to check that
under (A.3) for all i = 1; : : : ;m;

max
kuk�C��










@

�
kuk�1h

1

2

i (u)h
1

2

j (u)
�

@uk









 =: Li;j;k < +1 (3:4)

holds for � small, where k � k denotes the Euclidean norm and uk the k-th

component of u 2 IRqm. Thus �(u)h
1

2

i (u)h
1

2

j (u) is Lipschitz-continuous with
constant L� on fkuk � Cg,too. Finally, if kuk � C; kvk � C, there is a c�

with norm C that lies on the line segment connecting u and v , such that

j �(u)h
1

2

i (u)h
1

2

j (u)� �(v)h
1

2

i (v)h
1

2

j (v) j
� j �(u)h

1

2

i (u)h
1

2

j (u)� �(c�)h
1

2

i (c
�)h

1

2

j (c
�) j

+ j �(c�)h
1

2

i (c
�)h

1

2

j (c
�)� �(v)h

1

2

i (v)h
1

2

j (v) j
� L�ku� c�k+ L�kc� � vk
� maxfL�; L�gku� vk
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holds.
Similar to Lemma 4 ,Step 4, of Cron(1995) we then obtain from Lemma 2

E jEf�(x̂(t))yi;j(t) j Ft;�g � �(x̂(t))yi;j(t)j = o(e��� ):

Lemma 7 of Cron(1995) follows directly.
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Theorem 1 (Uniform Consistency)
For any sequence f
TgT2IN satisfying


T =MT��; � 2
 
0;

1

2qm

!
;M > 0

and any pair 8<
:� 2

0
@0; sup

x2IRqm
f(x)

3
5 ; C > 0

9=
;

we have

p lim sup
x2ff(u)��g\M(

p
C;0)

j m̂i;j;T (x)�mi;j(x) j= 0:

Proof:
As in Cron(1995),Theorem 1, Lemmata 4 to 6 can be combined to prove the
assertion.

3.3 The Rate of Convergence

Under the additional assumptions

(A. 5) The functions hi : IR
qm
+ ! IR; i = 1; : : : ;m, are twice contin-

uously di�erentiable on IRqm.

(K. 4) 







Z

IRqm

uu0K(u)du








 < +1:

(K. 5) kukqm+2K(u)! 0 for kuk ! +1:

we have the following result:

Theorem 2
For any sequence f
TgT2IN satisfying


T =MT��; � 2
 
0;

1

2qm

!
;M > 0
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and any triple 8<
:� 2

0
@0; sup

x2IRqm
f(x)

3
5 ; � > 0; C > 0

9=
;

with
p
C > � we have

p lim �T sup
x2ff(u)��g\M(

p
C;�)

j m̂i;j;T (x)�mi;j(x) j= 0

where �T = o(min(
�2T ; �T )); �T = o(
qmT
p
T ):

Proof:
See Cron(1995),Theorem 1.
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Chapter 4

Asymmetric Models

In this �nal chapter we generalize model 1.1 replacing the squared lagged values
which serve as arguments for the functions hi by ordinary lagged values. In
this way we allow for asymmetric reactions on lagged deviations of di�erent
sign. Equations 1.1 become

�1(t) = �1(t)h
1

2

1 (�1(t� 1); : : : ; �1(t� q); �2(t� 1); : : : ; �m(t� q)) (4.1)
...

...
...

�m(t) = �m(t)h
1

2

m(�1(t� 1); : : : ; �1(t� q); �2(t� 1); : : : ; �m(t� q));

t 2 Z. We replace assumption (A.3) by

(A. 3*) The nonnegative functions hi : IR
qm ! IR; i = 1; : : : ;m;

have unbounded support and are partially di�erentiable with

Lipschitz-continuous derivatives on IRqm. Moreover there

exist nonnegative constants �(i; k); i = 1; : : : ;m; k = 1; : : : ; qm;

such that

jhi(u)� hi(v)j �
qmX
k=1

�(i; k)
���sgn(uk)u2k � sgn(vk)v

2
k

���
8u; v 2 IRqm and i = 1; : : : ;m:

With

Vi(t) := diag (sgn(�i(t)); sgn(�i(t� 1)); : : : ; sgn(�i(t� q + 1))) ;

21



V (t) :=

0
BBBBBBB@

V1(t) 0 : : :
. . . : : :

0 V2(t) 0
. . . : : :

. . . . . . . . . . . . . . .

: : : : : : : : :
. . . Vm(t)

1
CCCCCCCA

and
Hi : IRqm ! IRq;

Hi(u) =

0
BBBBB@

hi(sgn(u1)
q
j u1 j; : : : ; sgn(uqm)

q
j uqm j)

j u(i�1)q+1 j
...

j uiq�1 j

1
CCCCCA

the in
ated state representation of 4.1 squared becomes

X(t) = �(t)H(V (t� 1)X(t � 1)); t 2 Z: (4:2)

With the arguments used to prove Lemma 1 one easily shows that 4.1 has
a strictly stationary, square-integrable solution. Moreover, if we rede�ne for
� � := � � q; � > q the Ft;� -measurable random vector

X(t; � )

:= �(t)H(���1)(V (t� 1)�(t� 1); : : : ; V (t� � � + 1)�(t� � � + 1);EfX(t� � �)g);

Lemma 2 carries over.

With the slightly modi�ed estimator

ĝi;j;T (x) :=
1

T

TX
t=1



�qm
T �(x(t))yi;j(t)K

 
x� x(t)


T

!
;

where

�(u) :=

(
1 : kuk � C

C2

kuk2 : kuk > C

all results of section 3. 2 remain valid.

Finally, we illustrate the model by a simple

22



Example 5:
The asymmetric ARCH(1)-model

�(t) = �(t)
n
�0 + 1�(t�1)�0�1�2(t� 1)

o 1

2

with �0 > 0; 0 � �1 < 1; is included.
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