
Orvv ri FrpplwphqwB

Dq Hyroxwlrqdu| Dqdo|vlv ri Edjzhoo*v

H{dpsoh4

Mùuj Rhfkvvohu5

Ghsduwphqw ri Hfrqrplfv

Kxperogw Xqlyhuvlw|/ Ehuolq

Nduo K1 Vfkodj6

Hfrqrplf Wkhru| LLL

Xqlyhuvlw| ri Erqq

Mxo|/ 4<<:

4Zh zlvk wr wkdqn Zroijdqj Ohlqlqjhu iru vwduwlqj wklv surmhfw e| dvnlqj xv

derxw wkh uhohydqfh ri qrlvh iru hyroxwlrqdu| suhglfwlrqv1
5Lqvwlwxw iÿu Zluwvfkdiwvwkhrulh/ Vsdqgdxhu Vwu1 4/ 434:; Ehuolq/ Jhupdq|/

ID[= .7<�63�53<60894</ H�pdlo= rhfkvohuCzlzl1kx0ehuolq1gh
6Dghqdxhudoohh 57059/ 86446 Erqq/ Jhupdq|/ H0pdlo= vfkodjChfrq61xql0

erqq1gh



Devwudfw

Lq d uhfhqw sdshu Edjzhoo +4<<8, srlqwhg rxw wkdw rqo| wkh Frxuqrw rxwfrph/

exw qrw wkh Vwdfnhoehuj rxwfrph/ fdq eh vxssruwhg e| d sxuh Qdvk htxlole0

ulxp zkhq dfwlrqv ri wkh Vwdfnhoehuj ohdghu duh revhuyhg zlwk wkh voljkwhvw

huuru1 Wkh Vwdfnhoehuj rxwfrph/ krzhyhu/ uhpdlqv forvh wr wkh rxwfrph ri d

pl{hg htxloleulxp1

Zh frpsduh wkh suhglfwlrqv lq ydulrxv fodvvhv ri hyroxwlrqdu| dqg ohduqlqj

surfhvvhv lq wklv jdph1 Rqo| wkh frqwlqxrxv ehvw uhvsrqvh g|qdplf xqltxho|

vhohfwv wkh Vwdfnhoehuj rxwfrph xqghu qrlvh1 Doo rwkhu g|qdplfv dqdo|}hg

doorz iru wkh Frxuqrw htxloleulxp wr eh vhohfwhg1 Lq w|slfdo fdvhv Frxuqrw lv

wkh xqltxh orqj uxq rxwfrph hyhq iru ydqlvklqj qrlvh lq wkh vljqdo1

MHO� fodvvl�fdwlrq qxpehuv= F:5/ F:61

Nh| zrugv= lpshuihfwo| revhuydeoh frpplwphqw/ hyroxwlrq/ lplwdwlrq/ ohduq0

lqj/ htxloleulxp vhohfwlrq1



4 Lqwurgxfwlrq

Lq d uhfhqw sdshu Edjzhoo +4<<8, srlqwhg rxw wkdw d ��uvw pryhu dgydqwdjh�

lq jdphv ghshqgv fuxfldoo| rq wkh idfw wkdw wkh dfwlrq wdnhq e| wkh �uvw pryhu

lv shuihfwo| revhuydeoh1 Lq idfw/ kh vkrzhg wkdw li wkh dfwlrq lv revhuyhg zlwk

wkh voljkwhvw elw ri huuru/ qr frpplwphqw lv dfklhyhg14 Edjzhoo xvhg wkh

h{dpsoh ri Vwdfnhoehuj frpshwlwlrq lq zklfk wkh ohdghu fdq hlwkhu fkrrvh

wkh txdqwlw| +u, ri d Vwdfnhoehuj ohdghu ru wkh Frxuqrw txdqwlw| E��1 Kh

vkrzv wkdw li wkh txdqwlw| fkrlfh lv revhuyhg zlwk vrph huuru +l1h1 li wkhuh lv d

vpdoo suredelolw| wkdw wkh iroorzhu revhuyhv � zkhq wkh ohdghu/ lq idfw/ fkrvh

u,/ wkhq wkh rqo| htxloleulxp lq sxuh vwudwhjlhv lv wkh Frxuqrw htxloleulxp15

Dv qrwhg e| Edjzhoo +4<<8, wkhuh duh � dgglwlrqdoo| wr wkh Frxuqrw htxl0

oleulxp � wzr pl{hg htxloleuld/ rqh ri zklfk lv �forvh� wr wkh Vwdfnhoehuj

rxwfrph lq wkh vhqvh wkdw lw frqyhujhv wr wkh Vwdfnhoehuj rxwfrph dv wkh

qrlvh ydqlvkhv16 E| xvlqj d prgl�fdwlrq ri Kduvdq|l dqg Vhowhq*v +4<;;,

htxloleulxp vhohfwlrq wkhru| Ydq Gdpph dqg Kxunhqv +4<<7, dujxh wkdw wklv

�qrlv| Vwdfnhoehuj htxloleulxp� vkrxog eh vhohfwhg1 Krzhyhu/ wkh Frxuqrw

htxloleulxp lv d vwulfw htxloleulxp dqg wkhuhiruh kdv pdq| ghvludeoh surshu0

wlhv1

Jlyhq wkh frqwuryhuv| ryhu zklfk htxloleulxp vkrxog eh vhohfwhg wkh sxu0

srvh ri wklv sdshu lv wr frpsduh wkh suhglfwlrqv pdgh e| wkuhh fodvvhv ri

hyroxwlrqdu| g|qdplfv iru wklv jdph1 Iluvw zh frqvlghu d jhqhudo fodvv ri

vprrwk frqwlqxrxv wlph g|qdplfv wkdw lqfoxgh sd|r� prqrwrqh dqg sd|0

r� srvlwlyh exw qrw ehvw uhvsrqvh g|qdplfv1 Wkurxjk wkh lqwurgxfwlrq ri

qrlvh Frxuqrw htxloleulxp ehfrphv dv|pswrwlfdoo| vwdeoh1 Rq �uvw vljkw wklv

pljkw qrw eh vxusulvlqj dv wkh Frxuqrw htxloleulxp lv wkh xqltxh vwulfw htxl0

oleulxp lq wkh jdph zlwk qrlvh1 Krzhyhu/ wkh sd|r� gl�huhqfh wr wkh vhfrqg

ehvw vwudwhj| ydqlvkhv dv wkh qrlvh jrhv wr }hur1 Qhyhuwkhohvv/ wkh xqghuo|lqj

edvlq ri dwwudfwlrq vwd|v odujh zkhq qrlvh ehfrphv vpdoo1 Zkhwkhu ru qrw wkh

4Dgrosk +4<<9, vkrzv wkdw frpplwphqw lv uhvwruhg li dgglwlrqdoo| wr wkh qrlvh lq vljqdo

wudqvlwlrq sod|huv pdnh plvwdnhv lq wkh h{hfxwlrq ri wkhlu vwudwhjlhv1
5Wklv uhvxowv kdv ehhq jhqhudol}hg lq vhyhudo gluhfwlrqv/ vhh Ydq Gdpph dqg Kxunhqv

