The Dynamic (In)Stability of Backwards Induction^⁄

R. Cressman^y K.H. Schlag^z

December, 1995 Discussion Paper B-347, University of Bonn

Abstract

The analysis of the replicator dynamic in generic perfect information games yields the following results. In the long run, players play a Nash equilibrium provided that initially all strategies are present. There is at most one \stable" component (formally, an interior asymptotically stable set), play in this component will follow the backwards induction path. Existence of such a component is guaranteed in games with at most three consecutive decision nodes. An example of a \longer" game is provided where some trajectories starting close to the backwards induction component lead away and never come back.

Keywords: perfect information, extensive-form game, Centipede Game, backwards induction, replicator dynamics, interior asymptotic stability.

JEL classiflcation numbers: C72, C79.

⁄We wish to thank Georg Nõldeke, Daniel Probst and Frank Schumacher for helpful comments. Financial support from the Deutsche Forschungsgemeinschaft, Sonderforschungsbereich 303 at the University of Bonn, from the Natural Sciences and Engineering Research Council of Canada and from the Wilfrid Laurier University Senior Research Fellowship is gratefully acknowledged.

yDepartment of Mathematics, Wilfrid Laurier University, Waterloo, Ontario, Canada, N2L 3C5.

zAbt. Wirtschaftstheorie III, Department of Economics, University of Bonn, Adenauerallee 24-26, 53113 Bonn, Germany.

1 Introduction

The backwards induction procedure, whose origin can be traced to Zermelo (1913), is one of the fundamental techniques of game theory. However, its applicability is somewhat controversial, especially for games with many decision nodes but also for more elementary games such as the well-known Chain- Store Game of Selten (1965) that has one decision node for each of the two players. When this game is played once, the Nash equilibrium outcome, G^⁄, induced by the backwards indcution procedure, predicts the competitor enters the market and the monopolist cooperates. The controversy is over why the other Nash equilibrium outcome (i.e. the monopolist threatens to flght and the competitor does not enter the market) is not expected. In fact, G⁄ can be easily justifled either by appealing to traditional arguments based on rationality or on dynamic grounds. We pursue the latter justiflcation in this paper where we refer to this game as the Ultimatum Mini-Game, following the terminology of Gale et al. (1995).

One source of controversy can perhaps be better illustrated by reference to the Centipede Game (Rosenthal, 1981). Here the unique Nash equilibrium outcome specifles player one to move down at the flrst node and so all other decision nodes of the game are ofi the equilibrium path. Backwards induction relies on the assumption that players choose rationally ofi the equilibrium path. In particular, if a player is asked to move at a node that is not on the equilibrium path, rationality is assumed at all decisions following this node even though the only reason such a node is reached at all is because some decision must not have been rational. Reny (1993) formalizes this statement to conclude that, if there is a path with more than one move ofi the equilibrium path, then there is already a contradiction regarding the rationality of the players when rationality of the players is common knowledge. For the Centipede Game, this means there is a controversy unless its length is at most two.

Our paper focuses on whether the applicability of backwards induction to extensive-form two-player games with perfect information relies on the structure of the game (i.e. whether the number of moves ofi the equilibrium path matters) by analyzing dynamic stability properties of G^⁄. However, in contrast to the above literature, we choose to analyze this question using evolutionary arguments. More speciflcally, we analyze the continuous replicator dynamic of Taylor (1979) with respect to the game’s normal from. This paradigm of biological and cultural evolution, derived originally without rationality considerations, has recently been shown to approximate various models of bounded rational learning. These models include many imitation scenarios (Bjõrnerstedt and Weibull, 1993; Cabrales, 1993; Gale et al.,

1995). In fact, under incomplete information, the replicator dynamic is the unique approximation when monotonicity is imposed on the learning process (Bjõrnerstedt and Schlag, 1995). It must be emphasized at this point that learning in these models does not occur through observations but rather through the imitation of strategies. One would expect this strong assumption in the framework of extensive form games to facilitate learning the backwards induction solution (i.e., the subgame perfect equilibrium). However, we will see that, despite this assumption, the subgame perfect equilibrium can be di–cult to learn. In fact, our results applied to the Centipede Game can be interpreted to say that the backwards induction outcome can be justifled if the game has length three but not necessarily in all Centipede Games of greater length.

We now explain our model in more detail. We consider a flnite extensive form game ¡ without chance moves between two players who have complete knowledge of all choices taken on the path leading to their current decision point. That is, ¡ is assumed to have a flnite number of decision points, all of which are singleton information sets for one of the two players. We assume that payofis are generic such that no player is ever indifierent between two actions. In such games we examine the trajectories of the continuous replicator dynamic of evolutionary game theory. The replicator dynamic is deflned through the normal form of ¡. We are particularly interested in trajectories under this dynamic whose initial points have all pure strategies of both players present with positive frequency (i.e., the initial points are in the interior of the strategy simplex ¢m £ ¢n deflned in Section 2 below). Such interior starting points arise when mutations, that are very rare, are diverse in the sense that a positive proportion among the mutants plays each strategy. Long run properties of these trajectories are a major topic of dynamic evolutionary game theory. For instance, examples abound (e.g. Hofbauer and Sigmund, 1988) of general two-person normal form games where these trajectories need not converge. On the other hand, if the trajectory does converge, its limit point is a Nash equilibrium (Samuelson and Zhang, 1992).

Our flrst main result, Theorem 2 of Section 2, proves the convergence of any trajectory in the interior of ¡ (given our genericity assumption). That is, provided that mutations are su–ciently rare and diverse, agents will learn to play a Nash equilibrium. For ¡ with only one Nash equilibrium path, such as the Centipede Game of arbitrary (but flnite) length, Theorem 2 implies every interior trajectory converges to a unique point in the Nash equilibrium component, G⁄, of the normal form of ¡ that contains the unique subgame perfect equilibrium given by backwards induction. In particular, the system evolves to one where the only strategy types remaining are those that follow this unique Nash equilibrium path when played against each other.

In general, ¡ may have several Nash equilibrium paths, each corresponding to a Nash equilibrium component of the normal form. Another major concern of dynamic evolutiuonary game theory is the dynamic stability of these Nash equilibria. In this regard, our main results are that, generically, every pure strategy Nash equilibrium is stable (Theorem 3) and that G^⁄ is the only interior asymptotically stable set if all paths in ¡ have length at most three (Theorem 5). For details of these dynamic stability concepts, see Deflnitions 3 and 4 below.

As for the related literature on adaptive learning models and backwards induction, Nõldeke and Samuelson (1993) have analyzed a stochastic learning process in simple games where each individual moves at most once. They show for perfect information games that the subgame perfect equilibrium outcome corresponds to the unique long run outcome. As such their result coincides with our result on asymptotic stability in games of length 2. However, they do not consider longer games. Nor do Gale et al. (1995), who analyze the in�uences of drift in the Ultimatum Mini-Game. For certain properties of the drift they show that there are asymptotically stable outcomes close to the Nash equilibrium component that does not contain the subgame perfect equilibrium outcome. In a subsequent paper, Binmore and Samuelson (1995) show that this efiect can also appear in the Centipede Game of length 3. Finally, Cressman (1993b) shows that all interior trajectories of the continuous replicator dynamic for symmetric games converge to the play of defect in a flnitely repeated Prisoners’ Dilemma played by symmetric players.

The paper is organized as follows. In Section 2 the limit outcomes of interior trajectories are analyzed. Section 3 concerns the stability of pure strategy Nash equilibria. In Section 4 we analyze interior attracting sets. Section 5 concerns interior asymptotic stability of the Nash equilibrium component in short games. In Section 6 we provide counterexamples and, flnally, Section 7 provides a brief summary. Appendix A contains some of the more tedious proofs and Appendix B the relevant theory of centre manifolds for the linearization of the replicator dynamic.

2 Convergence to Nash Equilibrium

The replicator dynamic for a two-person extensive-form game, ¡, is based on the bimatrix payofi matrix of the game’s normal form. Let e_1;e_2 :::;e_m list the pure behavior strategies of player one (i.e. e_1 specifles a choice at each decision point of player one) and f_i;:::;f_n list those of player two. Then (A;B) is the bimatrix normal form of ¡ where A and B are m£n and n£m matrices respectively with entries A_{ij} and B_{ji} giving the payofi to player one and to player two respectively for the path of ¡ that is followed when e_i plays f_j.

