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Abstract:

Nonparametric density estimation is a useful tool for examining the
structure of data, in particular, for the stationary time series, since usu-
ally it is really difficult to find the real marginal density of the series. Some
papers contributed to this aspect for a-mixing stationary sequence can be
found in the literature, e.g., Robinson (1983), Tran (1989, 1990). However,
just as Tran et al (1996) stressed, yet there are a great number of processes
which may not be a-mixing. In this paper, we will adopt a nonparametri-
cal method to estimate unknown density function of a sample data process
which is based on relaxing ¢ -mixing assumptions (see Billingsley (1968)
and Bierens (1983)). Uniformly weak and strong consistency and the con-
vergence rates of the estimator we adopted will be discussed, and some
numerical examples will be given.
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1. Introduction

Probability density estimation and nonparametric, nonlinear regression
are probably the two most widely studied nonparametric estimation prob-
lems. Many techniques have been developed under independent observa-
tions. In recent years, extending these techniques to dependent observations
and time series data which are not Gaussian cases is much attractive. Robin-
son (1983) gives several reasons why a nonparametric approach to time series
analysis is of interest. For example, nonparamteric methods can be used to
estimate the finite dimensional densities and these can be used for detecting
Gaussianity or non-Gaussianity of the process. Nonparametric approaches
can also be extended for prediction, and the estimation of the regression
function for the processes satisfying weak dependence conditions, such as
mixing. In this paper, we will use general kernel estimator to estimate the
unknown density function of a sample stationary, wv-stable process based on
a ¢-mixing sequence, and study its consistency and the rate of convergence.
Some numerical examples will be given to show how the estimation works
on practical data.

Before we start our paper, first let us recall the definition of the ¢-mixing
process. Let {zj, —oo < j < 400} be a sequence of random variables
defined on an Euclidean space. Suppose that {z;} is stationary. Denote

by .7-"100 the o field generated by the random vectors zj,z;_1,--+, and by
]—'ﬁ’,‘; the o field generated by the random vectors zj, zj1g41,---. If there

is a nonnegative real function ¢, satisfying limy_ o, ¢ = 0 such that for

every set A € 7/ and every B € F ;f,‘;, there is

|P(ANB) = P(A)P(B)| < ¢P(A),

for each j(—oo < j < o0) and each k > 1, then {z;} is said to be a ¢-mixing
process (Billingsley, 1968). In particular, we note that an independent
process is ¢-mixing with ¢g = 1, ¢ = 0, £ > 1. Although ¢-mixing
condition is much weaker than usual iid assumption on data analysis till now
we have been using in nonparametric statistical density estimation, some
processes of interest in time series analysis, for example, the normal AR(1)
process, are not ¢-mixing. In the following, we discuss some estimation
problem based on relaxing ¢-mixing assumption process. Let {z;} be a
¢-mixing process in RP and {z;} be defined as

T = g(Zj,Zj,I,Zj,Q,"‘), J = 1727"'7 (11)



where ¢ is a Borel measurable function on RP x RP x --- — R!. Tt is known
that {x;} is still the stationary process, but it need not be a ¢-mixing any
more. In Bierens(1983), he introduced the following sample transformation.
Assume FE|z;|> < oo and for any integer m > 1, let

x§m) = B(zjl2j, 2j-1,2j=2, "+, Zj—m+1), J=1,2,---. (1.2)

It is easy to know that {$§m)} is ¢*-mixing,

. ¢n7m n>m,
¢, =
1 n <m.
Denote

v(m) = E|z; — x‘gm)|2.
Definition 1. The process {z;} is said v-stable (in L?) with respect to
the process {z;} if

W%EnOO v(m) = 0.

A simple example of v-stable process is the stationary AR(1) process, z; =
Ox;_1 + zj, where |#] <1 and {z;} is $-mixing stationary with zero mean
and finite variance.

Let x1,x9, -, x, be a realization of v-stable process defined above and
have an unknown common density function f(z). In the following, we will
introduce a nonparametrical kernel estimator of f, and discuss its statistical
properties based on v-stable process. Define the kernel density estimator of
f(z) by

x

ful@) = (mha) ™ 30K (). (1:3)
i=1 n

Here K (-) is a known kernel density function on R', and h,, > 0 is a smooth-
ing parameter, or a sequence of bandwidths tending to zero as n tends to
infinity. In Section 2, the weak consistency of f,(z) by the similar method
used in Bierens(1983) will be discussed. The pointwise strong consistency
and uniform strong consistency will be given in Section 3 by using an in-
equality in Chai(1989), which will be given as a useful formulation. The
rates of convergence will be considered in Section 4, and some numerical
results will be given in Section 5.



