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FACTOR MODELS AND THE SHAPE OF THE TERM STRUCTURE

ERIK SCHL�OGL AND DANIEL SOMMER

Abstract. The present paper analyses a broad range of one{ and multifactor models
of the term structure of interest rates. We assess the in
uence of the number of factors,
mean reversion, and the factor probability distributions on the term structure shapes
the models generate, and use spread options as an aggregate measure of the relative
importance assigned to rising and falling forward rate curves by the models considered.
We derive valuation formulas for these contingent claims in the multifactor Gaussian and
CIR-models. Our main result is that the speci�cation of mean reversion and the number
of factors are both much more important for the relative movements of interest rates
than the distributional characteristics of the factors. To the extent that interest rate
risk depends on the movements of di�erent parts of the term structure relative to one
another rather than on shifts of its absolute level, the distributional assumption on the
factor dynamics is found to be essentially irrelevant.

Introduction

For the valuation of �xed income derivative securities a large number of models have
been suggested in the literature, both in discrete and continuous time. Of these, factor
models represent an important subclass, which will be the object of our analysis. One{
factor models include the continuous time limit of the Ho and Lee (1986) model and the
Vasicek (1977) model, where continuously compounded rates are normally distributed, the
Cox, Ingersoll jr. and Ross (1985) (CIR) model, where the short rate obeys a noncentral
chi{square distribution, and the Brennan and Schwartz (1977) and Black and Karasinski
(1991) models with log{normal short rates.
In multifactor models for reasons of analytical tractability we concentrate on the class

of a�ne term structure models of the type analysed by Du�e and Kan (1992, 1996).
More speci�cally we look at multifactor Gaussian1 and CIR models, which are the most
intensively studied2 in the literature.
There are a number of empirical studies that try to single out the most suitable from

a given set of term structure models suggested in the theoretical literature. For one{
factor models, Chan, Karolyi, Longsta� and Sanders (1992) (CKLS) provide one answer
in estimating the parameters of a general di�usion process on the basis of short rate data.
However, if these models purport to describe the arbitrage{free dynamics of the entire term
structure of interest rates, then they should be tested under this premise, i.e. whether they
can explain observed term structures. This is the approach taken by Stambaugh (1988),
Chen and Scott (1993) and Brown and Schaefer (1994), among others. Since the pricing
of �xed income derivatives is the aim of term structure modelling, empirical studies have
been conducted comparing observed prices of derivatives with model prices, for example
by Flesaker (1993), who tests the Ho/Lee model. Given the normative nature of arbitrage
pricing models, one might argue that a more convincing test of model prices is whether one
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1Gaussian in the sense that continuously compounded rates are normally distributed.
2El Karoui, Lepage, Myneni, Roseau and Viswanathan (1991) provide a comprehensive exploration of

Gaussian models. For multifactor CIR models see for example Chen and Scott (1995).
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2 ERIK SCHL�OGL AND DANIEL SOMMER

can take advantage of deviations from observed market prices to acquire wealth. Cohen
and Heath (1992) and Amin and Morton (1994) analyse term structure models under this
aspect. However, depending on the approach the results of the empirical literature are
fairly inconclusive.
Our aim is to contribute to the discussion on which term structure model is best suited

for the pricing and hedging of interest rate sensitive derivative instruments by clarifying
the implications that di�erent speci�cations of the factor dynamics have for the evolu-
tion of the term structure. The question what type of changes of the shape of the term
structure can be explained by the dynamics endogenous to the models has bearing on the
e�ectiveness of the respective hedging strategies, because changes for which the models
do not allow are not hedged. The factor models which we consider di�er in three respects:
the number of factors, the class of probability distributions that the factors obey, and
whether the factor SDEs exhibit mean reversion or not. We identify the relative impor-
tance of these three choices for the endogenous evolution of the term structure3. Our
main result is that the speci�cation of mean reversion and the number of factors are both
much more important for the relative movements of interest rates than the distributional
characteristics of the factors. To the extent that interest rate risk depends on the move-
ments of di�erent parts of the term structure relative to one another rather than on shifts
of its absolute level, the distributional assumption on the factor dynamics is found to be
essentially irrelevant.
The rest of the paper is divided into three main sections. After introducing the models

considered, we analyse the role of mean reversion and the importance of the number of
factors for the term structure dynamics permitted. Here we observe strong qualitative
similarities between models with di�erent distributional assumptions, which we quantify
in the subsequent section using values of European spread options on the forward rate
curve as an aggregate measure of its shape. We conclude the paper with a summary of
our results and some remarks on how they pertain to empirical testing.

1. Models

Consider a �ltered probability space (
;F ; fFtgt�0; P ). Assume that we are given
an n{dimensional Wiener process, W , on this probability space and that fFtgt�0 is the
augmented natural �ltration of this Wiener process. In all the models considered the short
rate, r, is assumed to follow an Itô process of the following type

dr(t) = �(t; z(t))dt+ �(t; z(t))dW (t):(1)

Here z is a vector process of state variables that is assumed to be the unique strong
solution to some vector stochastic di�erential equation (SDE) on the above probability
space.

De�ne the savings account (�t)t�0 by exp

�
tR
0

r(s)ds

�
. We assume that r is su�ciently

regular so that the price process of a zero coupon bond with maturity T , B(�; T ), can be
de�ned as a continuous version of the martingale

�
B(t; T )

�
0�t�T :=

0
@EP

2
4exp

8<
:�

TZ
t

r(s)ds

9=
;
������Ft

3
5
1
A

0�t�T

:

3Rogers (1995) approaches the question \Which model for the term{structure of interest rates should
one use?" di�erently, discussing a broader range of issues from analytical tractability to the compatibility
of the models with the framework of equilibrium theory.
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Hence we assume P to be the \risk{neutral" probability measure in the sense that the
price process of every contingent claim that is attainable through a hedging strategy in
zero coupon bonds is given by the conditional expectation under P of the payo� of this
contingent claim discounted by the savings account.
Given price processes for zero coupon bonds we can de�ne processes of instantaneous

forward rates by

rc(�; T ) := �
@ lnB(�; T )

@T
:(2)

Following Jamshidian (1987), we will sometimes have reason to employ the forward risk ad-
justed measure. For some timeT this measure,QT , is de�ned by the following Radon/Nikodym
derivative4

dQT

dP
=

B(T; T )

B(0; T ) exp

�
tR
0

r(s)ds

�

1.1. One{Factor Models. A whole class of one{factor models is obtained by specifying
(1) as (Hull and White (1993))

dr(t) = (�(t)� art)dt+ �r(t)�dW (t)(3)

where �(t) is a deterministic function of t and a � 0, � > 0 and � � 0 are constants. This
family includes the generalized5 Vasicek (1977) model6 for � = 0; Cox, Ingersoll jr. and
Ross (1985) for � = 0:5; and Brennan and Schwartz (1977) for � = 1: Furthermore, in
an empirical study of US Treasury bill yield data, Chan, Karolyi, Longsta� and Sanders
(1992) (CKLS) estimate � as 1.5. Setting � 2]0; 0:5[ does not make sense, because in such
a case the solution to (3) is not unique7.
We complement our analysis of these speci�cations by looking at the Black and Karasin-

ski (1991) and Sandmann and Sondermann (1993) models, whose short rate di�usions are

dr(t) = r(t) � (�(t)� a ln r(t) +
1

2
�2)dt+ r(t)�dW (t)(4)

and

dr(t) = (1 � e�r(t))[(�(t)� 1

2
(1 � e�r(t))�2)dt+ �dW (t)](5)

respectively.
With these models we cover a wide array of distributional assumptions on the short

rate suggested in the literature8, ranging from continuously compounded rates which are

4For a rigorous treatment of changes of measure/changes of num�eraire and their application to option
pricing, see El Karoui and Rochet (1989) or Geman, El Karoui and Rochet (1995).