The (continuous) replicator dynamic, introduced by Taylor (1979),

:p_i= p_i(e_i ¡ p) ¢ Aq for 1 • i • m; :q_j= q_j(f_j ¡ q) ¢ Bp for 1 • j • n; (1) is a monotone selection dynamic (Samuelson and Zhang, 1992) on the strategy frequency vectors p 2 ¢m = f(p_1;:::;p_m) j Pp_i = 1;p_i ‚ 0g and q 2 ¢n. Here the derivatives on the left-hand side are with respect to time; e_i is represented by the ith unit coordinate vector (0;:::;0;1;0;:::;0) in ¢m whose only nonzero entry is in the ith component; f_j the corresponding unit vector in ¢n; and the dot product on the right-hand side is the standard inner

product in Rk given by y ¢ z =^kP_{i=1} y_iz_i (hence p ¢ Aq =P_i P_j p_iA_{ij}q_j and

q ¢ Bp =P_i P_j q_jB_{ji}p_i):

The dynamic (1) describes an evolution on ¢m £ ¢n that models two large, efiectively inflnite, populations whose individuals use pure strategies and compete in random pairwise interspeciflc contests with expected payofis given by the entries of A and B. Then p_i(t) is the frequency of individuals in population one who use pure strategy e_i at time t. The replicator dynamic re�ects the intuitive property that the relative frequency of strategy types in population one (e.g. p_i relative to p_j) increases if and only if e_i has a higher expected fltness than e_j (i.e. e_i ¢ Aq > e_j ¢ Aq): Various models of individual learning have been found where the population change is approximated by the replicator dynamic (Bjõrnerstedt and Weibull, 1993; Cabrales, 1993; Gale et al., 1995; Schlag, 1994). Evolutionary game theory is used to select a solution to the game by considering the long-run evolution of (1). This is illustrated by the following two examples based on the simplest non-trivial two-person extensive-form game with perfect information; namely, the game in Figure 1 where each player has one decision point together with two possible choices there.

We will consider the case where (T;L) is a Nash equilibrium strategy pair in the game in Figure 1 and assume that none of the payofis to player one are equal (a generic assumption as discussed below). Thus fi > �. Since a constant can be added to the payofis of player one when playing one of the pure strategies of player two (or to the payofis of player two) without afiecting the dynamic (1) and the payofis of both players can be multiplied (i.e., scaled) by the same positive constant without afiecting the trajectories, for the long-run evolution we may assume fi = fl = 1 and � = 0 without

I

B T

a

c ( b

" $_R L

II

Figure 1: A simple extensive-form game.

loss of generality. If a < 1, then (T;q) is a Nash equilibrium for all q 2 ¢2; the frequency of T is always increasing; and the frequency of L (respectively, R) is always increasing if and only if b > c (respectively b < c). These monotonic �ows are rather uninteresting from a dynamic perspective and so we will assume a > 1 from now on.

Example 1 The Centipede Game of Length 2:

Take fi = fl = 1, � = 0, a > 1 and b > c in Figure 1. The unique subgame perfect Nash equilibrium is (T;L) and it is contained in the unique Nash equilibrium component G^⁄ = n (T;(1 ¡ ‚)L + ‚R j 0 • ‚ •^1_a o of the game’s normal form L R T 1;1 1;1 B 0;b a;c

. (2)

These static results are consistent with the dynamic �ow of (1) for this example given in Figure 2. Notice that the evolution of the frequency of T is not monotonic. Nevertheless all interior trajectories converge to a unique point of G^⁄. Notice also that there is no interior trajectory that converges to ‡ T;^{a¡1}_a L +^1_aR · or to (T;L).

T

B

G*

R

L

Figure 2: Trajectories for the Centipede Game of length 2.

Example 2 The Chain-Store Game or Ultimatum Mini-Game Take fi = fl = 1, � = 0, a > 1 and b < c in the game in Figure 1.

There are now two pure strategy Nash equilibria; namely, the unique subgame perfect Nash equilibrium, (B;R); as well as (T;L). (B;R) is a strict Nash equilibrium and so its Nash equilibrium component from (2) is a singleton set (i.e., G⁄ = (B;R)). The Nash equilibrium component of (T;L) remains the set, now labelled G, given in Example 1. Again these results are re�ected in the �ow diagram of Figure 3. Every interior trajectory converges either to G⁄ or to a unique point in G.

In this section, we examine the convergence of trajectories of (1) that start in the interior of ¢m £¢n. We are able to show (Theorem 2 below) that any such trajectory converges to a Nash equilibrium (p⁄;q⁄) of the normal form of any generic two-person extensive-form game with perfect information, ¡. The generic assumption is that no two paths of ¡ have the same payofi for player one (or for player two). That is, there are no ties between difierent paths for either player. These ¡ form an open dense set under any reasonable topology based on payofi entries.

The proof of Theorem 2 for Examples 1 and 2 is straightforward. In Example 2, R weakly dominates L for player two. A result of Akin (1980) (see Weibull (1995) for the bimatrix version) shows that either the frequency of strategy L vanishes in the limit or the frequencies of those pure strategies of players one that have higher payofi against R than against L vanish.

T

B

G

R

L

G*

Figure 3: Trajectories for the Ultimatum Mini-Game.

Here, either q_1 ! 0 or p_2 ! 0 as t ! 1. Since q_2 is always increasing for any interior trajectory, it is clear that \nothing wild can happen" and that each such trajectory either converges to (B;R) when q_1 ! 0 or to a point in f(p;q)jp_2 = 0g. In Example 1, the weak domination of R by L implies q_2 ! 0 or p_2 ! 0. In either case, the trajectory converges to a point where p_2 = 0. One might like to apply such elimination arguments repeatedly in a game with more decision points. However, a possible complication to the backwards induction approach cannot be ruled out a priori; namely, the set of ! limits (i.e., the limit points) of a trajectory may be larger than the set of ! limits for those trajectories that start at an ! limit of the trajectory. A typical example of such a possibility is illustrated by Weibull (Figure 5.5, 1995) on the boundary of the strategy space.

The method of proof of Theorem 2 for generic ¡ is similar to that used by Cressman (1993b) for the symmetric flnitely-repeated Prisoners’ Dilemma Game where the analogue of the sets deflned in Deflnition 1 were introduced. Note that it is su–cient to show that any (p(0);q(0)) in the interior of ¢m £¢n converges to a single point (p^⁄;q^⁄) since such a point is automatically a Nash equilibrium under any monotone selection dynamic (Samuelson and Zhang, 1992). For the remainder of this section, flx an initial point (p(0);q(0)) in the interior of ¢m £ ¢n.

Deflnition 1 Let E_1 and E_2 be the subsets of fe_1;e_2;:::;e_mg given by E_1 = ‰ e_i jlimsup t!1 p_i(t) > 0 � and E_2 = fe_i j R^1_0 p_i(t) = 1g. Similarly F_1 and F_2 are subsets of ff_1;f_2;:::;f_ng with F_1 = ‰ f_j jlimsup t!1 q_j(t) > 0 � and F_2 = ff_j j R^1_0 q_j(t)dt = 1g. Let ¡^0 be the extensive form game generated by E_2 and F_2: That is, the graph of ¡0 is the subgaph of ¡ whose paths are precisely those followed by some e_i playing against f_j where e_i 2 E_2 and f_j 2 F_2: The pure strategies of ¡^0 include all e_i and f_j with e_i 2 E_2 and f_j 2 F_2 when these strategies are restricted to the decision points of ¡^0:

Since we want to show that lim_{t!1} p_i(t) and lim_{t!1} q_j(t) exist for all i and j, it is somewhat surprising that we consider the sets E_2 and F_2: The compactness of ¢m £ ¢n combined with the smoothness of the vector fleld for (1) imply E_1 ‰ E_2 and F_1 ‰ F_2. E_1 may not equal E_2 since it is possible p_i(t) may converge to zero without the improper integral in E_2 being flnite. Notice that the improper integrals in E_2 and F_2 are well-deflned as an extended positive real number (i.e. either 1 or a positive real number) since p_i(t) is a continuous positive function for t ‚ 0:

By our generic assumption, ¡0 is a two-person extensive-form game with perfect information that has a unique backwards induction equilibrium outcome. We will see that e_i played against f_j follows this equilibrium path for all e_i 2 E_1 and f_j 2 F_1. Theorem 2 follows from this but flrst we need the following concept.