+4<<7, dqg Jÿwk/ Nlufkvwhljhu dqg Ulw}ehujhu +4<<8,1
6Iru jhqhudol}dwlrqv ri wklv uhvxow wr q sod|hu jdphv vhh Jÿwk hw do1 +4<<8,1
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Vwdfnhoehuj htxloleulxp kdv vlplodu surshuwlhv ghshqgv rq wkh vshfl�fdwlrqv

ri wkh g|qdplf/ xqghu wkh vwdqgdug uhsolfdwru g|qdplf lw grhv qrw1

Qh{w zh frqvlghu jhqhudo �qlwh srsxodwlrq dgmxvwphqw g|qdplfv1 Khuh/

Frxuqrw lv vhohfwhg li wkh srsxodwlrq lv odujh hqrxjk1 Iru vpdoo srsxodwlrqv

wkh phwkrg lv lqfrqfoxvlyh lq jhqhudo1 Krzhyhu/ iru d pruh olplwhg fodvv ri

g|qdplfv edvhg rq lplwdwlrq/ Frxuqrw lv vhohfwhg uhjdugohvv ri wkh srsxodwlrq

vl}h1

Ilqdoo|/ zh frqvlghu wkh frqwlqxrxv ehvw uhvsrqvh g|qdplf1 Khuh/ zlwk ru

zlwkrxw qrlvh/ Vwdfnhoehuj lv wkh xqltxh orqj uxq rxwfrph1

Wkxv/ zh �qg wkdw wkh Frxuqrw htxloleulxp fdq qr orqjhu eh ljqruhg

dv d suhglfwlrq xqghu qrlvh/ riwhq lw lv hyhq wkh xqltxh suhglfwlrq1 Rqo|

wkh vwurqj/ dqg vrphzkdw xquhdolvwlf lqirupdwlrqdo dvvxpswlrqv xqghuo|lqj

wkh ehvw uhvsrqvh g|qdplf lq lq�qlwh srsxodwlrqv suhvhuyhv wkh Vwdfnhoehuj

suhglfwlrq1

5 Edjzhoo*v h{dpsoh

Frqvlghu wkh iroorzlqj jdph lq h{whqvlyh irup17

Qrz vxssrvh dv lq Edjzhoo*v +4<<8, sdshu wkdw sod|hu LL fdq revhuyh

sod|hu L*v fkrlfh rqo| zlwk vrph huuru1 Wr eh suhflvh/ zh dvvxph wkdw zlwk

suredelolw| � � 0 sod|hu LL revhuyhv wkh dfwlrq ri sod|hu L fruuhfwo|1 Zlwk

suredelolw| 0 	 �*2 kh uhfhlyhv wkh zurqj vljqdo1 Wklv jdph ri lpshuihfw

lqirupdwlrq |lhogv wkh iroorzlqj qrupdo irup K E0�1

II IF FI FF

O 2c � 2� 20c � � 0 20c 0 fc f

F �c f � n 20c �� 0 � � 20c 0 �c �

7Wkh sd|r�v ri wklv jdph gr qrw pdwfk h{dfwo| wkrvh ri Edjzhoo +4<<8,1 Lq sduwlfxodu/

lq wkh xvxdo gxrsro| vhwwlqj sod|hu LL zrxog uhfhlyh d kljkhu sd|r� iurp I zkhq L sod|v

F udwkhu wkdq O1 Zh fdq vlpsoli| wklv zlwkrxw orvv ri jhqhudolw| vlqfh doo wkdw pdwwhu lv

wkdw LL suhihuv wr sod| I iroorzlqj O dqg F iroorzlqj F1 Wkh ehvw uhso| vwuxfwxuhv ri erwk

jdphv duh htxlydohqw1
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I

L C

F C F C

(2,1) (0,0) (3,0) (1,1)

II

Iljxuh 4= D vlpsoh h{whqvlyh irup jdph zlwk shuihfw lqirupdwlrq1

Sod|hu LL/ wkh froxpq sod|hu/ kdv irxu sxuh vwudwhjlhv1 H1j1 8� vwdqgv

iru LL*v vwudwhj| ri sod|lqj 8 lq uhvsrqvh wr vljqdo u dqg � lq uhvsrqvh wr

vljqdo �1 Ohw 7� ghqrwh sod|hu �*v vhw ri sxuh vwudwhjlhv dqg {E7�� lwv pl{hg

h{whqvlrq1
8 Zh zloo iuhtxhqwo| zulwh � ' � E0� 5 U2fe +� ' � E0� 5 U2fe,

iru wkh sd|r� pdwul{ ri sod|hu L +LL,1

Lw lv lpphgldwh wkdw wkh Vwdfnhoehuj vwudwhjlhv Euc 8��/ zklfk duh wkh

xqltxh vxejdph shuihfw htxloleulxp lq wkh jdph ri shuihfw lqirupdwlrq/ duh

qrw dq htxloleulxp lq wkh jdph zlwk qrlv| vljqdov1 Wkh xqltxh htxloleulxp

lq sxuh vwudwhjlhv lv wkh Frxuqrw htxloleulxp E�c���1 Qrwh/ wkdw wklv htxl0

oleulxp lv vwulfw1 Lq dgglwlrq/ wkhuh duh wzr pl{hg htxloleuld/

E�Rc �̂� G'

�
E�� 0c 0� c

�
� � e0

2 � e0
c

�

2� e0
c fc f

��

dqg

E	Rc 	̂� G'

�
E0c �� 0� c

�
fc

�

2� e0
c fc

� � e0

2 � e0

��
�

Zh fdoo E�Rc �̂� wkh �qrlv| Vwdfnhoehuj htxloleulxp� vlqfh lw frqyhujhv wr wkh

Vwdfnhoehuj rxwfrph dv 0$ f1

8Li lw ohdgv wr qr frqixvlrq/ zh zloo frqwlqxh wr zulwh +O>II , ru +hO> hII , lqvwhdg ri

i+4> 3,> +4>3> 3> 3,j =
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6 Hyroxwlrqdu| g|qdplfv