5We use the term \generalized" to indicate that the drift parameter �(t) depends on time in such a
manner as to �t the model to the initial term structure, as proposed in Hull and White (1990).

6Including the continuous time limit of the Ho and Lee (1986) model as a special case with a = 0.
7See for example Arnold (1973), p. 124.
8One can of course imagine further additions to the class of one{factor short rate models. See for

example Schl�ogl and Sommer (1994).
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normally distributed for � = 0; non-central chi{square distributed for � = 0:5 and lognor-
mally distributed for � = 1 and in the Black and Karasinski (1991) model, to lognormally
distributed nominal9 short rates in the Sandmann and Sondermann (1993) model10.

1.2. Multifactor Models. As the number of factors increases, numerical evaluation of
the models becomes more and more di�cult, and thus closed{form and near{closed{form
solutions grow in importance. Therefore in the multifactor case we focus on Gaussian and
CIR-type models. Since Gaussian models o�er the greater analytical tractability and in
order to make the models quantitatively comparable, we begin with a multifactor version
of the CIR model and then construct a Gaussian model which �ts the same initial term
structure and allows us to match factor variances.

1.2.1. A Multi-factor \Square-Root" Term Structure Model. As in Chen and Scott (1995),
the instantaneous risk-free interest rate (in the following: short rate) is assumed to be the
sum of independent state variables, or factors

r(t) =

nX
j=1

zj(t):(6)

The state variable dynamics are of the CIR type:

dzj(t) =(�j � ajzj(t))dt = �j

q
zj(t)dWj(t)

or, in the vector notation

dZ(t) =(� �AZ(t))dt+ V

0
B@
p
z1(t)
...p
zn(t)

1
CAdW (t)

Note that A and V are diagonal matrices. In order to keep the model analytically tractable,
we do not allow for time-dependent � or V in this case. Therefore, it will not be possible
to �t arbitrary initial term structures. However, since the aim of our analysis is the
term structure movements endogenously generated by the model, this is not a serious
restriction.
The CIR bond price formula for zero coupon bonds with maturity T at time t, gener-

alized to the multifactor case, is given in Chen and Scott (1995):

B(Z(t); t; T ) =A(t; T ) expf�B(t; T )Z(t)g(7)

with

A(t; T ) =
nY

j=1

Aj(t; T )

Aj(t; T ) =

�
2cjwj exp

�
1

2
(cj + aj)(T � t)

�� 2�j

�2
j

B(t; T ) a row vector with components

Bj(t; T ) =2wj(expfcj(T � t)g � 1)

9We use the term \nominal" to di�erentiate between continuously coumpounded rates and actuarial
compounding, and not \nominal" as opposed to \real" interest rates.

10An important feature of this speci�cation is that it avoids the problem of in�nite expected roll{over
returns encountered in the Black/Karasinski model or when setting � � 0:5 in the �{root process. See
Sandmann and Sondermann (1993) and Hogan and Weintraub (1993).
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and

wj =((cj + aj) expfcj(T � t)g+ cj � aj)
�1

cj =
q
a2j + 2�2j

Let

~zj(T ) := zj(T ) � 2(wj�
2
j (e

cj(T�t) � 1))�1(8)

=
4

�2j
Bj(t; T )�1zj(T ):

Then, following Jamshidian (1987), we know that ~zj(T ) conditioned on zj(t) is noncentral
chi-square distributed under the forward risk adjusted measure QT , with �j degrees of
freedom and non-centrality parameter �j given by

�j =
4�j
�2j

�j =
16w2

j c
2
j expfcj(T � t)g
�2jBj(t; T )

zj(t)

Furthermore, variances of the factors ~zj(T ), viewed from time t under the measure QT ,
are given by11

Var[~zj(T )j~z(t)] = 2(�j + 2�j)

, Var[zj(T )jz(t)] = �2jBj(t; T )
�
1

2
�jBj(t; T ) + 4w2

j c
2
je

cj(T�t)zj(t)

�
(9)

1.2.2. A comparable Gaussian model. The short rate is again assumed to be driven by
independent factors but now the state variable dynamics are of the generalized Vasicek
(1977) type:

dzj(t) = (�j(t)� ajzj(t))dt+ �jdWj(t)(10)

The one{ and two{factor cases of this model are analysed in El Karoui, Lepage, Myneni,
Roseau and Viswanathan (1991); the n{factor case can be treated analogously. In order
to make this model comparable to the \square root" model introduced in the previous
section, we will do the following: First, we set the mean reversion coe�cients aj equal to
the respective coe�cients in the \square root" model. Second, we choose the volatility
parameters �j in such a manner as to keep the state variable variances for a speci�c time
horizon equal in the \square root" and Gaussian models. Third, the time dependent
drift coe�cients �j(t) allow us to �t the initial term structure as demonstrated for the
one{factor case in Hull and White (1990), where we take the (endogenous) initial term
structure from the \square root"model as input for the Gaussian case. In this model
logarithmic zero coupon bond prices are given by

lnB(Z(t); t; T ) = ln
B(Z(0); 0; T )

B(Z(0); 0; t)
� 1

2

nX
j=1

tZ
0

�2j

a2j

��
1� e�aj(T�s)

�2 � �1� e�aj(t�s)
�2�

ds

+
nX

j=1

tZ
0

�j

aj

�
e�aj(T�s) � e�aj(t�s)

�
dWj(s)(11)

11For the variance of chi-square distributed variables, see Johnson and Kotz (1970), p. 134.
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Note that the dependence on �j(t) is subsumed in the logarithm of the initial bond prices
with the respective maturities. Changing to the time T � forward measure Q�, where

dW
Q�

j (t) = dWj(t) +
�j

aj

�
1� e�aj(T

��t)� dt
are independent standard Wiener processes, we can write (11) as

lnB(Z(t); t; T ) = ln
B(Z(0); 0; T )

B(Z(0); 0; t)
� 1

2

nX
j=1

TZ
0

�2j

a2j

��
1� e�aj(T�s)

�2 � �1 � e�aj(t�s)
�2�

ds

�
nX

j=1

TZ
0

�2j

a2j

�
1� e�aj(T

��s)� �e�aj(T�s) � e�aj(t�s)
�
ds

+
nX
j=1

tZ
0

�j

aj

�
e�aj(T�s) � e�aj(t�s)

�
dW

Q�

j (s)(12)

Variances of state variables are the same under the risk{neutral and forward risk adjusted
measures, and are given by

Var [zj(t)] =

tZ
0

e�2aj(t�s)�2jds =
�2j

2aj

�
1 � e�2ajt

�
:

We choose �j in the Gaussian model such that

Var [zj(t)] = Var�2 [zj(t)]

Thus

�2j = 2aj
�
1� e�2ajt

��1
Var�2 [zj(t)]

where Var�2 [zj(t)] is given by (9).