Deflnition 2 Order the N decision points of ¡0 as u_1;:::;u_N where k < l implies u_l does not follow u_k along a path in ¡0: In particular, u_1 is a flnal decision point of ¡0. For any pure strategy e_i of ¡ and any 1 • k • N; let ek_i be the same strategy as e_i except that ek_i chooses the dominant local strategy with respect to the backwards induction procedure applied to ¡0 at any decision points of player one among u_1;:::;u_k. Similarly, fk_j chooses the dominant strategy of ¡^0 at any player two decision points among u_1;:::;u_k.

Theorem 1 Suppose e_i 2 E_2 and f_j 2 F_2. Then, for any 1 • k • N, the following are true:

(i) lim_{t!1} pk_i (t)=p_i(t) = Lk exists as a positive extended real number. (ii) lim_{t!1} qk_j (t)=q_j(t) = Mk exists as a positive extended real number. (iii) If Lk is flnite, then e_i ¢ Af_j = ek_i ¢Af_j for all f_j 2 F_2. (iv) If Mk is flnite, then f_j ¢Be_i = fk_j ¢ Be_i for all e_i 2 E_2. (v) ek_i 2 E_2. (vi) fk_j 2 F_2.

The proof of Theorem 1 is similar to that used in Cressman (1993b) for Prisoners’ Dilemma Games and is given in Appendix A. To illustrate

Deflnition 2 and Theorem 1, consider the extreme case where all decision points of ¡^0 consist of single choices. In other words, ¡^0 has a single path. For this case ek_i = e_i and fk_j = f_j for all 1 • k • N. Thus, Theorem 1 is obvious. Here it is also true that E_1 = E_2 and F_1 = F_2 since, assuming e_1 2 E_1 and e_i 2 E_2,

ln p_i(z) p_1(z)

¡ ln p_i(0) p_1(0) = Z_z 0 d dt (ln p_i(t)=p_1(t))dt = Z_z 0 [(e_i ¢ Aq ¡ p ¢ Aq) ¡ (e_1 ¢ Aq ¡ p¢ Aq)]dt = Z_z 0 (e_i ¡ e_1) ¢ A^n X j=1 q_j(t)f_jdt = Z_z 0 X f_j2F_2

q_j(t)(e_i ¢Af_j ¡ e_1 ¢ Af_j)dt +

Z_z 0 X f_j =2F_2

q_j(t)(e_i ¢Af_j ¡ e_1 ¢ Af_j)dt:

Since e_i ¢ Af_j = e_1 ¢ Af_j for all f_j 2 F_2 and R^1_0 q_j(t)dt < 1 for f_j =2 F_2; lim_{z!1} ln p_i(z)=p_1(z) exists and hence lim_{t!1} p_i(t)=p_1(t) exists as a positive real

number, say L_i. Thus i 2 E_1. Furthermore, lim_{t!1} ^ P e_i2E_1

p_i(t) ! = 1 and so

lim_{t!1} p_1(t) = 1= P_e

i2E_1

L_i. That is, p_1(t) converges as does p_i(t) (to L_i= P_e

i2E_1

L_i

for e_i 2 E_1 and, by deflnition, to 0 for e_i =2 E_1). Thus, in this extreme case, we have convergence of the trajectory to a Nash Equilibrium. Appendix A generalizes this method to ¡^0 that have some decision points with several choices.

Theorem 2 Generically, every interior trajectory converges to a Nash equilibrium.

Proof. (in Appendix A)

3 Stability

Now that we know each interior trajectory converges to a Nash equilibrium, this section and the following two examine which Nash equilibrium path is expected in the limit and, in particular, if trajectories that start near a Nash equilibrium path will stay near this path or at least converge to it. The set G⁄ in Example 1 and in Example 2 exhibit such stability properties as suggested in Figures 2 and 3; whereas G in Example 2 does not.

Deflnition 3 Let G be a closed set of rest points for (1). G is called (interior) stable if, for every neighborhood O of G, there is another neighborhood U of G with U ‰ O and the trajectory of any initial point in U intersected with (the interior of) ¢m £ ¢n remains inside O.

In the context of continuous selection dynamics (e.g., the replicator dynamic), the notion of interior stability is equivalent to the concept of stability. This is due to the continuity of trajectories with respect to initial states. Interior stability was introduced in order to be consistent with Deflnition 4 below but will be dropped for the remainder of the paper.

Deflnition 3 can also be applied to single points or proflles (i.e., take G to be a singleton set). In the dynamical systems literature, a stable point is also called Lyapunov stable. For any monotone selection dynamic, if G = f(p⁄;q⁄)g, then the concept of stability is a reflnement of the Nash equilibrium (Samuelson and Zhang (1992)). That is, (p⁄;q⁄) is a Nash equilibrium if it is stable.

The following theorem shows the connection between Nash equilibria and stable outcomes.

Theorem 3 Generically, a pure strategy proflle is a Nash equilibrium if and only if it is stable.

Proof. The \if " statement is due to Samuelson and Zhang (1992). For the other implication, let (e_1;f_1) be a pure strategy Nash equilibrium and let e_2 (f_2) be a pure best response for player one (two). By our generic assumption, e_2 can only difier from e_1 and f_2 from f_1 at nodes of ¡ that are not reached on the equilibrium path. Hence E_k (e_1;f_1) = E_k (e_2;f_1) = E_k (e_1;f_2) = E_k (e_2;f_2) for k = 1;2 where E_k(e_i;f_j) is the payofi to player k when e_i plays against f_j. Let E be the set of all points (p;q) 2 ¢n £¢m such that the support of p is contained in the best replies to f_1 and similarly for q (i.e., supp(p) = fijp_i 6= 0g � fije_i is a best reply tof_1g). Then E is a set of rest points for (1) by the above payofi equalities. In fact, E is the centre manifold for the dynamic at (e_1;f_1). By Appendix B, (e_1;f_1) is stable.

Example 3 Take fi = fl = � = b = 1 and a = c = 2 in Figure 1. These parameter values do not satisfy our generic assumption. The subgame perfect equilibrium (B;R) is stable whereas the other Nash equilibrium (T;L) is not. This example shows that Theorem 3 is not true for all ¡.

4 Interior Attracting Sets

Example 1 is a simple example of a game with a unique Nash equilibrium path. The only equilibrium outcome has player one choosing T (see Figure 2) . By Theorem 2, for a generic set of such ¡ with a unique NE path, every initial point in the interior of ¢^m £ ¢^n converges to a Nash equilibrium (p^⁄;q^⁄) of the game’s normal form that follows this equilibrium path. That is, the set of Nash equilibria (i.e. the unique Nash equilibrium component) is globally interior attracting according to the following deflnition. [Deflnitions 3 and 4 follow Bhatia and Szegõ (1970), applications can be found in Schlag (1993) and Binmore and Samuelson (1995).]

Deflnition 4 Let G be a closed set of rest points in ¢m £ ¢n. Then (i) G is called (interior) attracting if G is contained in an open set O such that every initial point in O and also in (the interior of) ¢m £ ¢n evolves under (1) to G (i.e. all ! limits are in G). G is globally (interior) attracting if all ! limits of trajectories starting in (the interior of) ¢m £¢n are in G.

(ii) G is called (interior) asymptotically stable if it is (interior) attracting and stable. It is globally (interior) asymptotically stable if it is globally (interior) attracting and stable.

Similar to the discussion following Deflnition 3, Deflnition 4 can also be applied to single points or proflles (i.e., take G to be a singleton set). Following Samuelson and Zhang (1992), the concept of interior attracting is a reflnement of the Nash equilibrium. That is, if (p⁄;q⁄) is interior attracting then it must be a Nash equilibrium.

Asymptotic stability is the strongest of the dynamic stability concepts introduced and exhibits a robustness that the others do not. For instance, if G is interior asymptotically stable, then any trajectory that starts near G will stay near and eventually converge to G. For this reason asymptotic stability is often used as an equilibrium selection technique to eliminate Nash equilibria in normal form games.

Notice that it is true in general that the entire space ¢m £¢n is (interior) attracting if it were not for our requirement that G consist entirely of rest points. In our case, due to Theorem 2, we obtain the following corollary.

Corollary 1 Generically, the set of all Nash equilibria is globally interior attracting.