At the end of this section, we refer to some references in the literature
concerned with the kernel density estimation for the stationary sequences.
Under a-mixing context, see Robinson (1983), Tran (1989, 1990) and the
references therein. However, just as a recent paper of Tran et al (1996)
stressed, there exist a great number of processes which may not be a-mixing.
In (1.1), when {z:} is an iid sequence and g is a linear function, the kernel
density function of {X;} is discussed recently by Hallin and Tran (1996),
which is clearly a special case of the context of this paper. We remark that
in nonlinear time series analysis, the stationary solutions of many models are
nonlinear functions of the iid sequences. The following examples highlight
this point.

Example 1. Consider a random coefficient model
X = (¢ +e) X1+ e, (1.4)
where {e;} and {g;} are two independent iid sequences with Fe; = Ee; = 0,
Ee? = 0% < 00, Ee? = 07 < co. Then if ¢ + 02 < 1, the second-order
stationary solution of the model is
Xy =¢ + (¢ + et)et_l + (¢ + et)(gb + et_l)&?t_g + -y

by which {X;} is a v-stable sequence with

2 = (&1, €r), v(m) = (¢* +0*) "ol /[1 = (¢* + 0?)].

Example 2. Counsider a bilinear model
Xt = (Qb + aet)Xt,1 + e — betfl, (15)

where {e;} is an iid sequence with Ee; = 0, Ee? = 0? < oo. Then if
¢? + a®0? < 1, the second-order stationary solution of the model is

Xi = er—bey 1+ (p+aey)(er1—ber o)+ (p+aer)(p+aes1)(er 2—bey 3)+---.
Clearly, {X;} is a v-stable sequence with

2 = ey, v(m) = (¢* + a®0®)™ (L + b*)o?/[1 — (¢* + a’0?)].

2. Weak consistency of f,(x)



Lemma 1. For nonnegative integer n, let v(n) = O(n™"), A > 0. Assume
that the kernel density function K(x) has an absolutely integrable character-
istic function B(t), say

B(#) = /R &1 K (1) da,

satisfying [ [t||B(t)|dt < co. Let p, =130, ¢2/2’ then

T n

Esup |fu(z) = Bfa(z)] = O(Vppha '), (2.1)

where p¥ = max{py, hﬁz/()‘ﬂ)(\/ﬁ)*”‘/(””}.

Proof. The proof of this lemma is completely similar to that of Lemma 4
of Bierens (1983) and hence is omitted.

Remark 1. We here remark that there is a slight error in (4.2) of Bierens
(1983), in which p} = max{p,, b2/ OO (/) =2/ 04D} However, substi-
tuting his (4.6) into his (4.5), one should take that

pt = max{p,, h;Z/()\Jrl)(\/ﬁ)fQ/\/()\Jrl)},

as in (2.1) of this paper.

Lemma 2. Let K(-) be p.d.f., and h, [ 0 as n — oo. Then
(i) if f is continuous at x,

|E fn(z) — f(2)] =0, (2.3a)
(ii) if f uniformly continuous on R,

sup |E fn(z) — f(z)| = 0, (2.3b)
z€R

as n — 00.

Proof: The proof of this lemma is easy and hence cancelled.

Theorem 1. Under conditions of Lemma 1 and Lemma 2, let

1

S #lf? <oo, o (ha(VN) T 0,
m=0 n

then (i) under Lemma 2 (i),

|fu() — f ()] 2 0.



(ii) under Lemma 2 (ii),
P

sup | fn(z) — f(z)] — 0.
TER

Proof. Only prove the second result. Recall the definition of p,, p, =
O(%). From Lemma 1, we get

Esup |fu(z) — Efn(x)] = O(max{(v/nhy,) h;l(hn(\/ﬁ)/\)_ﬁl}) — 0,

TER

when n — oco. From Lemma 2, Ve >0, when n is large enough, there
is

IN

P(supy |fu(z) = f(2)] > €) P(sup, [fn(z) = Efu(2)] > €/2)

< 2Esup,[fu(z) = Efa(z)]/e.