2. Term Structure Shapes

2.1. A�ne Models. Setting n = 1 in section 1.2.2, we get the generalized Vasicek (1977)
model. Then instantaneous forward rates (see eq. (2)) can be wriiten in terms of the short
rate as

rc(t; T ) = rc(0; T ) +
�2

2a2
(1� e�2at)(e�a(T�t) � e�2a(T�t)) + e�a(T�t)(r(t)� rc(0; t))(13)

and we can state

Proposition 1. Consider a 
at initial forward rate curve, i.e. instantaneous forward
rates are equal for all maturities. Then the following holds:

1. Forward rate curves in the Ho/Lee model are increasing. Their slope is deterministic.
2. Forward rate curves in the Vasicek model are of three types

(a) monotonically increasing
(b) monotonically decreasing
(c) humpshaped, that is they posses an interior maximum.

Proof:

1. This follows immediately when letting a! 0 in (13) and di�erentiating with respect
to � := T � t.
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Figure 1. Term structure realizations, two{factor CIR model

2. From equation (13) the slope of the forward rate curve is

St(� ) :=
@rc(t; T )

@�
=

@rc(0; T )

@�
+ e�a(T�t)| {z }

>0

0
B@a(rc(0; t)� r(t)) +

�2

2a
(1 � e�2at)| {z }

>0

(2e�a(T�t) � 1)

1
CA

(14)

As 2e�a(T�t) � 1 is monotonically decreasing in � and bounded, the expression in
brackets will either be positive or negative or have a unique zero depending on the
value of (rc(0; t)� r(t)): If it has a zero at �; then St(� ) > 0 for � < � and St(� ) < 0
for � > � : 2

By starting with a 
at initial forward rate curve these e�ects are most evident, but they
carry over to scenarios with arbitrary initial term structures, since as can be easily seen
in equation (13), the initial curve is simply added to the endogenously generated shape of
the term structure at time t.
By restating the Cox/Ingersoll/Ross result on the shape of the yield curve12 in terms

of forward rates, we get the CIR analogue of 1:

Proposition 2. Forward rate curves in the one{factor CIR model are of three types

1. monotonically increasing
2. monotonically decreasing
3. humpshaped, that is they posses an interior maximum.

Proof: See appendix A.

12see Cox, Ingersoll jr. and Ross (1985), p. 394
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Figure 2. Brennan/Schwartz term structure realizations

The results on possible realizations of the term structure obtained for one{factor models
in propositions 1 and 2 generalize to the multifactor case in a straightforward manner.
Observe that the multifactor equation (11) is simply an a�ne combination of one{factor
equations. More speci�cally, the term structure at some future date t in the Vasicek
model is given by the the initial term structure at time zero (the logarithm of initial
bond prices in (11) or the initial forward rate rc(0; T ) in (13)) plus a term re
ecting the
endogenous dynamics. In the multifactor Gaussian model, we have again the initial term
structure, plus a sum of endogenously generated terms of the same functional form for
each factor. Although the formulas are more complicated, the same holds for the one{
and multifactor versions of the CIR model, since as in the Gaussian case forward rates
are a�ne functions of the state variables. Thus, starting from a 
at initial term structure,
an n{factor Gaussian or CIR model permits those term structure shapes which can be
represented as a sum of n curves of the three types in propositions 1 and 2.
Moving from one{factor to multifactor models we do gain a new quality, however. The

one{factor models allow only for \parallel" shifts of the term structure in the sense that
forward rate curves for di�erent states of the world cannot intersect (e.g. �gure 2). A
two{factor model in contrast allows for \twists" in the term structure, i.e. for example an
increase of forward rates on the short end and a decrease on the long end (e.g. �gure 1).

2.2. Other Models. Leaving the a�ne class for the remaining one{factor models which
we want to study, we need to resort to numerical implementations. This also allows us to
�t the CIR model to a given initial term structure by allowing the drift parameter � to
depend on time.
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For our numerical study we chose the Hull and White (1993) algorithm, because it
allows us to implement all one{factor models introduced in section 1.1 in a uni�ed frame-
work. Comparing the initial term structure with the period 0 term structure calculated by
backward induction through the trinomial lattice generated by this algorithm gives us an
idea of how exact our approximation is. The maximumdeviations of the calculated period
0 term structure from the input term structure, as well as the parameter constellations
for each plot, are listed in table D.
As exempli�ed in �gure 2, our simulations show that for all values of � considered,

as well as for the Black and Karasinski (1991) model, the shapes of the term structure
endogenously generated are qualitatively the same as those proven for � = 0; 0:5 in propo-
sitions 1, 2. The Sandmann and Sondermann (1993) model exhibits essentially no mean
reversion, therefore the term structure shapes generated endogenously remain very 
at,
with a slight tendency toward increasing forward rate curves.

2.3. Some Remarks on Mean Reversion. The analysis in the preceding sections
demonstrates the importance of mean reversion for the shape of the term structure. Our
numerical study shows that for all models considered, mean reversion is necessary in order
to generate downward sloping term structures in any substantial proportion. As shown
analytically in proposition 1, in the Gaussian case this means that for zero mean rever-
sion (the continuous{time Ho/Lee case) the forward rate curve slopes upward ever more
steeply as the model evolves over time. In the CIR model mean reversion is necessary in
order to make the origin inaccessible. Otherwise, within any �nite time horizon, the short
rate would reach zero with a positive probability and stay there.13

In this context it is important to note that mean reversion is primarily a volatility
parameter, in that it determines how the volatilities of bonds, and hence yields and forward
rates of di�erent maturities relate to the volatility of the short rate. Mean reversion is
necessary in order to model a volatility structure which re
ects the stylized fact that
forward rate volatilities are decreasing in time to maturity.
An equivalent change of measure, much as it will alter the drift of the short rate SDE,

will neither a�ect the volatility of the short rate nor the bond volatilities. Consequently,
the term structures which are possible remain the same under every equivalent measure,
only the probability assigned to the realizations change. In the a�ne models this is im-
mediately evident: the term structure equations, for example (13) or (7), are independent
of the probability measure.
In Gaussian models, choosing di�erent rates of mean reversion for each factor is nec-

essary to prevent collapse to the one{factor case: Then equation (11) can be written
as

lnB(Z(t); t; T ) = ln
B(Z(0); 0; T )

B(Z(0); 0; t)
� 1

2

 
nX

j=1

�2j

! tZ
0

1

a2

��
1� e�a(T�s)

�2 � �1� e�a(t�s)
�2�

ds

+

tZ
0

1

a

�
e�a(T�s) � e�a(t�s)

�
d

 
nX

j=1

�jWj(s)

!