In the following, we will be interested in reflnements of the concept of interior attracting. From Corollary 1, a Nash equilibrium component G will be interior asymptotically stable if each point in G is stable. This observation will be exploited repeatedly below to select Nash equilibria on dynamic grounds. First, we summarize attracting sets in Examples 1 and 2.

Although G⁄ = n (T;(1 ¡ ‚)L + ‚R) j 0 • ‚ •^1_a o is not attracting, it is globally interior attracting in Example 1. In Example 2, G is not interior attracting since there are initialpoints arbitrarilyclose to ‡ T;(1 ¡^1_a)L +^1_aR · that evolve to (B;R). Figure 3 shows f(B;R)g is interior attracting in this case and is the only connected interior attracting set. In this example we see a close connection between interior attracting sets and the subgame perfect equilibrium. In the next theorem part of this relationship is revealed.

Theorem 4 Generically, any interior attracting set contains the Nash equilibrium (e_B;f_B) that results from the backwards induction procedure. Moreover, any interior attracting set G that is connected must contain the Nash equilibrium component, G⁄, of (e_B;f_B) and, if G is (interior) asymptotically stable, then G = G⁄.

Example 1 has many connected interior attracting sets (e.g., f(T;(1 ¡ ‚)L + ‚R) j 0 • ‚ • 1g), all containing G⁄, the Nash equilibrium component containing the subgame perfect equilibrium. However, G⁄ is the only interior asymptotically stable set.

In order to prove the above theorem we will need the following lemma.

Lemma 1 Let G be a Nash equilibrium component of ¡ and let E be a connected set of rest points that contains G. Then, generically, all strategies in E induce the same outcome path.

Proof. (in Appendix A)

We know come to the proof of Theorem 4. Proof. Let G be an interior attracting set that does not contain the subgame perfect equilibrium (e_B;f_B). Following Theorem 2, G contains a Nash equilibrium, say (p;q). We will flrst show that the Nash equilibrium component G0 containing (p;q) is contained in G: Since all interior Nash equilibria (which are rest points) close to G must be in G by the assumption of interior attraction, G contains the relative interior of G^0. Moreover, the fact that G is closed implies that G^0 � G.

Following Lemma 1, each element of G0 must generate the same equilibrium path. W.l.o.g. assume that (e_1;f_1) is the pure strategy proflle generating this path. It follows that (e_1;f_1) is a Nash equilibrium and that (e_1;f_1) 6= (e_B;f_B).

Let fi be the last decision node on the path generated by (e_1;f_1) at which the player making his decision does not follow the subgame perfect equilibrium path. Assume that this player is player one, that the decision made at fi is L, and that the action taken by the subgame perfect equilibrium at fi is R. Let ¡0 denote the subgame that is played after node fi is reached and player one plays R. Let e_2 be the strategy of player one that is identical to e_1 except that at fi he plays R and on any path in ¡^0 he follows e_B. Let f_2 be the strategy of player two except that f_2 follows f_B on any path in ¡^0. Since (e_1;f_1) is a Nash equilibrium and the payofis are not degenerate, E_1 (e_1;f_1) > E_1 (e_2;f_1). By the construction of fi, R; e_2 and f_2; E_1 (e_1;f_2) < E_1 (e_2;f_2). Since nodes in ¡0 are not reached when player one plays L at fi, E_k (e_1;f_1) = E_k (e_1;f_2), k = 1;2. Finally, since both players play a Nash equilibrium given they enter G, we obtain that (e_2;f_2) is a Nash equilibrium of the entire game. In particular, from genericity, it follows that E_2 (e_2;f_1) < E_2 (e_2;f_2).

Let ‚_0 =^E1^{(e}2^{;f}2^{)¡E}1^{(e}1^{;f}1^)

E_1(e_2;f_2)¡E_1(e_2;f_1)

and BR_1(q) be the best responses of player one to q. Then BR_1 (f_1) � BR_1 ((1 ¡ ‚)f_1 + ‚f_2) if ‚ • ‚_0 and hence f(e_1;(1 ¡ ‚)f_1 + ‚f_2);0 • ‚ • ‚_0g is a set of Nash equilibria. Moreover, e_2 2 BR_1 ((1 ¡ ‚_0)f_1 + ‚_0f_2). Consider trajectories on the face fe_1;e_2g £ ff_1;f_2g. The structure of the game on this face is that of the Ultimatum Mini Game (see Example 2). In particular, there are trajectories starting close to (e_1;(1 ¡ ‚_0)f_1 + ‚_0f_2) that converge to (e_2;f_2). Hence there are interior trajectories starting close to (e_1;(1 ¡ ‚_0)f_1 + ‚_0f_2) that come arbitrarily close to (e_2;f_2). Since (e_2;f_2) is a pure-strategy Nash equilibrium and hence stable by Theorem 3, these trajectories converge to a point (p;q) near (e_2;f_2). Since (e_2;f_2) is a limit point of these (p;q) and since G is closed and limit attracting, (e_2;f_2) 2 G. Repeat this backwards induction argument for (e_2;f_2) in place of (e_1;f_1) and we eventually obtain the result (e_B;f_B) 2 G.

We willnow show that the Nash equilibrium component containing (e_B;f_B), G^⁄, is the only possible interior asymptotically stable set. Let G be an interior asymptotically stable set. From the proof so far, (e_B;f_B) 2 G. It follows from the arguments made at the beginning of this proof that G⁄ � G. We will now show that G = G^⁄. By deflnition of G^⁄ there exists an open neighborhood U of G⁄ such that the only Nash equilibria contained in U are in G^⁄. Assume that (p;q) 2 (U \ G)nG^⁄. Since (p;q) is not a Nash equilibrium, w.l.o.g. let e_i 2 ¢m such that e_i ¢ Aq > p ¢ Aq. Since (p;q) 2 G and is hence a rest point, it follows that p_i = 0. So there exists an open neighborhood V of (p;q) such that V \ G � fp_i = 0g. However, the fact that trajectories starting close to (p;q) must stay close to V \ G contradicts the fact that e_i ¢ Aq > p ¢ Aq and hence (U \ G)nG⁄ = ;:

Given the result of Theorem 4, it may be conjectured that every subgame perfect equilibrium is contained in a connected interior attracting set. The following sections derive conditions on the game for this to be true. It should be noted at this point that the conjecture is not true in general (see Example 5). 5 Dynamic Stability in Simple Games

Remark 1 summarizes the dynamic stability properties of the Nash equilibrium sets for Examples 1 and 2.

Remark 1 (i) For Example 1 (i.e. with b > c), the set G⁄ containing the subgame perfect equilibrium (T;L) is globally interior asymptotically stable. Each point of G⁄ is stable and these are the only stable points.

(ii) For Example 2 (i.e. with b < c) , the subgame perfect equilibrium (B;R) is asymptotically stable. f(B;R)g is the unique connected interior attracting set. Each Nash equilibrium point other than ‡ T;(1 ¡ 1_a)L + 1_aR · is stable.

Proof. The only aspect of Remark 1 that is more than a straightforward calculation is to show the stability of ‡ T;(1 ¡^1_a)L +^1_aR · when b > c. Using the fact that all trajectories converge to G, it is enough to show that the frequency of B can not grow substantially relative to the rate at which L grows when starting su–ciently close to ‡ T;(1 ¡ 1_a)L + 1_aR · . From equation (1), _p_B _q_L = ap_T ‡ q_R ¡ 1_a · q_Lq_R (b ¡ c) . That is,^{_p}B_{_qL} is small when p_B is small and q_R …^1_a.

We now consider extensive form games in which at most three consecutive decisions are made, referred to as games of length • 3.

The generic example in which each path has exactly length 3 and players move alternately (see also Remark 2 below) is the game in Figure 4 where the dashed lines indicate the subgame perfect choice at each decision point. Let [c_1;c_2;c_3;c_4;c_5], where c_i is either l or r; denote the pure strategy of player one that chooses c_1 at the flrst decision point (stage one) and c_2;c_3;c_4;c_5 at the four decision points of the third stage ordered from left to right. Similarly [C_1;C_2], where C_i is L or R, gives the strategy of player two at the two decision points for the second stage. Some payofis have been normalized (as was done in Examples 1 and 2) so that the unique subgame perfect equilibrium is ([l;l;l;l;l];[L;L]): That is, we assume a < 1, z < x, c < 0, e < v, y < 1, w < u.