Hyroxwlrqdu| g|qdplfv duh d xvhixo whfkqltxh iru whvwlqj wkh vwdelolw| ri d

jlyhq Qdvk htxloleulxp1 Lq wkh iroorzlqj wklv dqdo|vlv zloo eh xqghuwdnhq

xvlqj wkuhh gl�huhqw dssurdfkhv1 Jhqhudoo| lw zloo eh dvvxphg wkdw qrlvh lv

uhdol}hg lqghshqghqwo| dfurvv lqglylgxdov1

614 Zhdno| sd|r� prqrwrqh g|qdplfv

Lq wklv vhfwlrq zh frqvlghu wzr lq�qlwh srsxodwlrqv/ rqh dvvrfldwhg wr hdfk

sod|hu lq wkh jdph/ lq zklfk lqglylgxdov duh frqwlqxrxvo| xsgdwlqj wkhlu

dfwlrqv1 Zh vhdufk iru vwdwhv wkdw duh urexvw djdlqvw uduh pxwdwlrqv1 Iru0

pdoo|/ zh fkdudfwhul}h dv|pswrwlfdoo| vwdeoh vwdwhv1 Krzhyhu/ hyhq li d vwdwh

lv dv|pswrwlfdoo| vwdeoh/ zh zrxog frqvlghu lw ohvv sodxvleoh li lwv edvlq ri

dwwudfwlrq ydqlvkhv iru 0$ f1

Lpsolflwo| lw lv dvvxphg wkdw lqglylgxdov rewdlq d sd|r� wkurxjk udqgrp

pdwfklqj zlwk rqh ru vhyhudo rssrqhqwv iurp wkh rssrvlwh srsxodwlrq dqg

dlp wr pd{lpl}h wkhlu h{shfwhg sd|r�v1 Lqglylgxdo h{shulhqfh dqg srvvleoh

lqirupdwlrq derxw rwkhuv ohdgv wr fkdqjh lq ehkdylru1 Lqvwhdg ri h{solflwo|

gh�qlqj lqglylgxdo ehkdylru zh srvwxodwh zhdn frqglwlrqv rq djjuhjdwh eh0

kdylru ri wkh hqwluh srsxodwlrqv1

Fkdqjhv lq wkh srsxodwlrq sursruwlrqv duh dvvxphg wr iroorz d vhohfwlrq

g|qdplf +dv gh�qhg e| Vdpxhovrq dqg ]kdqj/ 4<<5,1 Wklv lv d frqwlqxrxv

wlph g|qdplf rq {E7���{E72�

�R� ' s� ERc ^� c � 5 7�

�̂� ' }� ERc ^� c � 5 72

zlwk

41 s�c }� G { E7���{E72�$ U Olsvfklw} frqwlqxrxv/9

51
S

e�M7�
s� ERc ^� '

S
e�M72

}� ERc ^� ' fc dqg

9
Il lv Olsvfklw} frqwlqxrxv li wkhuh h{lvwv pIl

A 3 vxfk wkdw Il +s> t, � Il +s3
> t

3, �

pIl
n+s> t,� +s3

> t
3,n iru doo +s> t, > +s3

> t
3, 5 �+V4,��+V5, =
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61 R� ' f lpsolhv s� ERc ^� � fc ^� ' f lpsolhv }� ERc ^� � f iru dq| � 5 7�

dqg � 5 72�

Wkh �uvw frqglwlrq jxdudqwhhv wkdw wkhuh lv d xqltxh vroxwlrq1 Pruhryhu/

lw sxwv d erxqg rq krz pxfk wkh judglhqw pd| fkdqjh zkhq wkh vwdwh ERc ^�

fkdqjhv voljkwo|1 Wkh rwkhu wzr frqglwlrqv hqvxuh wkdw wkh g|qdplf vwd|v lq

{E7���{E72� � Qrwlfh wkdw wkh ehvw uhvsrqvh g|qdplf +Vhfwlrq 616, grhv qrw

�w lq wklv fodvv vlqfh wkh judglhqw pd| fkdqjh deuxswo| zkhq wkhuh duh vpdoo

fkdqjhv lq wkh vwdwh +Olsvfklw} frqwlqxlw| idlov,1 Krzhyhu/ dq| g|qdplf wkdw

lv edvhg rq lqglylgxdov uhdfwlqj wr �qlwh vdpsohv zloo ehorqj wr wklv fodvv1

Gh�qlwlrq 4 Zh fdoo d vhohfwlrq g|qdplf zhdno| sd|r� prqrwrqh lq d

jlyhq jdph li wkh iroorzlqj irxu frqglwlrqv krog=

41
s&ERc^�

R&

�
�
�
R&'f

G' *�4R&<f
s&ERc^�

R&
h{lvwv lq U^i�4c4j

51 e��^ � e��^ iru doo � zlwk vwulfw lqhtxdolw| iru vrph o vxfk wkdw Ro : f

lpsolhv
s�ERc^�

R�
: f�

61 e&�^ � e��^ iru doo � zlwk vwulfw lqhtxdolw| iru vrph o vxfk wkdw Ro : f

lpsolhv
s&ERc^�

R&
	 f�

71 Wkh deryh surshuwlhv dovr dsso| wr �̂� dqg
�̂�

^�
lq wkhlu dssursuldwh iru0

pxodwlrq1

Zh doorz iru lq�qlwh jurzwk udwhv/ zklfk pdnhv d vfhqdulr ihdvleoh zkhuh

vrph lqglylgxdov kdyh hqrxjk nqrzohgjh ri wkh jdph wr vwrs sod|lqj vrph

ri wkhlu vwudwhjlhv +h1j1/ ehfdxvh wkh| duh vwulfwo| grplqdwhg,1 Lqvwhdg ri

sxwwlqj uhvwulfwlrqv rq jurzwk udwhv ri hdfk vwudwhj|/ zh ghpdqg lq frqglwlrqv

+5, dqg +6, wkdw wkh jurzwk udwh ri d ehvw2zruvw uhvsrqvh wr wkh suhvhqw

vwdwh lqfuhdvhv2ghfuhdvhv vwulfwo| li qrw doo dfwlrqv suhvhqw dfklhyh wkh vdph

h{shfwhg sd|r�1

Wkh deryh gh�qlwlrq jhqhudol}hv vhyhudo frpprqo| xvhg hyroxwlrqdu| g|0

qdplfv1 Lq sduwlfxodu/ lw fryhuv wkh fodvvhv ri sd|r� prqrwrqh +dovr nqrzq dv

frpsdwleoh, dqg sd|r� srvlwlyh g|qdplfv +vhh Zhlexoo/ 4<<8/ Fkdsw1 8/ iru
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gh�qlwlrqv,1 Sd|r� prqrwrqlflw| uhtxluhv wkdw jurzwk udwhv ri vwudwhjlhv duh