De�ning

~W (s) :=

Pn

j=1 �jqPn

j=1 �
2
j

Wj(s)

13see Cox, Ingersoll jr. and Ross (1985), p. 391.
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Figure 3. Term structure realizations, two{factor CIR model

which is a Wiener process by the L�evy criterion. Setting � :=
qPn

j=1 �
2
j , we can replace

d(
Pn

j=1 �jdWj(s)) with �d ~W (s) to yield a one{factor model. Consequently, it is not

possible to construct a continuous{time multifactor version of the Ho/Lee model, since
this would have aj = 0 for all j.
In contrast, the multifactor version of the CIR model does not degenerate into the

one{factor case if the mean reversion parameters are equal for all factors, as �gure 3
demonstrates. Only if the volatility parameters �j are also all equal do we get a one{
factor model. Then the Bj(t; T ) are equal for all j and we can write (7) as

B(Z(t); t; T ) = A(t; T ) expf�
nX

j=1

Bj(t; T )zj(t)g = A(t; T ) expf�B1(t; T ) r(t)g

3. The Role of the Distributional Assumption

In the previous section, our qualitative results on the shapes of the term structure gen-
erated endogenously were independent of the distributional characteristics of the factors.
In this section we seek to quantify this similarity between the models. To this end consider
a European spread option whose payo� at time T is de�ned as

[rc(T; T + x)� rc(T; T + y)]+:

Such spread options can be interpreted as an aggregate over all possible term structure
shapes, weighted with the relevant pricing measure: If (long { short){options (i.e. x > y)
are expensive, then increasing forward rate curves carry a large weight; if (short { long){
options (i.e. x < y) are expensive, then decreasing term structures are important. Figures
4{7 plot spread option values for di�erent one{factor models of the \�{root" speci�cation
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(3). On the vertical axis we plot the price of a contingent claim which pays one dollar for
every base point di�erence between the instantaneous forward rates with time to maturity
x years hence and x+c years hence, i.e. either long { short [rc(T; T+x+c)�rc(T; T+x)]+;
or short { long [rc(T; T + x) � rc(T; T + x + c)]+. On the horizontal axis we plot the
shorter time to maturity x; keeping the maturity di�erence c constant. We start with a

at initial forward rate curve and chose the volatility parameter � in such a manner as to
make the models comparable: Since the short rate dynamics drive the one{factor models
considered here, we set � so as to match the variance of the short rate at option maturity
as viewed from today.14 Figures 4{7 show that the models are not only very similar in the
qualitative shapes of the term structure generated endogenously, but also di�er very little
quantitatively in they weight they assign to di�erent slopes of the forward rate curve at
various maturities.
It is worth noting that the endogenous dynamics identi�ed so far are una�ected by

the shape of the initial term structure. This was already observed analytically in section
2.1. In our numerical study, by de�ning \at{the{money" spread options, i.e. options that
pay one dollar for every base point di�erence between the spread between two forward
rates at maturity of the option and the respective spread in the initial term structure
[(rc(0; T + x+ d)� rc(0; T + x))� (rc(T; T + x+ c)� rc(T; T + x))]+; we veri�ed that all
these models have a tendency to produce term structures that are more upward sloping

14This of course does not mean that the short rate variance is matched for other maturities, but our
simulations show that the variance matching � does not vary much across maturities. Furthermore, by
allowing for time{dependent volatility one could match variances for all maturities.
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Figure 9. Sandmann/Sondermann

on the short and more downward sloping on the long end irrespective of the slope of the
initial term structure.
We therefore conclude that by specifying di�erent values of �; it is not possible to

implement term structure models which di�er substantially with respect to their structural
implications for future realizations of the shape of the term structure.
The Black and Karasinski (1991) model di�ers from the \�{root" di�usion in the way

mean reversion is speci�ed (see eq. (4). This is re
ected in �gure 8, where again we set �
so that the variance of the short rate in two years' time is the same as in �gures 4 through
7: The forward rate curves are somewhat 
atter, leading to lower spread option prices.
In the Sandmann and Sondermann (1993) model the term that can be viewed as gen-

erating a mean reversion e�ect 1
2
(1 � e�r(t))�2; is bounded between 0 and 1

2
�2 for all

r 2 IR+: For the same variance of the short rate realizations in two years' time as in
�gure 4 the term structures are therefore 
atter and upward sloping term structures carry
relatively more weight, as evidenced in �gure 9: Spread option prices are much lower and
for all maturities the claims contingent on upward sloping term structures are more valu-
able than those contingent on downward sloping term structures. This underscores once
more the importance of mean reversion as compared as compared to the distributional
characteristics.
Next we pose the question whether these striking similarities between models with

di�erent distributional assumptions carry over to the multifactor case. Again we focus on
members of the a�ne class. While we do not have closed form solutions for spread options
on instantaneous forward rates in the CIR model, in appendix C we derive a near{explicit
solution for spread options on nominal15 forward rates16.
Consider now �gure 10. The CIR �j were chosen in such manner as to yield a nearly 
at

initial term structure for the maturity range from 0 to 10 years (forward rates vary less
than one base point). The Gaussian model was �tted to the same initial term structure
and the Gaussian �j were chosen to match the factor variances with those in the CIR
model17. Again, spread option prices are nearly equal. This result is remarkably stable,
even when factor variances are matched for a di�erent time horizon than the option

15see footnote 9
16For the compounding periods considered in our analysis below, comparisons between the closed{form

solution for nominal spread options in the one{factor CIR case and the numerical results for continuous
compounding show di�erences small enough to be ignored, as do comparisons between closed{form solu-
tions for spread options on nominal and continuously compounded rates in the Gaussian models.

17For a complete parameter listing, see table D.
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maturity. Only for unrealistically high volatilities do marked di�erences appear between
CIR and Gaussian spread option prices.