II

L R

I

0

u c

d v

w e

f l r l r

I l

r

I

II

L R

I

1

1 a

b x

y z

s l r l r

I

Figure 4: An extensive-form game of length 3.

The normal form of the game (actually its semi-reduced normal form (van Damme, 1991) that equates, for example, all duplicate strategies of the form [l;l;l;c_4;c_5] and denotes them by [l;l;l;⁄;⁄]) is

[L;L] [L;R] [R;L] [R;R] [l;l;l;⁄;⁄] 1;1 1;1 x;y x;y [l;l;r;⁄;⁄] 1;1 1;1 z;s z;s [l;r;l;⁄;⁄] a;b a;b x;y x;y [l;r;r;⁄;⁄] a;b a;b z;s z;s [r;⁄;⁄;l;l] 0;u v;w 0;u v;w [r;⁄;⁄;l;r] 0;u e;f 0;u e;f [r;⁄;⁄;r;l] c;d v;w c;d v;w [r;⁄;⁄;r;r] c;d e;f c;d e;f

. (3)

This reduction does not change the dynamic stability analysis of the game (Cressman, 1993a). Speciflcally, if G^⁄ is the Nash equilibrium component containing [l;l;l;⁄;⁄]; then G^⁄ is interior asymptotically stable if and only if the Nash equilibrium component containing [l;l;l;l;l] is interior asymptotically stable in the non-reduced normal form of Figure 4. It is straightforward to show

G^⁄ = ( (p;q) 2 ¢^8 £ ¢^4jp_2 •

1 ¡ y s ¡ y

;q_2 • 1 v ;p_1 + p_2 = q_1 + q_2 = 1 ) : Theorem 5 For generic games in Figure 4, G^⁄ is the unique interior asymptotically stable set.

Proof. Uniqueness follows from Theorem 4. The proof is complete if we show each point in G⁄ is stable. For this, we can eliminate all strategies that are not a best response for one of the players at some point in G^⁄: That is, the centre manifold at each point in G⁄ is contained in f(p;q) 2 ¢8 £ ¢4jp_1 + p_2 + p_5 = 1g: From (3), the corresponding normal form is

f_1 f_2 f_3 f_4 e_1 1;1 1;1 x;y x;y e_2 1;1 1;1 z;s z;s e_3 0;u v;w 0;u v;w (4)

where z < x; y < 1; w < u and, generically, the sets f0;1;x;z;vg and f1;y;s;u;wg both contain flve distinct payofis. The proof that each point of G⁄ is stable in ¢3 £ ¢4 for the normal form game of Figure 4 is quite technical and given in Appendix A.

Notice that the proof Theorem 5 shows that any element of G⁄ is stable, not only the entire set as required by Deflnition 3.

Remark 2 Of course the extensive form game in Figure 4 is not the only one of length 3. However, it is easy to show that the general proof of Theorem 5 for any extensive form game of length at most three can be reduced to the above statement. Multiple decisions reduce to at most two decisions using center manifold theory. Similarly, one player moving twice in a row is equivalent to making one decision node where the player has multiple decisions. In this respect, it does not seem that the statement of Theorem 5 relies on the total length of the tree but on the number of decisions. This remark points to the fact that some slightly more general statement should hold. We conjecture that the interior asymptotic stability still holds as long as no player moves twice ofi the backwards induction equilibrium path. This will be a topic of future research.

6 Counterexamples

Examples 4 and 5 in this section are both based on Centipede Games, the latter in combination with an Ultimatum Mini-Game. The Centipede Game

I II

D

A I

D

A

D

A A I/II

D

A A

D

a

b

2

2

I I

a

b

3

3 a

b

N

N a

b

N+1

N+1

a

b

1

1

Figure 5: The Centipede Game of length N.

of length N is a game with N decision points that alternate between the two players and each player has two choices at their decision points as in Figure 5. Example 1 is the case N = 2: The payofis of player one satisfy a_{2i¡1} > a_{2i} for 1 • i • N + 1 and those of player two satisfy b_{2j} > b_{2j+1} for 1 • j • N.

The unique subgame perfect equilibrium is for both players to choose D at all their decision points. The only Nash equilibrium outcome has player one choosing D at the flrst decision point and its corresponding connected Nash equilibrium component, G^⁄; contains all Nash equilibria. Theorem 2 does not apply directly unless all a_i’s are difierent and all b_j’s are difierent. However, further analysis of the proof of Theorem 2 conflrms G⁄ is globally interior attracting. The extra details are relatively easy and so omitted here. Furthermore, by Theorem 5 and Remark 1, G⁄ is globally interior asymptotically stable if N = 2 or N = 3.

Our flrst counterexample shows Theorem 5 need not be true for games where there is a path on which one player moves twice ofi the backwards induction equilibrium path.

Example 4 A Centipede Game of length 4. Let N = 4; a_1 = 1; b_2 = 2; a_3 = 4; b_4 = 8; a_5 = b_5 = 6 and a_2 = a_4 = b_1 = b_3 = 0: The corresponding normal form is [D;⁄] [A;D] [A;A] [D;⁄] 1;0 1;0 1;0 [A;D] 0;2 4;0 4;0 [A;A] 0;2 0;8 6;6 .

In the following we will show that the unique Nash equilibrium component

(which of course contains the subgame perfect equilibrium) is interior attracting but not stable.

Interior attracting follows directly from Corollary 1. Notice that f([D;⁄];(1 ¡ ‚)[D;⁄]+ ‚[A;A])g is a Nash equilibrium if and only if ‚ • 1 6 . Moreover, AA 2 BR_1

‡_5 6 [D;⁄] + 1_6 [A;A] · , in this case [A;A] is called a toughest entrant (see Schlag (1993)). Restricting the game to the face f[D;⁄];[A;A]g£f[D;⁄];[A;A]g, we have the Ultimatum Mini-Game of Example 2. It follows that trajectories starting close to ‡ [D;⁄]; 5_6 [D;⁄] + 1_6 [A;A] · in f[D;⁄];[A;A]g £ f[D;⁄];[A;A]g lead to ([A;A];[A;A]). Continuity of the trajectories with respect to their initial conditions implies that the Nash equilibrium component is not stable. Notice that the argument went through because a_5 > a_3 and b_5 > b_2. The result is robust to any Centipede Game of length 4 with these payofis.

What is the intuition behind this counterexample? In the Centipede Game of length 3, starting in the subgame perfect equilibrium, mutations A in the strategy of player two can enter unpunished (i.e., without changing the best reply for player one and hence not changing the outcome). Once su–ciently many of player two play A, the best response of player one is to play [A;D]. However, this gives an incentive to player two to go back to playing D. Thus, the proportion of A among player two is held bounded. This is difierent in the Centipede game of length 4. Initially, the strategy [A;A] of player two can enter unpunished. Once su–ciently many are in, the best response for player one is to play [A;A] which gives more incentive for player two to play [A;A]. Thus, the entry of [A;A] in population two cannot be prevented in the short run and the Nash equilibrium component fails to be stable.

Given the above example one still might conjecture that the subgame perfect equilibrium is always contained in a connected interior attracting set. This is, for example, true in any generic game (e.g. the Centipede Game of length N) that has a unique Nash equilibrium outcome. The following example shows that the conjecture is not necessarily true in general when there are multiple Nash equilibrium outcomes in the game.

Example 5 Consider the extensive form game in Figure 6.

This game is a Centipede Game of length 3 with an Ultimatum Mini- Game attached at the third decision node. In the following we will show that this game has no connected interior attracting set.

The unique subgame perfect equilibrium in pure strategies is ([D;A];[D;A]). An additional Nash equilibrium in pure strategies is ([A;D];[A;D]); which by Theorem 3 is Lyapunov stable. Testing for the stability of ([D;A];[D;A]) against mutations of strategy [A;D] in the population of player two, we flnd

I II

D

A I

D

A

D

A

0

2

I

D

A II

D

A

2

0

1

0

4

1

I A

3

3

Figure 6: An extensive form game with the same structure as a Centipede Game.

([D;A];(1 ¡ ‚)[D;A] + ‚[A;D]) to be a Nash equilibrium if and only if ‚ •^1_3. In this context, the strategy of player one [A;D] is called the toughest entrant. Considering the dynamics at ‚ = 1_3, the centre manifold is the face M = f[D;⁄];[A;D]g £ f[D;⁄];[A;D]g. The corresponding normal form on this face is [D;⁄] [A;D] [D;⁄] 1;0 1;0 [A;D] 0;2 3;3 . This is the Ultimatum Mini-Game and hence there are trajectories starting close to ‡ [D;A];^2_3 [D;A] +^1_3 [A;D] · in M that converge to ([A;D];[A;D]).