udqnhg dffruglqj wr wkhlu sd|r�1 Sd|r� srvlwlylw| uhtxluhv wkdw vwudwhjlhv

hduqlqj deryh +ehorz, dyhudjh kdyh srvlwlyh +qhjdwlyh, jurzwk udwhv1

Lq wkh iroorzlqj zh suhvhqw wzr h{dpsohv ri zhdno| sd|r� prqrwrqh g|0

qdplfv +wkh| duh lq idfw djjuhjdwh prqrwrqh dffruglqj wr Vdpxhovrq dqg

]kdqj/ 4<<5,1 Wkh vwdqgdug frqwlqxrxv uhsolfdwru g|qdplf +Wd|oru/ 4<:<,

iru d elpdwul{ jdph zlwk sd|r� pdwulfhv E�c�� lv gh�qhg dv

�R� ' R�Ee��^ � R�^� c +4,

�̂� ' ^�ER�e� � R�^� c

zkhuh e� ghqrwhv wkh sxuh vwudwhj| �/ e� ' Efc fc ���c�c f���f�� Pdq| lqglylgxdo

ohduqlqj prghov duh dssur{lpdwhg e| wklv g|qdplf +h1j1/ Jdoh hw do1/ 4<<8>

Vfkodj/ 4<<9,1

D voljkwo| prgl�hg yhuvlrq xvhg prvwo| lq elrorjlfdo dssolfdwlrqv/ fdoohg

wkh dgmxvwhg frqwlqxrxv uhsolfdwru g|qdplf +Pd|qdug Vplwk/ 4<;5, lv jlyhq

e|

�R� ' R�

Ee��^ � R�^�

R�^
/

�̂� ' ^�
ER�e� � R�^�

R�^
1

D vwdwh lv fdoohg +O|dsxqry, vwdeoh li wudmhfwrulhv vwduwlqj vx!flhqwo| forvh

vwd| duelwudulo| forvh1 D vwdwh lv fdoohg dwwudfwlqj li wkhuh h{lvwv d qhljkeru0

krrg ri wklv vwdwh vxfk wkdw wudmhfwrulhv vwduwlqj lq wklv qhljkerukrrg hyhq0

wxdoo| frqyhujh wr wkh vwdwh1 Wkh edvlq ri dwwudfwlrq ri dq dwwudfwlqj vwdwh

lv wkh vhw ri doo vwdwhv vxfk wkdw wudmhfwrulhv vwduwlqj lq vxfk d vwdwh ohdg wr

wkh dwwudfwlqj vwdwh1 Dv|pswrwlf vwdelolw| phdqv erwk vwdeoh dqg dwwudfwlqj1

Vrphwlphv wkh frqfhsw ri dv|pswrwlf vwdelolw| lv wrr vwulqjhqw dqg zh qhhg

wkh iroorzlqj zhdnhu frqfhsw1 D forvhg vhw ri uhvw srlqwv lv fdoohg lqwhulru

dv|pswrwlfdoo| vwdeoh li wudmhfwrulhv vwduwlqj lq wkh lqwhulru vx!flhqwo| forvh

wr wkh vhw vwd| duelwudulo| forvh wr wkh vhw dqg hyhqwxdoo| frqyhujh wr wkh

vhw1 Wklv frqfhsw jhqhudol}hv dv|pswrwlf vwdelolw| wr vhwv ri uhvw srlqwv dqg

dgglwlrqdoo| uhvwulfwv dwwhqwlrq wr wudmhfwrulhv vwduwlqj lq wkh lqwhulru1 Dq

9



dv|pswrwlfdoo| vwdeoh vwdwh +ru lqwhulru dv|pswrwlf vwdeoh vhw, fdq eh ylhzhg

dv d orqj uxq suhglfwlrq ri wkh xqghuo|lqj surfhvv jlyhq uduh +lqwhulru, px0

wdwlrqv1:

Iru wkh jdph K Ef� zlwkrxw qrlvh dqg wkh vwdqgdug frqwlqxrxv uhsol0

fdwru g|qdplf Fuhvvpdq dqg Vfkodj +4<<9, vkrz wkdw l, wkh Vwdfnhoehuj

htxloleulxp lv frqwdlqhg lq wkh xqltxh lqwhulru dv|pswrwlfdoo| vwdeoh vhw
�
Eeuc E� � b� e8� n be88 � G f � b �

�

2

�
+Wklv lv wkh vhw ri Qdvk htxloleuld

wkdw |lhog wkh Vwdfnhoehuj rxwfrph,/ dqg/ ll, wkh Frxuqrw htxloleulxp lv

+O|dsxqry, vwdeoh exw qrw dv|pswrwlfdoo| vwdeoh1 Wkh iroorzlqj sursrvlwlrq

jhqhudol}hv wklv uhvxow wr rxu fodvv ri zhdno| sd|r� prqrwrqh g|qdplfv1

Sursrvlwlrq 4 Iru dq| zhdno| sd|r� prqrwrqh g|qdplf/ zkhq lqirupdwlrq

lv shuihfw +l1h1/ wkhuh lv qr qrlvh, wkhq erwk wkh Frxuqrw dqg wkh Vwdfnhoehuj

htxloleulxp duh O|dsxqry vwdeoh1 Krzhyhu/ wkh Vwdfnhoehuj htxloleulxp lv

frqwdlqhg lq wkh xqltxh lqwhulru dv|pswrwlfdoo| vwdeoh vhw1

Surri1 Ohw C eh dq lqwhulru dv|pswrwlfdoo| vwdeoh vhw1 8� lv d zhdno|

grplqdqw vwudwhj| iru sod|hu LL/ khqfh/ e| Gh�qlwlrq 4 +5,/ �̂8� : f lq dq|

lqwhulru vwdwh1 Frqwlqxlw| ri }8� lpsolhv �̂8� ERc ^� � f iru dq| ERc ^� � Khqfh/

C pxvw frqwdlq d vwdwh lq zklfk ^8� ' �� Pruhryhu/ vlqfh �Ru � f krogv

zkhq ^8� lv vx!flhqwo| odujh/ wkh Vwdfnhoehuj htxloleulxp Euc 8�� pxvw eh

frqwdlqhg lq C1 Hvshfldoo|/ Euc8�� lv O|dsxqry vwdeoh1

E| gh�qlwlrq/ dq lqwhulru dv|pswrwlfdoo| vwdeoh vhw lv d forvhg vhw ri uhvw

srlqwv1 Wklv vhw pxvw eh frqqhfwhg e| wkh vwdelolw| uhtxluhphqw1 Frqvh0

txhqwo|/ C � iEeuc E� � b� e8� n be88 � G f � b � �j �

Li dq hohphqw ri C lv qrw d Qdvk htxloleulxp wkhq wudmhfwrulhv ohdg lql0

wldoo| dzd| iurp C +xvh wkh vdph wulfn dv zkhq surylqj �vwdelolw| lpsolhv

Qdvk�/ vhh h1j1/ Zhlexoo/ 4<<8/ Sursrvlwlrq 71;,1 Frqvhtxhqwo| C lv d vhw ri

Qdvk htxloleuld1 Lq wkh iroorzlqj zh zloo vkrz wkdw C lv htxdo wr wkh Qdvk

htxloleulxp frpsrqhqw frqwdlqlqj wkh Vwdfnhoehuj htxloleulxp/ l1h1/

C '

�
Eeuc E� � b� e8� n be88 � G f � b �

�

2

�
�

:Iru irupdo gh�qlwlrqv vhh Zhlexoo +4<<8, dqg Fuhvvpdq dqg Vfkodj +4<<9,1

:



Li Ru ' � dqg ^88 n ^8� : f wkhq Gh�qlwlrq 4 +6, lpsolhv
}�8 ERc^�

^�8
	 f

dqg
}��ERc^�

^��
	 f� Vlqfh }� lv frqwlqxrxv/ zlwk Gh�qlwlrq 4 +4, lw iroorzv wkdw

}�ERc^�

^�
lv d frqwlqxrxv ixqfwlrq rq wkh h{whqghg uhdov U^i�4c4j1 Khqfh/ iru

� : f exw vx!flhqwo| vpdoo/
}�8 ERc^�

^�8
	 fc

}��ERc^�
^��

	 f dqg khqfh �̂��n �̂�8 � f

zkhq R� 	 �� dqg ^88 n ^8� : �� Vlqfh 8� lv d zhdno| grplqdqw vwudwhj|

iru sod|hu LL/ frqwlqxlw| lpsolhv wkhuh h{lvwv > : f vxfk wkdw �� � : Ru : �

dqg ^8� :
�

e
lpsolhv �̂8� : >� Li ^88 ' ^8� '