Conclusion

In the present paper, we have evaluated a broad collection of factor models of the term
structure of interest rates proposed in the literature. They di�er in the number of factors,
in the class of probability distributions that the factors obey, and in whether or not mean
reversion is included in the factor SDEs. Starting from a 
at initial term structure of
forward rates, we analysed the evolution of the shape of the term structure generated
endogenously by the models.
In all the models considered, the introduction of mean reversion is essential in order

to generate downward sloping forward rate curves in any substantial proportion. Fur-
thermore, in Gaussian models choosing di�erent rates of mean reversion for each factor is
necessary to prevent collapse to the one{factor case. In contrast, the multifactor version
of the Cox, Ingersoll jr. and Ross (1985) (CIR) model degenerates into the one{factor
case if and only if mean reversion and volatility parameters are equal for all factors.
The choice of the number of sources of uncertainty driving a model is clearly more im-

portant for the evolution of the shape of the term structure than the distribution assumed
for the factors. Independent of the distributional assumption, the models considered re-
strict the evolution of the shape of the term structure in much the same manner. This
is true not only qualitatively, but also quantitatively, as evidenced by our comparison of
spread option prices. Hence, if some observed term structure shape cannot be explained
by one model, then it cannot be explained by the others either.
These �ndings have bearing on the use of term structure models for the pricing and

hedging of certain derivatives. First, mean reversion is necessary in order to model a
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realistic term structure of volatilities. Second priority should be the choice of the \correct"
number of factors, perhaps through principal components analysis18. This determines
which shapes of the term structure can occur. The choice of distributional assumption is
largely irrelevant when considering positions in �xed income instruments which depend
primarily on the relative movements of interest rates for di�erent maturities.
For some �xed income instruments, however, there are theoretical arguments against

certain distributional assumptions that cannot be safely ignored. Rogers (1996) demon-
strates how permitting negative interest rates, as Gaussian models do, leads to implausible
valuation results for certain contingent claims such as long term zero coupon bonds and
zero strike 
oors. Hogan and Weintraub (1993) show that models with lognormal contin-
uously compounded short rates assign in�nite values to Eurodollar futures, a result that
also holds for �{root models with � greater than unity.
In view of the di�erent methods for empirical testing outlined in the introduction, the

results in this paper suggest the following conclusions. While taking into account the
movements of the entire term structure is clearly important in order to determine empir-
ically the number of factors necessary to adequately model interest rate dynamics, using
this data to test for the best speci�cation of the di�usion process may lead to rather
unstable results in the sense that deviations of the realized term structure shapes from
those permitted by the models will be the same across models and this will dominate any
di�erences due to the distributional assumptions on the factors. Instead, to improve the
selectivity of the test, one could concentrate on estimating the factor distributions with
the observed factor dynamics. In one{factor short rate models this would be an argu-
ment for the approach taken by Chan, Karolyi, Longsta� and Sanders (1992), who focus
on the dynamics of the continuously compounded short rate. For the a�ne multifactor
case, one could make use of the fact that these models can be reparameterized in factors
which are yields19 (or forward yields, for that matter). The dynamics of these yield fac-
tors can then be estimated from observables, and the stability of these estimates under
reparameterization to yield factors of di�erent maturities is a criterion for evaluating the
model.

Appendix A. Proof of proposition 2

Instantaneous forward rates are equal to minus the derivative with respect to maturity
of the logarithmic zero coupon bond prices. Thus, from (7) with n = 1 we get

rc(t; T ) =
2�

�2

�
wc(c + a)ec(T�t)� 1

2
(c+ a)

�
+ 2wcec(T�t)r(t)(1 �w(c + a)(ec(T�t)� 1))

(15)

and once more taking the derivative with respect to maturity

@2rc(t; T ) = 4c2w2ec(T�t)(� + c(1� 2(c + a)wec(T�t))r(t))(16)

Setting @2rc(t; T ) = 0 yields

ec(T�t) =
(c� a)(� + cr(t))

(c+ a)(��+ cr(t))
(17)

18See for example Litterman and Scheinkman (1991).
19see Du�e and Kan (1992, 1996).
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The derivative of (16) with respect to maturity is

@2;2rc(t; T ) = (2 c3 ec (T�t)
�
�a+ c+ a ec (T�t) + c ec (T�t)

��4
��2(18)

�
�
�a4 b+ 2 a3 b c� 2 a b c3 + b c4 + a4 b e2 c (T�t) + 2 a3 b c e2 c (T�t)

�2 a b c3 e2 c (T�t) � b c4 e2 c (T�t) + 2 a2 c r(t)�2 � 4 a c2 r(t)�2

+2 c3 r(t)�2 + 8 a2 c ec (T�t) r(t)�2 � 8 c3 ec (T�t) r(t)�2

+2 a2 c e2 c (T�t) r(t)�2 + 4 a c2 e2 c (�t+T ) r(t)�2 + 2 c3 e2 c (T�t) r(t)�2
�

Inserting (17) into (18), we get

�(b� c r(t))2 (b+ c r(t))2

4 r(t)3 �2
< 0

and thus the forward rate curve has a local maximum at the maturity T0 satisfying (17),
and is upward sloping for shorter and downward sloping for longer maturities. Note
that for r(t) = �=a, i.e. when the drift of the short rate process is zero, T0 = t, which
means that the term structure is downward sloping for all maturities if the short rate
realization is r(t) � �=a. For r(t) � bp

a2+2�2
, (17) has no solution, and T0 goes to in�nity

as r(t) # bp
a2+2�2

. Therefore the term structure is upward sloping for all maturities if

r(t) � bp
a2+2�2

.

Appendix B. Spread Options on Instantaneous Forward Rates in the

Vasicek Model

As El Karoui, Lepage, Myneni, Roseau and Viswanathan (1991) show, we have

r(t) = rc(0; t) +

Z t

0

e�a(t�s)�dWQT (s)(19)

and therefore under the forward measure r(t) is normally distributed with mean �r(t) =
rc(0; t) and variance �2r(t) = (1�e�2at)�2=2a. Inserting (19) into (13) and (14), respectively,
we see that under QT rc(t; T ) is normally distributed with

�rc(t;T ) = rc(0; T ) +
�2

2a2
(1� e�2at)(e�a(T�t) � e�2a(T�t))

�2rc(t;T ) = e�2a(T�t)(1� e�2at)
�2

2a

and St(� ) is normally distributed with

�St(�) =
@rc(0; T )

@�
+
�2

2a
(1� e�2at)(2e�a(T�t) � 1)e�a(T�t)

�2St(�) = e�2a(T�t)(1� e�2at)
�2a

2

Proposition 3. Consider a European spread option whose payo� at time T is de�ned as

[rc(T; T + x)� rc(T; T + y)]+

The value V0([rc(T; T + x)� rc(T; T + y)]+) at time 0 of this contingent claim is

V0([rc(T; T + x)� rc(T; T + y)]+) =B(0; T )

�
�sN

�
�s

�s

�
+ �s'

�
�s

�s

��
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for x > y (long � short), and for x < y (short � long) we have

V0([rc(T; T + x)� rc(T; T + y)]+) =B(0; T )

�
�sN

�
�s

�s

�
+ �s'

�
��s
�s

��
with

�s :=rc(0; T + x)� rc(0; T + y) +
�2

2a2
(1� e�2aT )(e�ax � e�2ax � (e�ay � e�2ay))

�s :=
�2

a
(1� e�2aT )

�
1

2
(e�2ax + e�2ay)� e�a(x+y)

�
where N is the standard normal distribution function and ' the corresponding probability
density.