Consequently, continuity of the paths of the trajectories with respect to initial starting conditions implies that there are trajectories starting in the interior of the entire space but su–ciently close to ‡ [D;A];^2_3 [D;A]+^1_3 [A;D] · that lead arbitrarily close to ([A;D];[A;D]). Since ([A;D];[A;D]) is stable, trajectories going su–ciently close to ([A;D];[A;D]) will converge to the Nash equilibrium component containing ([A;D];[A;D]). Especially we have found trajectories that never return to the Nash equilibrium component containing the subgame perfect equilibrium. By Theorem 4, this is the only candidate for such a set and so we have the non existence of a connected interior attracting set or of an interior asymptotically stable set in this example.

7 Discussion

For two-person extensive form games, ¡, with perfect information and no indifierences between paths, the unique subgame perfect Nash equilibrium given through the backwards induction procedure is often claimed to be the game’s solution. Our paper examined the evolutionary basis for this claim. That is, can the subgame perfect Nash equilibrium (or, more speciflcally, the Nash equilibrium component, G^⁄, corresponding to this equilibrium outcome) be distinguished from other Nash equilibria on dynamic grounds? From this perspective, some of our results support this hypothesis while others do not. It is this ambiguity that is re�ected in the title for our paper.

Let us say a Nash equilibrium \solves" ¡ if there is a corresponding Nash equilibrium component that is either interior attracting and/or interior asymptotically stable. On the positive side, from Theorems 4 and 5, it appears that these dynamic stability properties can be used to distinguish G⁄. To repeat their conclusions, Theorem 4 states that G⁄ is the only possible solution to ¡ while Theorem 5 asserts that G⁄ is in fact the solution if the extensive form of the game is su–ciently simple. In particular, the Paradox of the Chain-Store Game is consistent with evolutionary arguments.

On the negative side, Examples 4 and 5 show G⁄ need not solve the game if ¡ is su–ciently complex. Furthermore, Theorem 3 shows that one cannot distinguish the subgame perfect Nash equilibrium point by appealing to its (Lyapunov) stability since all other pure-strategy Nash equilibria satisfy the same property. On the other hand, Theorem 2 can be interpreted as saying that dynamic evolutionary game theory is consistent with static solutions of noncooperative game theory in the sense that every interior trajectory of (1) converges to some Nash equilibrium in the normal from of ¡. Most applications of dynamic evolutionary game theory to general noncooperative games are concerned with what happens near a Nash equilibrium (or set of Nash equilibria) with no expectation of this general convergence result.

As flnal comment, it is worth pointing out that the proofs of the two main results, Theorems 2 and 5, involve techniques that rely on original approaches developed independently by the respective coauthors who were both analyzing symmetric repeated Prisoners’ Dilemma Games (Cressman, 1993b; Schlag, 1993). We feel this close connection to Prisoners’ Dilemma Games in both theorems is more than a coincidence. It points to a fundamental relationship between the dynamics of extensive form games with perfect information and that of Prisoners’ Dilemma Games.

8 References

Akin, E. (1980). \Domination or Equilibrium," Math. Biosc. 50, 239-250.

Balkenborg, D. (1994). \Strictness and Evolutionary Stability," Disc. Paper 52, The Hebrew University of Jerusalem.

Bhatia, N.P., and Szegõ, G.P. (1970). Stability Theory of Dynamical Systems. Springer-Verlag, Berlin.

Binmore, K.G., and Samuelson, L. (1995). \Evolutionary Drift and Equilibrium Selection", Mimeo, University College London and University of Wisconsin.

Bjõrnerstedt, J., and Schlag, K.H. (1995). \The Evolution of Imitative Behavior," Mimeo, University of Bonn and University of Stockholm.

Bjõrnerstedt, J., and Weibull, J. (1994). \Nash Equilibrium and Evolution by Imitation," The Industrial Institute for Economic and Social Research, WP 407, Stockholm.

Cabrales, A. (1993). \Stochastic Replicator Dynamics," Mimeo, University of California, San Diego.

Cressman, R. (1992). The Stability Concept of Evolutionary Game Theory. Springer Verlag, Berlin.

Cressman, R. (1993a). \Evolutionary Stability in Simultaneity Games," Mimeo, Wilfrid Laurier University.

Cressman, (1993b). \Evolutionary Stability in the Finitely Repeated Prisoner’s Dilemma Game," Disc. Paper 1993-136, University of Guelph (forthcoming in J. Econ. Theory).

Gale, J., Binmore., K.G., and Samuelson, L. (1995). \Learning to be Imperfect: the Ultimatum Game," Games Econ. Beh. 8, 56-90.

Hofbauer, J., and Sigmund, K. (1988). The Theory of Evolution and Dynamical Systems. Cambridge University Press.

Nõldeke, G., and Samuelson, L. (1993). \An Evolutionary Analysis of Backwards and Forwards Induction," Games Econ. Beh. 5, 425-454.

Reny, P.J. (1993). \Common Belief and the Theory of Games with Perfect Information," J. Econ. Theory 59, 257-274.

Rosenthal, R. (1981). \Games of Perfect Information, Predatory Pricing and the Chain-Store Paradox," J. Econ. Theory 25, 92-100.

Samuelson, L., and Zhang, J. (1992). \Evolutionary Stability in Asymmetric Games," J. Econ. Theory 57, 363{391.

Schlag, K.H. (1993). \Dynamic Stability in the Repeated Prisoners’ Dilemma Played by Finite Automata," Disc. Paper B-243, University of Bonn.

Schlag, K.H. (1994). \Why Imitate, and if so, How? Exploring a Model of Social Evolution," Disc. Paper B-296, University of Bonn.

Selten, R. (1965). \Spieltheoretische Behandlung eines Oligopolmodells mit Nachfragetrãgheit," Zeitschrift ges. Staatswissenschaft 12, 301-324.

Taylor, P. (1979). \Evolutionarily Stable Strategies With Two Types of Players," J. Applied Prob. 16, 76-83.

Van Damme, E.E.C. (1991). Stability and Perfection of Nash Equilibria. 2nd ed., Springer-Verlag, Berlin.

Weibull, J. (1995). Evolutionary Game Theory. MIT Press, Cambridge, Mass.

Wiggins, S. (1990). Introduction to Applied Nonlinear Dynamical Systems and Chaos. Springer-Verlag: New York, Heidelberg, Berlin.

Zermelo, E. (1913). \Ũber eine Anwendung der Mengenlehre auf die Theorie des Schachspiels," Proc. 5th Int. Congress Math.

A The Proofs

Proof. (of Theorem 1) The proof is by induction on k. Let e_i 2 E_2. For k = 1; a calculation similar to the one after the statement of Theorem 1 shows ln p1_i (z) p_i(z) ¡ln p1_i (0) p_i(0) = Z_z 0 X e_j2F_2

q_j (t)(e^1_i ¢ Af_j ¡ e_i ¢ Af_j)dt + Z_z 0 X e_j =2F_2

q_j(t)(e^1_i ¢ Af_j ¡ e_i ¢ Af_j)dt: (5)

Since u_1 is a flnal decision node, e1_i weakly dominates e_i, which means that e1_i ¢Af_j ‚ e_i¢Af_j for any f_j. Hence, lim_{z!1} lnp1_i (z)=p_i(z) exists as a nonnegative extended real number and lim_{t!1} p1_i (t)=p_i(t) = L1 where L1 is a positive real number or 1. If L1 is flnite, then e1_i ¢Af_j = e_i ¢Af_j for all f_j 2 F_2. In either case,

R_1

0 p1_i (t)dt =

R_1 0 p^1_i (t) p_i(t) pi(t)dt =

1 since e_i 2 E_2 and this concludes the proof of parts (i), (iii) and (v) for k = 1. A similar proof comparing f1_j to f_j completes the other parts for k = 1.