N

Then, from Lemma 1 we get

P(sup|fulz) — f(z)| > &) =0, n - oc.
TER

3. Strong Consistency of f,(x)

Let {&,}02, be a ¢-mixing, stationary random variable sequence.
E¢& =0, &) <p as. Let S, = >, &. For each n, there are | =
I(n), k= Fk(n), such that

20k <n < 2(l + 1)k. (3.1)

Lemma 3. Under the above notations and assumptions, if Y .oy ¢n < 00,
then for Ye >0, and t > 0 satisfying

0 < 2tkp < 1/2, (3.2)

there s always
P(Sp >¢€) <e-e ol 4 ¢igp), (3.3)

in which cy,c1 are constants depending only on p, ¢. If ¢ =1+43° ¢y >
1, ¢g = pe, e = 2e'/? (Chai, 1989).

Proof. This is Theorem 1 of Chai (1989).



In the following, we use ¢ to denote a generic constant which may be
different at each place.

Corollary. Let {n}2, be a stationary, ¢*-mizing sequence of random
variables, in which

{ ¢mfl*a m 2 l*a

1, m < I*.

and ¢ is the same as in Lemma 3. En; = 0, |n| < p, a.s. [* = en'/3.

Then Ve >0, when n is large enough, there is
1 n
P(ﬁ| > mil > €) < coexp{—c3e/n}, (3.4)
i=1

where constants co, c3 do not depend on n, e.

Proof. From the symmetric of (3.4), we only need prove 3¢, >0, ¢§ >
0, Ye > 0 such that

1 n
P(Y mi > ) < chexpl{—che I}, (3.5)
=1

where constants ¢, ¢4 may be different from ¢, c3, and free from n, e.
When n is large enough, from Lemma 3, take [, k,t¢ satisfying (3.1) and
(3.2), then for any fixed [* > 1, there is

n
PO m>e) < ere mHIHEIL (1 4 o)
n -
=1

_ e‘eftn6+(1+4l*+4220=1¢>n)tlp(1 + e )

Let k= On??), | = O(n'/?), t = O(n=?/3) (such that (3.1) and (3.2)
hold), I* = O(n'/?), then

(14444 i ¢n)tlp = O((1 + 4 i on)tlpl™) = O(1),

n=1 n=1
and since Y ¢, < 00, ¢ < 1/k for k large enough,

C1

(1+cge i) =0((1+ m)n ) =O(1).



Thus we get (3.5) and then (3.4).

Theorem 2. Let K(-) € R in (1.3) satisfy Lipschitz condition, that is,
de > 0, such that |K(x) — K(y)| < c|lz —y| for any z,y € R. And let

% hn < 00, v(l) = Bz —2\")2 = 01 with A > 0. Ifl=1I(n) =
O(n'/?), h, — 0, when n — oo, such that X2, (n*%h2)~" < oo, and
Ve >0, Y00 exp{—cy/nhy} < co. Then we have

(i) For any fized x at which f is continuous,
|fn(z) — f(x)] =0, a.s. n— oo (3.6)

(ii) If the variation of K(-) is bounded, and f is uniformly continuous on

R, then
sup |fn(z) — f(z)] =0, a.s. n— oo. (3.7)
TER

Proof. Denote

1 & T —x;
L(z) = n—hn;K( I ),
then
[fo(2) = Efa(z)] < |falz) — fr(z)]
+ |fi(z) — Ef)(z)|
+ |Ef}(2) = Efa(x)|. (3.8)
Since

sup | f(2) £ (2)]

L sup | S (K () ke () — S [

TER nwER im1 hn et
therefore
n
(sup|fn( )= fh@)]>e) < P(ZL%—:E | > ¢ 'neh?)
zER i—1
!
< n6h22E|xz—x()|
n4=1
< > B2y — 0P
n4=1
c
= a0

’



Let [ =1(n)=cn'3 0<¢ <1, then

S Plsup fule) — F10] > &) = O3 (m¥/oh2)71).

n=1 TER n=1

For any ¢ > 0,
>~ P(sup |fu(z) — [ (2)] > €) < oo,
n=1 TER

hence
sup \fo(@) — fL)(2)] = 0, a.s. (3.9)
re

Next, consider

C & I(n
WZEm—xE( )|

n =1

n
c 1/2 (Un)) 2
< WZE/(W—% %)

|Ef" (z) — Ef()]

IN

n =1
v(l(n))Y/? _
e (G !
n
which is free from z, thus
sup |[Ef{™) (z) — Efo(z)| = 0, n— oco. (3.10)
TER
Finally,
n ((n)) (Un))
1 r—X; Tr— x;
I(n) _ (n)) — = et S el
@)~ B = | S () — B2 ),
2 () ((n))

and for any fixed z, arandom variable sequence {K(—:—)—EK (mlen )y
satisfies conditions in Corollary of Lemma 3. Hence Ve > 0, when n is
large enough

P(If"(2) = BffM ()] > e) = P

IN

c1 exp{—co/nhpe}.