�

2
wkhq eu�^ ' e��^ dqg

frqwlqxlw| ri su ERc �� lpsolhv �Ru ' f� Frqvhtxhqwo|/ wkhuh h{lvwv f 	 D 	 �

vxfk wkdw �Ru : �> dqg khqfh �Ru n �̂8� : f zkhq Ru : � dqg
�

2
� D 	

^8� 	
�

2
n D� Ohw k : f eh vxfk wkdw eu�^ � e��^ dqg khqfh �Ru � f

zkhq ^8� :
�

2
n D dqg ^�� n ^�8 	 k1 Frqvhtxhqwo|/ wudmhfwrulhv vwduwlqj

lq
�
ERc ^� G ^8� :

�

2
� Dc R� 	 � n 2Dc ^8� � R� :

�

2
� D � � c ^�� n ^�8 	 k

�

vwd| lq wklv vhw1 Pruhryhu/ �̂8� � f lpsolhv wkdw wudmhfwrulhv frqyhujh wr C�

Vlqfh � zdv duelwudu| dv orqj dv lw zdv vx!flhqwo| vpdoo lw iroorzv wkdw C lv

dq lqwhulru dv|pswrwlfdoo| vwdeoh vhw1

Frqvlghu qrz wkh Frxuqrw htxloleulxp Ee� c e���1 eu�e�� 	 e��e�� wr0

jhwkhu zlwk Gh�qlwlrq 4 +6, lpsolhv *�4Ru<f
suERce���

Ru
	 f1 Olsvfklw} frqwlqx0

lw| ri su lpsolhv wkhuh h{lvwv � : f vxfk wkdw �Ru � ��Ru lq d qhljkerukrrg

L ri Ee� c e���1 e��e�� � e��e� iru doo � lpsolhv �̂�� Ee�c e��� ' f� Olsvfklw}

frqwlqxlw| lpsolhv wkhuh h{lvwv� : f vxfk wkdw �̂�� � ��Ru lq d qhljkeru0

krrg L �
� L ri Ee�c e���1 Z1o1r1j1 ohw L �

' iERc ^� G �R� n�^�� : qj iru

vrph f 	 q 	 �n� fkrvhq vx!flhqwo| odujh1 Frqvhtxhqwo|/� �R�n� �̂�� '

�� �Run� �̂�� � f lq L � zklfk lpsolhv wkdw�R�n�^�� lv d orfdo O|dsxqry

ixqfwlrq1 Wudmhfwrulhv vwduwlqj lq L � vwd| lq L � dqg khqfh Ee�c e��� lv vwdeoh1

Qrwlfh wkdw qrq ghfuhdvlqj ehvw uhvsrqvhv duh vx!flhqw wr jxdudqwhh O|d0

sxqry vwdelolw| ri wkh Vwdfnhoehuj htxloleulxp1

Qrz zh zloo lqyhvwljdwh g|qdplf vwdelolw| iru frqvwdqw qrlvh dqg dv qrlvh

ydulhv1 Qrlvh h�hfwv lqglylgxdo sd|r�v/ vlplodu wr xqfhuwdlqw| gxh wr udqgrp

pdwfklqj1 Krzhyhu/ vlqfh srsxodwlrqv duh lq�qlwh/ zh zloo dvvxph wkdw wkhvh

vwrfkdvwlf h�hfwv duh zdvkhg rxw/ dqg pruh lpsruwdqwo|/ wkdw djjuhjdwh eh0

kdylru lv rqo| h�hfwhg e| h{shfwhg sd|r�v1 Dowkrxjk d frpprq dvvxpswlrq

;



lq wkh olwhudwxuh/ lw lv qrw d sulrul fohdu wkdw �sodxvleoh� lqglylgxdo ehkdylru

zloo djjuhjdwh lq wklv idvklrq1; Khqfh zh frqvlghu hyroxwlrq lq wkh jdph

jhqhudwhg e| wkh sd|r� pdwulfhv � E0� dqg � E0� �

Frpsdulqj g|qdplf vwdelolw| xqghu gl�huhqw ghjuhhv ri qrlvh uhtxluhv wkdw

zh vshfli| krz wkh g|qdplf fkdqjhv dv wkh xqghuo|lqj sd|r�v lq wkh jdph

fkdqjh1 Zh zloo rqo| qhhg wkh iroorzlqj yhu| zhdn frqglwlrq1 Ohw �� eh dq

dowhuqdwlyh sd|r� pdwul{ iru sod|hu L dqg ohw �s eh wkh dvvrfldwhg vhohfwlrq

g|qdplf ri wkh sod|hu L srsxodwlrq1 Li e�
��e& � e��e& dqg eo

��e& � eo�e& iru

doo o 9' � dqg doo & wkhq �s� ERc ^� � s� ERc ^� iru doo ERc ^� � Vlplodu surshuwlhv

vkrxog dovr krog iru fkdqjhv lq sod|hu LL*v sd|r�v1 Qrwlfh wkdw �R� qhhg qrw eh

frqwlqxrxv lq wkh xqghuo|lqj sd|r�v dv wklv zrxog eh wrr vwurqj d frqglwlrq

lq pdq| fdvhv1<

Zkhq vljqdov duh uhfhlyhg zlwk qrlvh wkh orqj uxq suhglfwlrq ri sod|

fkdqjhv gudvwlfdoo|1 Wkh Frxuqrw htxloleulxp fdq eh vhohfwhg e| dq| jhq0

hudol}hg sd|r� prqrwrqh g|qdplf/ zkhuhdv urexvwqhvv ri wkh Vwdfnhoehuj

htxloleulxp ghshqgv rq wkh h{dfw vshfl�fdwlrq ri wkh g|qdplf1 Iru wkh prvw

frpprq uhsuhvhqwdwlyh lq wkh fodvv ri sd|r� prqrwrqh g|qdplfv/ wkh vwdq0

gdug uhsolfdwru g|qdplf/ wkh vwdelolw| surshuwlhv ri wkh Vwdfnhoehuj htxlole0

ulxp duh lqihulru wr wkdw ri wkh Frxuqrw htxloleulxp1

Sursrvlwlrq 5 Frqvlghu qrz wkh jdph zlwk qrlvh1 Iru dq| jhqhudol}hg sd|0

r� prqrwrqh g|qdplf wkh Frxuqrw htxloleulxp E�c��� lv dv|pswrwlfdoo|

vwdeoh1 Ixuwkhupruh/ wkh edvlq ri dwwudfwlrq ri E�c��� grhv qrw ydqlvk dv

0 $ f1 Wkh rqo| rwkhu fdqglgdwh iru dq dv|pswrwlfdoo| vwdeoh vwdwh lv wkh

Vwdfnhoehuj htxloleulxp E�Rc �̂� ( xqghu wkh vwdqgdug uhsolfdwru g|qdplf E�Rc �̂�

lv vwdeoh exw qrw dv|pswrwlfdoo| vwdeoh> xqghu wkh dgmxvwhg uhsolfdwru g|qdplf

E�Rc �̂� lv dv|pswrwlfdoo| vwdeoh1

;Ri frxuvh wklv dvvxpswlrq lv mxvwl�hg zkhq lqglylgxdov xvh wkh sursruwlrqdo lplwdwlrq

uxoh |lhoglqj srsxodwlrq ehkdylru dffruglqj wr wkh vwdqgdug uhsolfdwru g|qdplf +4, +vhh