Assume the six statements (i) - (vi) are true for some k with 1 • k < N. Let e_i 2 E_2. To show the statement for k+1, we flrst show lim_{t!1} p^{k+1}_i (t)=pk_i (t) exists as a positive extended real number L^{k+1}_k . The analogue of (5) is now

Z_z 0 X f_j2F_2

q_j(t)(e^{k+1}_i ¢Af_j¡e^k_i ¢Af_j)dt+

Z_z 0 X f_j =2F_2

q_j(t)(e^{k+1}_i ¢Af_j¡e^k_i ¢Af_j)dt: (6)

If e^{k+1}_i ¢ Af_j ‚ ek_i ¢ Af_j for all f_j 2 F_2 then L^{k+1}_k exists and is flnite if and only if e^{k+1}_i ¢Af_j = ek_i ¢ Af_j for all f_j 2 F_2.

Suppose e^{k+1}_i ¢Af_{j0} < ek_i ¢Af_{j0} for some f_{j0} 2 F_2: Then the outcome path of ek_i matched against f_{j0} passes through u_{k+1} which must be a decision node of player one, hence e^{k+1}_i ¢Afk_{j0} > ek_i ¢Afk_{j0}. Moreover, f_{j0} does not follow the backwards induction path on ¡0 on all nodes u_1;::;u_k. Let u_l 2 fu_1;::;u_kg be the node with the lowest index at which f_{j0} 6= fl_{j0}. Then fl_{j0} ¢ Bek_i > f_{j0} ¢ Bek_i by the genericity assumption. Since e_i 2 E_2 by assumption, ek_i 2 E_2 by the induction assumption of part (v). Moreover, part (iv) implies that lim_{t!1} ql_{j0} =q_{j0} = 1 and part (vi) implies fl_{j0} 2 F_2. With r 2 f1;::;ng such that q_r = ql_{j0}, for large t the term q_r(t)(e^{k+1}_i ¢ Af_r ¡ ek_i ¢ Af_r) in (6) dominates q_{j0} (t)(e^{k+1}_i ¢Af_{j0} ¡ek_i ¢Af_{j0}). Since the dominating term is positive, it follows that L^{k+1}_k = 1.

To summarize, we see that L^{k+1}_k exists as an extended real number and is flnite if and only if e^{k+1}_i ¢Af_j = ek_i ¢Af_j for all e_j 2 F_2. Since Lk+1 = L^{k+1}_k Lk, parts (i), (iii) and (v) are true for k + 1. The proof is complete by a similar method applied to parts (ii), (iv) and (vi). Proof. (of Theorem 2)

Since lim_{t!1} ^ P e_i2E_1

p_i(t) ! = 1, E_1 6= ;. W.l.o.g., assume e_1 2 E_1: Then e_1 2

E_2 and so we can apply Theorem 1 to it. LN is flnite since p_1(t) is inflnitely often bounded away from 0. Theorem 1 (iii) implies e_1 ¢ Af_j = eN_1 ¢ Af_j for all j 2 F_2:

Repeating the above argument for e_i 2 E_1, we obtain e_i ¢Af_j = eN_i ¢Af_j = eN_1 ¢ Af_j = e_1 ¢ Af_j for all j 2 F_2. The same argument in the extreme case of ¡0 having only one path given after the statement of Theorem 1 applies here to show p_i(t) converges to L_i= PL_i

e_i2E_1

(where L_i = lim_{t!1} p_i(t)=p_1(t) for

e_i 2 E_1 and to 0 if e_i =2 E_1). Here L_i =lim_{t!1} p_i (t)=p_1 (t) is a flnite positive number for all e_i 2 E_1:

The proof of Theorem 2 is complete by the same method applied with E_1 and E_2 replaced by F_1 and F_2 respectively. Proof. (of Lemma 1) Assume that payofis are such that a player will never be indifierent between two actions at any node (i.e. the extensive form game is generic). We will flrst show that a Nash equilibrium puts probability one on a single outcome path. Let (p;q) be a Nash equilibrium and let fi denote a node of the game such that i) there are at least two decisions at fi (say L and R) that are played with positive probability and ii) the equilibrium path after passing node fi is unique. It follows that the player moving at fi must be indifierent between L and R which contradicts the genericity assumption.

We will now show that a Nash equilibrium component is associated with a unique equilibrium path. Consider two Nash equilibria (p1;q1) and (p2;q2) in the same component generating two difierent payofis to player k (k 2 f1;2g). Since they are in the same component, there exists a continuous function ‚ : [0;1] ! ¢m £¢n such that ‚(0) = (p1;q1), ‚(1) = (p2;q2) and ‚(x) is a Nash equilibrium for each 0 < x < 1. The probability played on a particular outcome path varies continuously with ‚; a contradiction of the fact that every Nash equilibrium places probability one on a single outcome path.

Moreover, if (p2;q2) in the above paragraph is a rest point in the same connected set of rest points as (p1;q1), then there exists 0 < fl • 1 such that one of the players achieves a payofi at ‚(fl) that is not obtained on any outcome path. It follows that not both players are indifierent between all of the strategies in the support of ‚(fl) and hence ‚(fl) is not a rest point. Proof. (of the remainder of Theorem 5) The proof is divided into cases that compare the payofis s and v in (4) to the subgame perfect equilibrium payofi of 1 to both players. If 1 > v and 1 > s, then G⁄ = f(p;q) 2 ¢3 £ ¢4jp_3 = q_3 = q_4 = 0g is a strict equilibrium set (Balkenborg, 1994) and hence asymptotically stable.

If 1 < v and 1 > s; the centre manifold at each point in G⁄ is contained in the face f(p;q) 2 ¢3 £ ¢4jq_3 = q_4 = 0g: On this face, e_1 and e_2 are duplicate strategies and the game reduces to the Centipede Game of Example 1. Each point of G⁄ is stable by Remark 1. Similarly, if 1 > v and 1 < s; we need only consider the face f(p;q) 2 ¢3 £ ¢4jp_3 = 0g: The reduced normal form is again Example 1 with the row and column players interchanged and this implies stability.

For the remainder of the proof, assume 1 < v and 1 < s: Then G⁄ is the rectangle f(p;q) 2 ¢3 £ ¢4jp_2 • ‚;q_2 • „;p_1 + p_2 = 1 = q_1 + q_2g where ‚ =^{1¡y}_{s¡y} and „ =^1_v : Note that ‚ and „ are both strictly between 0 and 1: If (p;q) 2 G⁄ and p_2 < ‚; the centre manifold at (p;q) is contained in f(p;q) 2 ¢3 £¢4jq_3 = q_4 = 0g: The argument in the preceding paragraph applies and shows (p;q) is stable. Similarly, if q_2 < „; then (p;q) is stable.

All that is left to show is the stability of (p;q) 2 G^⁄ where p_2 = ‚ and q_2 = „: For the moment, we will ignore the existence of f_4 (i.e., assume q_4 = 0) and identify the point (p;q) in the interior of ¢3 £ ¢3 with the point

‡_p 2 p_1+p_2

;p_3;^q2_{q1+q2} ;q_3 · : We will show the stability of (‚;0;„;0) in this new coordinate system. A convenient norm for these coordinates is the maximum norm, namely, ku ¡ vk = maxfju_i ¡ v_ijj1 • i • 4g: We will show that, for every " > 0, there is a – > 0 such that kp(t) ¡ (‚;0;„;0)k < " for all t ‚ 0 whenever kp(0) ¡ (‚;0;„;0)k < –: Let U_fl (M) = fujku ¡ vk < fl for some fl 2 Mg:

2

1 p q

1

2 8

�

G*

"^M

"

Figure 7: A Diagram of M_fi.

We may assume " < 1_2 minf‚;„g: For each fi 2 (0; "_2] and · 2 [„ ¡ fi;„]; (‚ ¡ fi;0;·;0) is stable and so there exists –_0 > 0 such that trajectories that start in U_{–0} (‚ ¡ fi;0;·;0), stay in U_{"2} (‚ ¡ fi;0;·;0): By the compactness of M0_fi = f(‚ ¡ fi;0;·;0)j· 2 [„ ¡ fi;„]g; there exists a –_1 > 0 such that trajectories starting in U_{–1} (M0_fi) stay in U_{"2} (M0_fi): By symmetry, the same is true for M00_fi = f(·;0;„ ¡ fi;0)j· 2 [‚ ¡ fi;‚]g: By construction, for each 0 < fi • "_2; M_fi = M0_fi [ M00_fi � U_" (‚;0;„;0) is the subset of G⁄ in Figure 7. We will show that trajectories that start su–ciently close to (‚;0;„;0) either stay close to (‚;0;„;0) or enter M_fi for fi su–ciently small.