Thus, from

ZPIJ” — Ef;"(2)] > ¢) < oo,
and when z is fixed, we get

|f(z) — BfE (2)] = 0, as. (3.11)
Therefore, together with (3.8) - (3.11), and from (2.3a), we get (3.6).
Next, we prove (3.7). Observe

UO) ({(n))

T — T
sup | fi™ ()= B\ (z)| = supl—l Z R EK(h—l))l-
TER n

(3.12)
Let F, denote the empirical function for x&‘(")),---,xﬁ(”)), and F bea
marginal distribution function of wgl(n)), e ,x%‘(”)). Then (3.12) equals

sup |- /K 2 Yd(Fy(u) — F(u))).

TER

Since Fj,(u) — F(u) is a bounded variation function, from integration by
parts, (3.12) can be done as

1 T—u o 1 T—u
sup [ K (S Faw) = Pl '3 = o [(Fula) = Plaar (0]
< gy [0 - Sl

1
< sup|Fa(w) = PV (K),
n u€ER

where V(K) denotes the complete variation of K(-), and is bounded.
From well known Gnedenko Theorem, to prove sup,cp |Fp(u)— F(u)| —
0, a.s. (n — o0), we only need to prove for each wu, there is

|Fp(u) — F(u)| =0, a.s. n— oo.

But we know

)|



Here, random variable sequence {I(wgl(n)) < u) — EI(:JU(Z(”)) < w)piy

i
satisfies conditions in the Corollary of Lemma 3, therefore,

> 1S (1@ < u) - B! < w)| > e

n nhy, <=

PGHIF ()~ Fw)| 2 6) = P [

< 1 exp{—co¥/nhpe},
that is
o0 1 o0
Z P(h—|Fn(u) —F(u)| >¢) < Z c1 exp{—coV/nhpe} < .
n=1 n n=1
Then !
—|F,(u) — F(u)] =+ 0, a.s. n— oo,
hn
thus

sup |f7l~b(n)($) — Efé(")(xﬂ —0, as. n-—oo.
TER

From Lemma 2, we get (3.7).

4. Convergence Rates of f,(z)

Lemma 4. If f is bounded, uniformly continuous function with bounded
2nd order derivative, and

/uK(u)du =0, /uQK(u)du < 00,

then
up | a(2) — ()] = O(12), (@)
Proof. Clearly,
Bale) = f@) = | [ SR e - f(a)

11



According to the Taylor expansion,

2
f(x —hpu) — f(z) = (_hnu)f,(x) R —

¢ € (z — hpu,x), thus

2u2
Bfale) = 7@ = | [ K@l(—ha) ') + "5 (€))du

Therefore,
sup | Bfu(z) — ()] < 18
T
From given conditions, we get (4.1).

Theorem 3. In Theorem 1, let X\ >0, h, =n~NO 8 K () f satisfy
conditions in Lemma 4. Then

sup £, (@) = £(2)| = Oplen), (4.2)

in which N
€n = O(n~ 33+7). (4.3)

Proof. From Lemma, 4,

sup |Efn(x) — f(2)] = O(hy,) = O(en),
and then from Lemma 1

Esup|fo(@) = Efa(z)| = O(/piha")-
Because

P(sup |fu(z) = Efa(z)] > cen) < ¢ 'ey Esup|fu(z) — Efa(2)]
x T
=L A
< e th ' maz{n”V?, by tin T T0ED )
1 1 11— A
= ¢ 67: hn >\+1n 2(>\+1)’

12



from (4.3), we get

P(sup |fn(z) — Efp(z)| > cen) -0, n— 00, ¢c— .

Then finish the proof.

Theorem 4. In Theorem 2, if A>9, h, =n"Y, then
(i) for fized x at which f(x) is continuous, there is

fu(x) — f(z) =o(ry) a.s;
(ii) under Theorem 2 (ii),

sup |fn(2) — f(2)] = o(ra) a.s.
TER

where T, =n"%/?(loglogn) logn.