Proof: De�ning J := rc(T; T + x) � rc(T; T + y) and following the approach taken in
Jamshidian (1987), we can write

V0([rc(T; T + x)� rc(T; T + y)]+)

=B(0; T )

Z 1

0

J
1p
2��2s

exp

(
�1

2

�
J � �s

�s

�2
)
dJ

=B(0; T )
1p
2��2s

""
��2s exp

(
�1

2

�
J � �s

�s

�2
)#1

0

+ �s

Z 1

0

exp

(
�1

2

�
J � �s

�s

�2
)
dJ

#

=B(0; T )

�
�sN

�
�s

�s

�
+ �s'

�
�s

�s

��

for x > y (long � short), and for x < y (short � long) we have

V0([rc(T; T + x)� rc(T; T + y)]+)

=�B(0; T )

Z 0

�1
J

1p
2��2s

exp

(
�1

2

�
J � �s

�s

�2
)
dJ

=�B(0; T )

�
�sN

�
��s
�s

�
� �s'

�
�s

�s

��
2

Proposition 4. For every �xed time to maturity di�erence c > 0 there exists a unique
time to maturity y(a) such that

V0([rc(T; T + y + c) � rc(T; T + y)]+)
>
< V0([rc(T; T + y)� rc(T; T + y + c)]+)

as y
<
> y(a): Furthermore dy(a)

da
< 0:

Proof: We have

V0([rc(T; T + y + c)� rc(T; T + y)]+)� V0([rc(T; T + y)� rc(T; T + y + c)]+) = �s

�s has the following properties:

i) lim
y!0

�s =
�2

2a2
(1� expf�2aT0g) expf�acg(1� expf�acg) > 0

ii) lim
y!1

�s = 0

iii) �sjy = 0 , y =
1

a
ln (expf�acg+ 1) > 0
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iv)
d�s

dy

����
y

= 0 , y =
1

a
ln (2 expf�acg+ 1) >

1

a
ln (expf�acg+ 1)

2

Proposition 4 shows that the Vasicek model favours upward sloping term structures on
the short end and downward sloping term structures on the long end. For the Ho/Lee
model, the slope of the forward rate curve and thus spread options prices are deterministic;
starting from a 
at initial term structure, only options on upward sloping forward rate
curves will have a positive value.

Appendix C. Spread options on nominal forward rates

C.1. In the one-factor Gaussian model. Consider an European option with the
payo�20

[rn(T; x; �)� rn(T; y; �)]
+(20)

at maturity T, where rn(T; x; �) denotes the nominal forward rate at time T for the
investment period from T + x to T + x+ �. Following the approach taken in Jamshidian
(1987), we write the price at time 0 of the option as

C(r; 0) =
1

�
B(r; t; T )(J(T;x; �)� J(T; y; �))

with

J(T; x; �) =

Z
r(T )2R�

T

F (r; T; T + x; T + x+ �)�1dQT (r(T ))

where

R�T = fr(T ) jF (r; T; T + x; T + x+ �) < F (r; T; T + y; T + y + �)g
The forward price at time T of a forward contract maturing in T + x on a zero coupon
bond maturing in T + x+ �, parametrized in the spot short rate r(T ), is given by

F (r; T; T + x; T + x+ �) = F (0; T + x; T + x+ �)k1k2 exp

�
�r(T )1

a
(e�ax � e�a(x+�))

�
with

k1 = exp

�
��2
2a2

(1 � e�2aT )

�
(
1

a
(e�ax � e�a(x+�)))� 1

2a
(e�2ax � e�2a(x+�))

��

k2 = exp

�
rc(0; T )

1

a
(e�ax � e�a(x+�))

�
As can be readily seen, the di�erence F (r; T; T + x; T +x+�)�F (r; T; T + y; T + y+�)
is monotonic in r(T ). Thus we have for x > y

J(T; x; �) = F (0; T + x; T + x+ �)�1k�11 k�12

Z r�T

�1
exp

�
r(T )

1

a
(e�ax � e�a(x+�))

�
dQT (r(T ))

and for x < y

J(T; x; �) = F (0; T + x; T + x+ �)�1k�11 k�12

Z 1

r�
T

exp

�
r(T )

1

a
(e�ax � e�a(x+�))

�
dQT (r(T ))

20For a treatment of this contingent claim within the context of an international economy see Frey and
Sommer (1997).
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r�T is given by the condition

F (r�T ; T; T + x; T + x+ �) = F (r�T ; T; T + y; T + y + �)

() r�T =

�
a ln

F (0; T + x; T + x+ �)

F (0; T + y; T + y + �)
� 1

2a2
�2r(T )(k3 � k4)

�
k�13 + rc(0; T )

with

k3 = e�ax � e�ay � e�a(x+�) + e�a(y+�)

k4 =
1

2

�
e�2ax � e�2ay � e�2a(x+�) + e�2a(y+�)

�
and �2r(T ), the variance of the spot short rate at time T , viewed from time 0, given by

�2r(T ) =
�2

2a
(1 � e�2aT )

r(T ) is normally distributed with variance �2
r(T ) and mean �

Q

r(T )
= rc(0; T ) under the

forward risk-adjusted measure QT . ThereforeZ r�T

�1
exp
n
r(T )

1

a
(e�ax � e�a(x+�))

o
dQT (r(T ))

=

Z r�T

�1
exp
n
r(T )

1

a
(e�ax � e�a(x+�))

o 1p
2��r(T )

exp

�
�
(r(T )� �Q

r(T ))
2

2�2
r(T )

�
dr(T )

= exp

��(�Q
r(T ))

2 + (�Q
r(T ) +

1
a
(e�ax � e�a(x+�))�2

r(T ))
2

2�2
r(T )

�

�
Z r�T

�1

1p
2��r(T )

exp

�
�
(r(T )� ((�Q

r(T )) +
1
a
(e�ax � e�a(x+�))�2

r(T )))
2

2�2
r(T )

�
dr(T )

= exp

�
1

a
(e�ax � e�a(x+�))rc(0; T ) +

1

2a2
(e�ax � e�a(x+�))2�2r(T )

�

�N
�
r�(T )� rc(0; T )� 1

a
(e�ax � e�a(x+�))�2

r(T )

�r(T )

�

C.2. Spread options in the one-factor \square root" term structure model.