From (4), e_1 (respectively, f_1) weakly dominates e_2 (respectively, f_2): Thus^p2_{p1+p2} and^q2_{q1+q2} are decreasing function in the interior of ¢3 £ ¢3: Speciflcally, from (1), d dt ^ p_2 p_1 + p_2 ! = p_1 _p_2 ¡ _p_1p_2 (p_1 + p_2) = q_3 (z ¡x)(1 ¡ p_2 ¡ p_3)p_2 (1 ¡ p_3)^2 d dt ^ q_2 q_1 + q_2 ! = p_3 (w ¡ u)(1 ¡ q_2 ¡ q_3)q_2 (1 ¡ q_3)^2 : The idea for the remainder of the proof is to show that p_3 and q_3 increase slowly (if at all) as^p2_{1¡p3} and^q2_{1¡q3} are decreasing, thereby forcing the trajectories either into some M_fi or to stay close to (‚;0;„;0). For this, consider the expression h(¿) =^p2_{1¡p3} +^q2_{1¡q3} + ¿ (p_3 + q_3) for a flxed positive ¿: A lengthy calculation yields the time derivative _h(¿) = p_3I_1 (¿) + q_3I_2 (¿) + p_3q_3¿ (c_2p_2 + c_3p_3 + d_2q_2 + d_3q_3) for some constants c_i and d_i where

I_1 (¿) =

(w ¡ u)(1 ¡ q_2 ¡ q_3)q_2 (1 ¡ q_3)^2

¡ ¿v („ ¡ q_2)(1 ¡ p_3)

I_2 (¿) =

(z ¡ x)(1 ¡ p_2 ¡ p_3)p_2 (1 ¡ p_3)^2

+ ¿ (y ¡ s)(‚ ¡ p_2)(1 ¡q_3): For ‡_p 2 1¡p_3

;p_3 · close to (‚;0) and

‡_q 2 1¡q_3

;q_3 · close to („;0), I_1 (¿) and I_2 (¿) are strictly negative.

In fact, it is clear that there exists an fi > 0 such that, for every ¿ > 0; there exists k > 0 with _h(¿) • 0 whenever

‡_p 2 1¡p_3 ;p3 · and ‡_q 2 1¡q_3 ;q3 · satisfy ‚ 2 • p_2 1 ¡ p_3

< ‚ + k; „ 2 • q_2 1 ¡ q_3

< „ + k;0 • p_3;q_3 • 3fi ¿ : (7)

Without loss of generality, wemay assume fi <^"_2. Let –_1 be the corresponding neighborhood of M_fi in Figure 7.

Given 0 < " < 1_2 minf‚;„g, we are now able to describe an appropriate –-neighborhood of (‚;0;„;0): Fix ¿ = 3fi_{–1} , take k > 0 satisfying (7) and let –_2 = minfk;–_1g: Then C = ( (p;q) 2 ¢3 £ ¢3jh(¿) < ‚ + „ + fi;

¡fi <^p2_{1¡p3} ¡ ‚ < –_2;¡fi <^q2_{1¡q3} ¡„ < –_2 )

is an open neighborhood of (‚;0;„;0) contained in U_" (‚;0;„;0) since^p2_{1¡p3} > ‚ ¡ fi and^q2_{1¡q3} > „ ¡ fi imply (p_3 + q_3)¿ < 3fi and p_3 + q_3 < –_1: Moreover, from (7), _h(¿) • 0 for all points in C: Since^p2_{1¡p3} and^q2_{1¡q3} are decreasing functions, trajectories that start in C can only leave C if, at some point on the trajectory, either^p2_{1¡p3} = ‚¡fi or^q2_{1¡q3} = „¡fi: However, if^p2_{1¡p3} = ‚¡fi say, then (p;q) 2 M_fi since^q2_{1¡q3} < „ + –_2 • „ + –_1: Thus, trajectories that start in C either remain in C or enter M_fi. In either case, the trajectory (p(t);q (t)) satisfles � � ‡_{p2(t)}

1¡p_3(t)

;p_3 (t);^q2^{(t)}_{1¡q3(t)};q_3 (t) · ¡ (‚;0;„;0) � � < " for all t ‚ 0: The proof is completed by choosing a –-neighborhood of (‚;0;„;0) that is contained in C:

The above method can be adapted to the case where q_4 6= 0: A straightforward (though lengthy) procedure shows that the suitably modifled h(¿) has time derivative as before except that I_1 (¿) and I_2 (¿) become even more negative near (p;q) 2 G^⁄ with p_2 = ‚ and q_2 = „: This again forces the trajectory towards some M_fi:

B Linearization and Centre Manifolds for the Replicator Dynamic

Suppose (p^⁄;q^⁄) is a rest point of the replicator dynamic (1). That is, e_i ¢ Aq^⁄ = p^⁄ ¢ Aq^⁄ for all i in the suport of p^⁄ and f_j ¢ Bp^⁄ = q^⁄ ¢ Bp^⁄ for all j in the support of q⁄: To linearize (1) about (p⁄;q⁄); let p_i = p⁄_i + x_i and q_j = q⁄_j + y_j: The linear terms of _x_i = _p_i and _y_j = _q_j are

_x_i = p^⁄_i [(e_i ¡ p^⁄) ¢ Ay ¡ x ¢ Aq^⁄]+ x_i (e_i ¡ p^⁄) ¢ Aq^⁄ _y_j = q^⁄_j [(f_j ¡ q^⁄) ¢ Bx ¡ y ¢Bp^⁄] + y_j (f_j ¡q^⁄) ¢Bp^⁄:

This can be written in the form " _x _y # = L " x y # where L is a square

matrix of order m + n: Since ¢m £ ¢n is invariant under (1), Xm £ Xn is invariant under L where Xk = n z 2 RkjP^k_{l=1} z_l = 0 o : Furthermore, (p⁄;0) and (0;q⁄) are eigenvectors of L with corresponding eigenvalues ¡p⁄ ¢ Aq⁄ and ¡q⁄ ¢ Bp⁄ respectively.

For stability of (p^⁄;q^⁄), we are interested in the eigenvalues of L restricted to the n+m¡2 dimensional subspace Xm £Xn (i.e., the other eigenvalues of L). For instance, if (p⁄;q⁄) is a pure-strategy pair, say (e_1;f_1); these n+m¡2 eigenvalues are the diagonal entries (e_i ¡ e_1) ¢ Af_1 and (f_j ¡ f_1) ¢ Be_1 for 2 • i • m and 2 • j • n: In particular, if (e_1;f_1) is a strict Nash equilibrium these diagonal entries are all negative and so (e_1;f_1) is asymptotically stable. This is a well-known result as is the fact that (e_1;f_1) is not Lyapunov stable if it is not a Nash equilibrium (from our perspective, the reason is that at least one eigenvalue is then positive).

Of course more interest here is in the case where (e_1;f_1) is a pure Nash equilbrium that is not strict. Then there are alternative pure best replies to e_1 or f_1, each corresponding to an eigenvalue of zero. Now linearization alone cannot determine the stability of (e_1;f_1): Stability is determined by the restriction of the dynamic (1) to a centre manifold at (e_1;f_1) (Cressman, 1992; Wiggins, 1990). In our situation, this centre manifold is an invariant manifold for (1) whose tangent space at (e_1;f_1) consists of points (x;y) 2 Xm £ Xn with supp(x) � fije_i is a best reply to f_1g and supp(y) � fjjf_j is a best reply to e_1g: From the proof of Theorem 3, one such centre manifold is the set E deflned there. Since each point in E is a rest point of (1), each point in E is Lyapunov stable with respect to trajectories that start in E: This implies that (e_1;f_1) is Lyapunov stable with respect to trajectories that start in ¢m £ ¢n (Cressman, 1992).

For the proof of Lyapunov stability in Theorem 5, (p^⁄;q^⁄) in the backwards induction Nash equilibrium component, G^⁄; need not be a pure strategy. Nevertheless, the centre manifold at (p^⁄;q^⁄) is still contained in B_1 £B_2 where B_1 is the face of ¢m whose elements are best responses to q^⁄ and B_2 are best responses to p⁄: Again showing stability with respect to trajectories that start in B_1 £B_2 is su–cient. This is the technique used in Appendix A to prove Theorem 5. Conversely, instability with respect to this set implies instability of (p^⁄;q^⁄) - a fact used in the analysis of Example 5.