Proof. From Lemma 4,
supr, (o) = £(2) = Olr, 1h2),
In the following, we need to get
o (fn(z) — Efp(z)) = 0, a.s. n— oo.

That is, we need to prove Ve > 0,
Z P{r;l(fn(x) — Efy(x)) > €} < 0.
n=1

From the proof of Theorem 2, we know

Pt fu(@) = Efn(z)] > €) = P(|fu(x) — Efn(z)] > rpe)

IN

When h, =n"'9, r, =n2/%loglogn)logn, there are
r;lh% -0, n— oo,

Yrhnry =n'Pn=19n72°(loglogn) logn — oo

13

(4.4a)

(4.4b)

c
E(rnnA/Ghi)fl + ¢y exp{—cov/nh,rpe}.

(4.6)



and

exp{—ca¢/nhyrne} = exp{—cae(loglogn)logn}
— e*CQG(lOgIOgTL)lOgTL

. e(IOg n)fczelog log n

— nfczeloglogn.

And then for n large enough, fixed €, we get coeloglogn > 1, thus

Z exp{—co/nh,rpe} < oo. (4.7)

n=1
Because
2:(7“,171)‘/6}1%)_1 = Z(n_%(log logn)(logn)n%n_%)_1 = Z(n%_%(log logn)logn)~!,
n=1 n=1 n=1

when A is suitable large, say A > 9, there is

Z(rnn)‘/fih%)*l < 00. (4.8)

n=1

From (4.5) - (4.8), we get (4.4).

Since f is uniformly continuous on R, we can immediately extend result
of the above to

sup [ fn(2) = f(2)[ = o(rn), as.

TER
for all z € R.

5. Numerical Example

A simulation of Example 2 in Section 1 has been made. Here constants
a=>b=1/2,and ¢ = 0.4 in (1.5), that is

Xt = (04 + 0-5€t)Xt71 + e — 0.56t,1, (51)

14



in which {e;} come from iid uniform distribution on [-1/2, 1/2]. Fig. 1.1
shows the realization of the stationary solution of (5.1) with the size of sam-
ples = 1000. Fig. 1.2 to Fig. 1.4 indicate the marginal density estimations
of X; by using estimator (1.3) with Gaussian kernel and different window
widths, from which the asymmetric property of the density of X; is clear.

A simple practical example is given by using foreign exchange data of
Canadian Dollar vs. Australian Dollar and British Pound from January 2,
1991 to June 4, 1996. The number of total observations for each pair is 1359.
Since the real data processes are not stationary, we use the first difference
in the logarithms to get stationarity. We call the new process as the first
log-difference stationary process. These are shown in Figure 2. To use
(1.3), we employ the following three kinds of kernels:

(i) Triangular kernel on [—1,1]:

L= Jul, i [u] <1,

Ki(u) = { (5.2)

0, otherwise,

(i) Epanechnikov kernel:

3(1—w?), ifful<1,

Ko (u) = { (5.3)

0, otherwise,

(iii) Gaussian kernel:
1
Ks(u) = (2m)~ /2 exp{—§u2}, —00 < u < 00. (5.4)

From the literature, we know that the choice of kernel function, K, is
of essentially negligible concern, but the choice of smoothing parameter is
crucial. It is well known that the optimal smoothing parameter h,, in (1.3)
is

h = CUO [ 1" (@) da}on 1P, (5.5)

C(K) = {[ 2K (t)dt}~?/>{ [ K(t)?dt}'/>. From (5.5), we know that h,,
itself depends on the unknown density being estimated. If we consider an
easy and natural approach to f, a standard family of distribution is used to
assign a value to the term [ f”(z)%dz in h,, for an ideal smooth parameter.

15



Without lose of generality, for example, consider f coming from a normal
distribution with zero mean and finite variance o2 (Silverman, 1986). Then

/ F(2)2dx = (3/8)w0 0 ~ 0.21200. (5.6)

Therefore, from (5.2) - (5.6), smoothing parameters could be obtained as
hi = 2.5861n~1/5,
hy = 2.3469n71/5,
hs = 1.0665n /3,

where 62 = L STy — 7)? is a sample variance of the given data se-
quence.

Figure 3 gives density estimation for each first log-difference stationary
process in three kinds of kernels. They show approximately normality.
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Fig.3.3: Estimated density of X_t, bandwidth=1000"(-1/6)
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Fig.3.4: Estimated density of X_t, bandwidth=1000"(-1/4)
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