Writing (20) in terms of zero coupon bond prices and substituting these with the bondprice
formula given by Jamshidian (1987), we get

1

�

�
B(r; T; T + x)

B(r; T; T + x+ �)
� B(r; T; T + y)

B(r; T; T + y + �)

�+

=
1

�

�
A(T; T + x)

A(T; T + x+ �)
exp f�r(T ) (B(T; T + x)� B(T; T + x+ �))g

� A(T; T + y)

A(T; T + y + �)
exp f�r(T )(B(T; T + y)�B(T; T + y + �))g

�+
Again, it is easy to show that the di�erence F (r; T; T+x; T+x+�)�F (r; T; T+y; T+y+�)
is monotone in r(T ). Thus, following Jamshidian's approach, the price in t of the option
is given by

C(r; t) =
1

�
B(r; t; T ) (J(T; x; �)� J(T; y; �))
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with

J(T; x; �) :=

Z r�
T

0

A(T; T + x)

A(T; T + x+ �)
expf�r(T )(B(T; T + x)� B(T; T + x+ �)gdQT (r(T ))

for x > y, and

J(T; x; �) :=

Z 1

r�
T

A(T; T + x)

A(T; T + x+ �)
expf�r(T )(B(T; T + x)� B(T; T + x+ �)gdQT (r(T ))

for x < y, where

r�T =
lnA(T; T + x)� lnA(T; T + x+ �)� lnA(T; T + y) + lnA(T; T + y + �)

B(T; T + x)� B(T; T + x+ �)� B(T; T + y) + B(T; T + y + �)

Let

~r(T ) := r(T ) � 2(w�2(ec(T�t) � 1))�1 =
4

�2
B(t; T )�1r(T )

Then we know that ~r(T ) conditioned on r(t) is noncentral chi-square distributed under
the forward risk adjusted measure QT , with � degrees of freedom and non-centrality pa-
rameter � given by

� =
4�

�2

� =
16w2c2ec(T�t)

�2B(t; T ) r(t)

(21)

Let

b :=
4

�2
B(t; T )�1

L := B(T; T + x)� B(T; T + x+ �)
(22)

Then we have

J(T; x; �) = b

Z r�
T

0

A(T; T + x)

A(T; T + x+ �)
e�r(T )Lq�2(b r(T ); �; �)dr(T )

Substituting for qT
�2

its in�nite sum expression (see Johnson and Kotz (1970), Chapter 28,

eq. 3), we get

e�r(T )Lq�2(b r(T ); �; �)

= e�r(T )L2�
1

2
� exp

�
�1

2
(b r(t) + �)

� 1X
j=0

(b r(t))
1

2
�+j�1�j

�(1
2
� + j)22jj!

= 2�
1

2
� exp

�
�1

2

�
r(T )(b+ 2L) +

�b

b+ 2L

��
exp

�
1

2

�
�b

b+ 2L
� �

���
b

b+ 2L

� 1

2
��1

�
1X
j=0

((b+ 2L)r(T ))
1

2
�+j�1 � �b

b+2L

�j
�(1

2
� + j)22jj!

= exp

�
1

2

�
�b

b+ 2L
� �

���
b

b+ 2L

�1

2
��1

q�2

�
(b+ 2L)r(T ); �;

�b

b+ 2L

�
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Therefore

J(T; x; �) = b � exp
�
1

2

�
�b

b+ 2L
� �

���
b

b+ 2L

� 1

2
��1 A(T; T + x)

A(T; T + x+ �)

�
Z r�

T

0

q�2

�
(b+ 2L)r(T ); �;

�b

b+ 2L

�
dr(T )

= exp

�
1

2

�
�b

b+ 2L
� �

���
b

b+ 2L

� 1

2
� A(T; T + x)

A(T; T + x+ �)

�
Z r�

T

0

q�2

�
(b+ 2L)r(T ); �;

�b

b+ 2L

�
d ((b+ 2L)r(T ))

for x > y, and for x < y

J(T; x; �) = exp

�
1

2

�
�b

b+ 2L
� �

���
b

b+ 2L

� 1

2
� A(T; T + x)

A(T; T + x+ �)

�
�
1 �

Z r�T

0

q�2

�
(b+ 2L)r(T ); �;

�b

b+ 2L

�
d ((b+ 2L)r(T ))

�

with Z r�T

0

q�2

�
(b+ 2L)r(T ); �;

�b

b+ 2L

�
d ((b+ 2L)r(T )) = �2

�; �b
b+2L

((b+ 2L)r�T )

the value of the non-central chi-square distribution function.

C.3. Spread options in the multi-factor square root term structure model. Writ-
ing (20) in terms of zero coupon bond prices and substituting these with the bond price
formula given in Chen and Scott (1995), we get

1

�

�
B(z; T; T + x)

B(z; T; T + x+ �)
� B(z; T; T + y)

B(z; T; T + y + �)

�+

=
1

�

"
nY

j=1

Aj(T; T + x)

Aj(T; T + x+ �)
expf�(Bj(T; T + x)� Bj(T; T + x+ �))zj(T )g�

nY
j=1

Aj(T; T + y)

Aj(T; T + y + �)
expf�(Bj(T; T + y)� Bj(T; T + y + �))zj(T )g

#+
:

Again following the approach taken in Jamshidian (1987), the price in t of the option is
given by

C(z; t) =
1

�
B(z; t; T )(J(T; x;�)� J(T; y; �))

with J given by the multidimensional integral

J(T; x; �)

:=

Z
z(T )2Z�

T

 
nY

j=1

Aj(T; T + x)

Aj(T; T + x+ �)
expf�(Bj(T; T + x)� Bj(T; T + x+ �))zj(T )g

!
dQT (z(T ))
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and

Z�T =

(
z(T )

�����
nX

j=1

(Bj(T; T + y)� Bj(T; T + y + �)� Bj(T; T + x) + Bj(T; T + x+ �))zj(T )

> ln

 
nY

j=1

Aj(T; T + y)

Aj(T; T + y + �)

Aj(T; T + x+ �)

Aj(T; T + x)

!)

Now consider

expf�(Bj(T; T + x)� Bj(T; T + x+ �))zj(T )gdQT (zj(T ))(23)

Analogously to the one-factor case, de�ning �j and �j as in (21), bj and Lj as in (22), we
can write (23) as

exp f�Ljzj(T )g q�2(bjzj(T ); �j; �j)dzj(T )

= exp

�
1

2

�
�jbj

bj + 2Lj

� �j

���
bj

bj + 2Lj

� 1

2
�j�1

q�2

�
(bj + 2Lj)zj(T ); �j;

�jbj

bj + 2Lj

�
dzj(T )

Because of the independence of factors, we can write

J(T; x; �) =

 
nY

j=1

Aj(T; T + x)

Aj(T; T + x+ �)

! Z
z(T )2Z�

T

 
nY

j=1

bje
�Ljzj(T )q�2(bjzj(T ); �j; �j)dzj(T )

!

=

 
nY

j=1

Aj(T; T + x)

Aj(T; T + x+ �)
exp

�
1

2

�
�jbj

bj + 2Lj

� �j

���
bj

bj + 2Lj

� 1

2
�j
!

�
Z

z(T )2Z�

T

 
nY

j=1

q�2

�
(bj + 2Lj)zj(T ); �j;

�jbj

bj + 2Lj

�
d((bj � 2Lj)zj(T ))

!