Vfkodj/ 4<<9,1
<H1j1/ dvvxph wkdw sod|hu L kdv wzr dfwlrqv 4 dqg 5> dfwlrq 4 +5, |lhoglqj 3 +{, zlwk

fhuwdlqw|1 Khuh lw grhv qrw vhhp uhdvrqdeoh wkdw d ohduqlqj g|qdplf pxvw eh frqwlqxrxv

dw { @ 3=

<



Uhpdun 4 Qrwlfh wkdw zh gr qrw pdnh dq| fodlp derxw lqwhulru dv|pswrw0

lfdoo| vwdeoh vhwv zkhq wkhuh lv qrlvh1 Lq wklv jdph doo Qdvk htxloleuld duh

vlqjohwrqv/ khqfh dq lqwhulru dv|pswrwlfdoo| vwdeoh vhw fruuhvsrqgv wr dq dv0

|pswrwlfdoo| vwdeoh vwdwh +vhh dujxphqwv xvhg lq wkh surri ri Sursrvlwlrq 4,1

Surri1 Iluvw zh vkrz wkdw E�c��� lv dv|pswrwlfdoo| vwdeoh zlwk qrq ydq0

lvklqj edvlq ri dwwudfwlrq1 Frqvlghu d voljkwo| prgl�hg jdph K� zlwk wkh

vdph sd|r� pdwul{ dv KEf� h{fhsw wkdw wkh sd|r�v ri �8 duh hydoxdwhg

dw 0 ' �

e
c l1h1/ eu�e�8 '

�

2
/ e��e�8 '

D

2
dqg R�e�8 '

�

e
� Uhwudflqj wkh

vwhsv lq wkh surri ri Sursrvlwlrq 4 lw iroorzv wkdw wkhuh h{lvwv d qhljkeru0

krrg L
�
ri E�c��� zkhuh �R� n �^�� lv d orfdo O|dsxqry ixqfwlrq +l1h1/

� �R� n � �̂�� � f, lq K
� iru dssursuldwh frqvwdqwv �c� : f� Frpsdulqj

K� wr K E0� zlwk 0 	 �

e
zh vhh wkdw rxu prqrwrqlflw| frqglwlrq lpsolhv wkdw

erwk �R� dqg �̂�� lqfuhdvh1 Frqvhtxhqwo|/ �R� n �^�� lv dovr d orfdo O|d0

sxqry ixqfwlrq lq L � iru K E0� iru dq| 0 	 �

e
� Hvshfldoo|/ L � zdv frqvwuxfwhg

vxfk wkdw �R� � �Ru zklfk phdqv wkdw R� $ � dv | $ 4� Iru jlyhq 0 dqg

vx!flhqwo| odujh R� lw iroorzv wkdw �̂�� : f zkhq f 	 ^�� 	 � dqg khqfh

wudmhfwrulhv vwduwlqj lq L � +zklfk lv lqghshqghqw ri 0, frqyhujh wr E�c���1

Hdfk dv|pswrwlfdoo| vwdeoh vwdwh lv d Qdvk htxloleulxp +d wulyldo jhq0

hudol}dwlrq ri Iulhgpdq/ 4<<4 wr rxu fodvv ri jhqhudol}hg sd|r� prqrwrqh

g|qdplfv,1 Wkh ehvw uhso| vwuxfwxuh forvh wr E	Rc 	̂� uhvhpeohv wkdw ri d frru0

glqdwlrq jdph zkhuh E	Rc 	̂� lv wkh xqvwdeoh lqwhulru pl{hg htxloleulxp1 Wklv

zloo pdnh E	Rc 	̂� xqvwdeoh1 Frqvlghu C '
�
ERc ^� G R� : � � 0c ^�� :

�3e0

23e0

�
c

wkhq E	Rc 	̂� lv dq dffxpxodwlrq srlqw ri C� Vwduwlqj lq Cc � lv wkh xqltxh

ehvw uhvsrqvh iru sod|hu L dqg �� lv wkh xqltxh ehvw uhvsrqvh iru sod|hu LL

zklfk lpsolhv wkdw �R� : f dqg �̂�� : f1 Hvshfldoo| wudmhfwrulhv vwduwlqj lq

C frqyhujh wr E�c��� zklfk phdqv wkdw E	Rc 	̂� lv qrw vwdeoh/ hvshfldoo| lw lv

qrw dv|pswrwlfdoo| vwdeoh1

Frqvlghu qrz wkh Vwdfnhoehuj htxloleulxp E�Rc �̂�1 Wkh vxssruw ri E�Rc �̂� lv

frqwdlqhg lq{ iuc �j�{ i88c8�j1 Rq wklv idfh/ K E0� uhvhpeohv pdwfklqj

shqqlhv1 Frqvlghu wkh vwdqgdug frqwlqxrxv uhsolfdwru g|qdplf1 Wudmhfwrulhv

f|foh rq wklv idfh +vhh/ h1j1 Zhlexoo/ 4<<8,1 Hvshfldoo|/ wklv phdqv wkdw

E�Rc �̂� lv qrw dv|pswrwlfdoo| vwdeoh1 Krzhyhu/ uhvwulfwlqj wkh g|qdplf wr wklv
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idfh E�Rc �̂� lv vwdeoh1 Pruhryhu/ vlqfh �-E�Rc �̂� ' {iuc �j � {i88c8�j lw

iroorzv wkdw E�Rc �̂� lv dovr vwdeoh lq wkh hqwluh vsdfh +wklv iroorzv iurp fhqwuh

pdqlirog wkhru|/ Zljjlqv/ 4<<3/ vhh Fuhvvpdq dqg Vfkodj/ 4<<9/ iru dq h{sod0

qdwlrq ri lwv dssolfdwlrq dqg iru vrph h{dpsohv,1 Lq wkh dgmxvwhg frqwlqxrxv

uhsolfdwru g|qdplf/ E�Rc �̂� lv dv|pswrwlfdoo| vwdeoh rq wkh idfh { iuc �j �

{ i88c8�j +vhh djdlq Zhlexoo/ 4<<8,1 Qrz wkh idfw wkdw �-E�Rc �̂� '