The remaining integral term is the value of the probability function of a linear combination
of independent random variables which are non-central chi-square distributed, and can be
evaluated using the techniques described by Chen and Scott (1995):

Z�T =

(
z(T )

�����
nX

j=1

�xjẑxj(T ) > k

)

with

ẑxj(T ) :=(bj + 2Lj)zj(T )

�j :=(Bj(T; T + y)� Bj(T; T + y + �)� Bj(T; T + x) + Bj(T; T + x+ �))(bj + 2Lj)
�1

k := ln

 
nY

j=1

Aj(T; T + y)

Aj(T; T + y + �)

Aj(T; T + x+ �)

Aj(T; T + x)

!

and so we can writeZ
z(T )2Z�

T

 
nY

j=1

q�2

�
(bj + 2Lj)zj(T ); �j;

�jbj

bj + 2Lj

�
d((bj � 2Lj)zj(T ))

!
= 1� 1

�

1Z
�1

sinuk

u
	(u)du

where

	(u) =

nY
j=1

	j(�xju)
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with

	j(�xju) =(1� 2i�xju)
� 1

2
�j exp

�
i�xju

1� 2i�xju

�jbj

bj + 2Lj

�
:

We then evaluate the integral numerically, as in Chen and Scott (1995).

C.4. Spread options in the multi{factor Gaussian term structure model. As
before, we write the price in t of the option as

C(z; t) =
1

�
B(z; t; T ) (J(T; x; �)� J(T; y; �)) :

De�ning

�j(t; T; �) :=

TZ
t

�j

aj

�
e�aj(T�s) � e�aj(T+��s)

�
dWQT

j (s)(24)

we have �j(t; T; �) normally distributed with

EQT

t [�j(t; T; �)] = 0

�2�j := VarQ
T

t [�j(t; T; �)] =

TZ
t

�2j

a2j

�
e�aj(T�s) � e�aj(T+��s)

�2
ds:

As in the previous section,

J(T; x; �) :=

Z
z(T )2Z�

T

B(z; T; T + x)

B(z; T; T + x+ �)
dQT (z(T ))(25)

with Z�T suitably de�ned. Substituting (11) into (25) and writing the equation in terms
of �j, we get

J(T; x; �) =
B(z; T; T + x)

B(z; T; T + x+ �)

� exp

8<
:�1

2

nX
j=1

TZ
t

�2j

a2j

��
1 � e�aj(T+x�s)

�2 � �1 � e�aj(T+x+��s)
�2�

ds

9=
;(26)

� exp

8<
:�

nX
j=1

TZ
t

�2j

a2j

�
1 � e�aj(T�s)

� �
e�aj(T+x�s) � e�aj(T+x+��s)

�
ds

9=
;

�
Z

�(t;T;�)2��
T

exp

(
nX

j=1

e�ajx�j(t; T; �)

)
dQT (�j(t; T; �))
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where

��T :=

(
�(t; T; �)

�����
nX

j=1

�
e�ajx � e�ajy

�
�j(t; T; �) > ln

B(z; t; T + y)B(z; t; T + x+ �)

B(z; t; T + y + �)B(z; t; T + x)

�
nX

j=1

�2j

2a3j

�
e�ajy

�
1

2

�
e�ajy � e�aj(2(T�t)+y)

�
� 1 + e�2aj(T�t)

�
(27)

� e�aj(y+�)
�
1

2

�
e�aj(y+�) � e�aj(2(T�t)+y+�)

�
� 1 + e�2aj(T�t)

�

� e�ajx
�
1

2

�
e�ajx � e�aj(2(T�t)+x)

�
� 1 + e�2aj(T�t)

�

+e�aj(x+�)
�
1

2

�
e�aj(x+�) � e�aj(2(T�t)+x+�)

�
� 1 + e�2aj(T�t)

��
We now proceed to calculate the truncated expectation in (26). Because the Brownian

motions WQ
j are independent, we can writeZ

�(t;T;�)2��T

exp

(
nX

j=1

e�ajx�j(t; T; �)

)
dQT (�j(t; T; �))

=

Z
�(t;T;�)2��

T

 
nY

j=1

exp
�
e�ajx�j(t; T; �)

	 1p
2���j

exp

(
��j(t; T; �)

2

2�2�j

)
d�j(t; T; �)

!

= exp

(
1

2

nX
j=1

e�2ajx�2�j

) Z
�(t;T;�)2��T

 
nY

j=1

1p
2���j

exp

(
� 1

2�2�j

�
�j(t; T; �)� e�ajx�2�j

�2)
d�j(t; T; �)

!

= exp

(
1

2

nX
j=1

e�2ajx�2�j

) Z
�(t;T;�)2��

T

 
nY

j=1

qTN (�j(t; T; �))d�j(t; T; �)

!

where the qTN(�) are the appropriately de�ned densities of independent normal distribu-
tions. ThereforeZ

�(t;T;�)2��T

 
nY

j=1

qTN (�j(t; T; �))d�j(t; T; �)

!
= Prob

"
nX

j=1

�j�j(t; T; �) > k

#

with
�j := e�ajx � e�ajy

and k de�ned as the right hand side of the inequality in (27). Since the sum of normally
distributed random variables is again normally distributed, we have

Prob

"
nX

j=1

�j�j(t; T; �) > k

#
= 1 �N

0
@k �

Pn

j=1 �je
�ajx�2�jqPn

j=1 �
2
j�

2
�j

1
A
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Appendix D. Parameter Constellations

D.1. One{Factor Models. The initial curve of instantaneous forward rates is 
at at 6%
for all plots.

Figure Model Time21 � MR � Range22 Ref.23 Dev.24

2 Brennan/Schwartz 2 yrs. 1 0.2 0.15 (0;1) 16 0.00158
4 Vasicek 2 yrs. 0 0.15 0.01 (�1;1) 16 0.00195
5 CIR 2 yrs. 0.5 0.15 0.0408914 [0;1) 16 0.00193
6 Brennan/Schwartz 2 yrs. 1 0.15 0.1649986 (0;1) 16 0.00192
7 �{root 2 yrs. 1.5 0.15 0.6578632 (0;1) 16 0.00146
8 BDT 2 yrs. na 0.15 0.1436448 (0;1) 16 0.00145
9 SaSo 2 yrs. na na 0.1483548 (0;1) 16 0.00147

D.2. Multifactor Models.

Fig. Model Time21 a1 a2 a3 �1 �2 �3 �1 �2 �3
1 CIR 2 yrs. 0.08 0.16 na 0.03 0.09 na 0.0025 0.0025 na
3 CIR 2 yrs. 0.15 0.15 na 0.03 0.09 na 0.00325 0.00325 na
10 CIR 2 yrs. 0.1 0.15 0.2 0.03 0.04 0.05 0.002607 0.0029996 0.003426

Gauss 2 yrs. 0.1 0.15 0.2 0.002916 0.007256 0.006135 na na na

The initial state of the world for �gure 10 is z1(0) = z2(0) = z3(0) = 0:02, i.e. the initial
short rate is 6%. The �j are chosen in such a manner that all initial forward rates up to
a time horizon of 10 years lie with half a base point of 6%.
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