{iuc �j �{i88c8�j pdnhv E�Rc �̂� dv|pswrwlfdoo| vwdeoh1

615 Glvfuhwh vhohfwlrq g|qdplfv

D odujh sduw ri wkh uhfhqw olwhudwxuh rq hyroxwlrq dqg ohduqlqj dvvxphv d

vhwwlqj zlwk glvfuhwh wlph dqg d �qlwh qxpehu � ri lqglylgxdov lq wkh uroh

ri hdfk ri wkh sod|huv1 Wkh g|qdplfv frqvlghuhg uhvxow iurp wkh frpsrvlwlrq

PEV� ri d vhohfwlrq surfhvv V dqg d pxwdwlrq surfhvv P1 Prvw vhohfwlrq

surfhvvhv hlwkhu duh d yhuvlrq ri d p|rslf ehvw uhso| surfhvv +vhh h1j1 Ndqgrul/

Pdlodwk dqg Ure/ 4<<6/ dqg \rxqj/ 4<<6, ru vrph vruw ri lplwdwlrq surfhvv

+Vfkodj/ 4<<9,1 Ehorz zh frqvlghu wzr dowhuqdwlyh dssurdfkhv wr hqfrpsdvv

erwk nlqgv ri g|qdplfv1

Wkh glvfuhwh vhohfwlrq surfhvv V +zklfk vkrxog qrw eh frqixvhg zlwk wkh

frqwlqxrxv vhohfwlrq g|qdplfv gh�qhg lq wkh suhylrxv vhfwlrq, lv uhsuhvhqwhg

e| d �qlwh Pdunry fkdlq rq wkh vwdwh vsdfh iERc ^� 5 {E7�� � {E72� v1w1

R� � � 5 Q/ ^� � � 5 Q iru doo �c �j zlwk wkh iroorzlqj surshuw|1 Prvw hyrox0

wlrqdu| surfhvvhv duh fkdudfwhul}hg e| dq hohphqw ri lqhuwld1 Zh prgho wklv

e| dvvxplqj wkdw hdfk shulrg zlwk d �{hg dqg lqghshqghqw suredelolw| w : f

dq lqglylgxdo lv qrw deoh wr dgrsw d qhz vwudwhj|1

61514 Sd|r� vhqvlwlyh g|qdplfv

Lq rxu �uvw dssurdfk zh frqvlghu g|qdplfv edvhg rq wkh jdph K E0� lq zklfk

wkh h{shfwhg h�hfwv ri qrlvh duh lqfrusrudwhg1 Wkh fodvv ri glvfuhwh vhohfwlrq

surfhvvhv zh frqvlghu duh fdoohg sd|r� vhqvlwlyh/ d surshuw| zklfk lv gh�qhg

qh{w1 Ohw R dqg ^ ghqrwh wkh iuhtxhqf| glvwulexwlrq ri vwudwhjlhv lq srsxodwlrq

rqh dqg wzr/ uhvshfwlyho|1

44



Gh�qlwlrq 5 D glvfuhwh vhohfwlrq g|qdplf V lv fdoohg sd|r� vhqvlwlyh li

+d, RoJKER|n�

�
: R|

�
� : f , <& 9' � zlwk R& : f dqg e��^ � e&�^�

+e, Li <� zlwk R� : f dqg e��^ � e&�^c ;& zlwk R& : f dqg vwulfw lqhtxdolw|

iru vrph &c wkhq <� zlwk e��^ � e��^ v1w1 RoJKER|n�
� : R|

�� : f�

+f, Htxlydohqw frqglwlrqv krog iru ^
| dqg ^

|n�
�

Frqglwlrq +d, vwdwhv wkdw wkh iuhtxhqf| ri d vwudwhj| fdq rqo| eh lqfuhdvhg

li wkhuh lv dqrwkhu vwudwhj| suhvhqw zklfk shuirupv zhdno| zruvh1 Frqglwlrq

+e, vwdwhv wkdw xqohvv doo fxuuhqw vwudwhjlhv shuirup htxdoo|/ hlwkhu d fxuuhqwo|

ehvw vwudwhj| ru vrph rwkhu vwudwhj|/ zklfk grhv dw ohdvw dv zhoo/ lqfuhdvhv

lq iuhtxhqf| zlwk srvlwlyh suredelolw|1 Frqglwlrq +e, ghpdqgv lq sduwlfxodu

wkdw wkh surfhvv grhv qrw frph wr d kdow xqohvv doo suhvhqw vwudwhjlhv shuirup

htxdoo|1

Wkh gh�qlwlrq doorzv iru g|qdplfv lq zklfk qhz vxshulru vwudwhjlhv hqwhu

wkh v|vwhp +h1j1 ehvw uhvsrqvhv, dqg iru g|qdplfv lq zklfk rqo| vwudwhjlhv

fdq eh fkrvhq wkdw duh douhdg| uhsuhvhqwhg lq wkh srsxodwlrq +dv lq lplwdwlrq

surfhvvhv,1 Lw fryhuv zhdno| prqrwrqh g|qdplfv +Vdpxhovrq/ 4<<7,/ dqg

wkhuhiruh ehvw uhvsrqvh dqg �Gduzlqldq� g|qdplfv +Ndqgrul/ Pdlodwk dqg

Ure/ 4<<6,1 Exw lw dovr fryhuv vrph lplwdwlrq g|qdplfv/ lq zklfk vwudwhjlhv

zklfk fxuuhqwo| shuirup ehwwhu lq urxqg�urelq pdwfklqjv duh lplwdwhg/ h1j1/

wkh sursruwlrqdo lplwdwlrq uxoh dqg �lplwdwh li ehwwhu� +Vfkodj/ 4<<9/ vhh

Fruroodu| 4 ehorz,1

Wkh pxwdwlrq surfhvvP uhvxowv iurp dvvxplqj wkdw lq hdfk urxqg/ zlwk

dq lqghshqghqw suredelolw| � : f/ dq djhqw udqgrpl}hv xqlirupo| ryhu doo ri

klv vwudwhjlhv1 Wkh surfhvv lv wkhuhiruh hujrglf143

Lq wkh jdph zlwkrxw huuru +0 ' f, wkh uhvxowv zlwk uhvshfw wr d glvfuhwh

sd|r� vhqvlwlyh g|qdplf duh lqfrqfoxvlyh1 Vlqfh qhlwkhu ri wkh sxuh htxloleuld

lv vwulfw/ wkh fodvv ri sd|r� vhqvlwlyh g|qdplfv lv wrr jhqhudo wr pdnh d xqltxh

suhglfwlrq144

43Iru d jrrg lqwurgxfwlrq wr wkh judsk�wkhruhwlf phwkrgv xvhg lq wklv vhfwlrq vhh Yhjd�

Uhgrqgr +4<<9,1 Wkh| zhuh ruljlqdoo| lqwurgxfhg e| Iuhlgolq dqg Zhqw}hoo +4<;7,1
44H1j1 lw ghshqgv rq zkhwkhu sod|huv zkr douhdg| sod| d ehvw uhso| pd| vzlwfk wr

rwkhu vwudwhjlhv1 Li wkh| duh qrw doorzhg wr gr vr/ wkhq jhqhulfdoo| +F>FF, lv wkh xqltxh
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Zlwk qrlvh wkh slfwxuh fkdqjhv1 E�c��� lv qrz d vwulfw htxloleulxp dqg

wkh uhpdlqlqj htxloleuld duh pl{hg1 Vwrfkdvwlf g|qdplfv gr qrw lq jhqhudo

frqyhujh wr pl{hg vwudwhj| htxloleuld lq dv|pphwulf jdphv +vhh Rhfkvvohu/

4<<7/ iru vrph ri wkh sureohpv lqyroyhg,1 Ghshqglqj rq wkh h{dfw vshfl�0

fdwlrq ri wkh surfhvv d pl{hg htxloleulxp pd| hyhq idlo wr eh d uhvwsrlqw

ri wkh vhohfwlrq g|qdplfv1 Khqfh/ lw lv qrw vxusulvlqj wkdw wkh glvfuhwh sd|0

r� uhvsrqvlyh g|qdplfv vhohfw wkh vwulfw htxloleulxp E�c��� lq K E0� li wkh

srsxodwlrq vl}h lv odujh hqrxjk145

Sursrvlwlrq 6 Ohw 0 : f eh jlyhq dqg frqvlghu dq lplwdwlrq g|qdplf1 Li

wkh srsxodwlrq vl}h � lv odujhu wkdq �*0/ wkhq wkh olplw glvwulexwlrq ri wkh

g|qdplfPEV� iru �$ f sxwv suredelolw| rqh rq wkh htxloleulxp E�c����

Surri1 Qrwh �uvw wkdw wkh vxssruw ri wkh olplw glvwulexwlrq ri PEV� iru

�$ f lv d xqlrq ri devruelqj vhwv ri V +vhh h1j1 Vdpxhovrq/ 4<<7/ Wkhruhp

4,1 D vhw ri vwdwhv ' lv devruelqj zlwk uhvshfw wr V li V fdqqrw fdxvh wkh

surfhvv wr ohdyh ' dqg dq| vwdwh lq ' lv uhdfkhg zlwklq �qlwh wlph iurp dq|

rwkhu vwdwh1

Gxh wr frqglwlrq +e, ri Gh�qlwlrq 5 d vlqjohwrq vhw fdq eh devruelqj rqo|

li doo vwudwhjlhv suhvhqw lq d srsxodwlrq hduq wkh vdph sd|r�1 Fdqglgdwhv iru

devruelqj vwdwhv duh wkhuhiruh doo htxloleuld dqg doo prqrprusklf vwdwhv/ wkdw

lv/ vwdwhv lq zklfk doo sod|huv ri d srsxodwlrq xvh wkh vdph vwudwhj|1

Jlyhq wkh ehvw uhso| vwuxfwxuh ri KE0� c lqhuwld dqg frqglwlrq +e, lpsolhv

wkdw iurp dq| qrq�devruelqj vwdwh wkhuh h{lvwv d vhtxhqfh ri wudqvlwlrqv/

hdfk rffxuulqj zlwk srvlwlyh suredelolw|/ ohdglqj wr vrph prqrprusklf vwdwh1

Khqfh/ hdfk devruelqj vhw frqwdlqv hlwkhu dq htxloleulxp ru d prqrprusklf

vwdwh1

Iru� : �*0 lw wdnhv dw ohdvw wzr pxwdwlrqv wr ohdyh wkh edvlq ri dwwudfwlrq

ri E�c���/ wkdw lv/ wkh vhw ri vwdwhv iurp zklfk V uhwxuqv wr E�c��� zlwk

devruelqj vwdwh1 Li wkh| duh doorzhg wkhq lw lv srvvleoh wr pdnh +O>IF, wkh xqltxh orfdoo|

vwdeoh pxwdwlrq frqqhfwhg frpsrqhqw +vhh surri ri Sursrvlwlrq 6,1
45Qrwh/ krzhyhu/ wkdw wkh uhvxow lv pruh dpeljxrxv wkdq wkdw ri wkh odvw vhfwlrq dv iru

d jlyhq srsxodwlrq vl}h wkhuh dozd|v h{lvwv dq % vpdoo hqrxjk vxfk wkdw qr uhvxow ri wklv

nlqg fdq eh rewdlqhg zklfk krogv iru wkh hqwluh fodvv ri sd|r� vhqvlwlyh g|qdplfv1
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suredelolw| rqh1 Wklv iroorzv ehfdxvh zlwk rqo| rqh pxwdwlrq zh kdyh wkdw
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Khqfh/ e| frqglwlrq +d, wkh surfhvv pxvw uhwxuq wr E�c��� diwhu rqh pxwd0

wlrq1

Xvlqj wkh whuplqrorj| ri Qùoghnh dqg Vdpxhovrq +4<<6, wkh froohfwlrq

ri devruelqj vhwv fdq eh sduwlwlrqhg lqwr +pxwdwlrq frqqhfwhg, frpsrqhqwv1

D frpsrqhqw lv fdoohg orfdoo| vwdeoh li lw wdnhv pruh wkdq rqh pxwdwlrq wr

uhdfk dq| rwkhu frpsrqhqw1 Jlyhq wkdw lw wdnhv dw ohdvw 2 pxwdwlrqv wr ohdyh

wkh edvlq ri dwwudfwlrq ri iE�c���j/ wklv frpsrqhqw lv orfdoo| vwdeoh1 Zh

fodlp wkdw wkh uhpdlqlqj frpsrqhqwv duh qrw orfdoo| vwdeoh dv rqh pxwdwlrq

lv vx!flhqw wr uhdfk vrph rwkhu frpsrqhqw1

Frqvlghu �uvw wkh prqrprusklf vwdwhv1 Li prqrprusklf vwdwhv ehorqj

wr devruelqj vhwv/ wkhq E�c88 �/ E�c8��/ Euc88 �/ Euc8�� dqg E�c�8 �

ehorqj wr wkh vdph frpsrqhqw dv wkh| irup d f|foh lq wkh vhqvh ri Qùoghnh

dqg Vdpxhovrq +4<<6,1 Vwduwlqj lq E�c�8 � / vxssrvh wkhuh lv rqh pxwdwlrq

wr ��1 E| frqglwlrq +d, wkh surfhvv fdq pryh rqo| wr vwdwhv lq zklfk R�� lv

lqfuhdvhg1 Wkhuhiruh/ wkh surfhvv frqyhujhv wr E�c��� dqg wkh frpsrqhqw

lv qrw orfdoo| vwdeoh� Olnhzlvh/ E�c��� fdq eh uhdfkhg iurp Euc��� dqg

E�c�8 � fdq eh uhdfkhg iurp Euc�8 �1 Frqvhtxhqwo|/ E�c��� lv wkh xqltxh

prqrprusklf vwdwh frqwdlqhg lq d orfdoo| vwdeoh frpsrqhqw1

Qh{w/ frqvlghu E	Rc 	̂�1 Rqh pxwdwlrq wr �� sxwv wkh surfhvv lq wkh edvlq

ri dwwudfwlrq ri E�c����

Ilqdoo|/ wkh ehvw uhso| vwuxfwxuh rq wkh idfh {i88c8�j �{i�cuj duh

wkh vdph dv lq d Pdwfklqj Shqqlhv jdph1 Gxh wr wkh lqhuwld dvvxpswlrq/

zlwk srvlwlyh suredelolw| wkh g|qdplfv vsludo rxwzdugv dqg uhdfk wkh vhw

iERc ^� G Ru 	 0 dqg R88 n R8� ' �j � Iurp wkhuh e| frqglwlrq +d, �� zloo

lqfuhdvh zlwk srvlwlyh suredelolw|1 Khqfh/ E�c��� fdq eh uhdfkhg iurp E�Rc �̂�
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zlwk rqh pxwdwlrq1 Frqvhtxhqwo|/ iE�c���j lv wkh xqltxh orfdoo| vwdeoh

frpsrqhqw1

E| Sursrvlwlrq 4 ri Qùoghnh dqg Vdpxhovrq +4<<6, d vwdwh fdq dsshdu

lq wkh vxssruw ri wkh olplw glvwulexwlrq rqo| li lw ehorqjv wr d orfdoo| vwdeoh

frpsrqhqw1 Vlqfh iE�c���j lv wkh xqltxh orfdoo| vwdeoh frpsrqhqw dqg d

olplw glvwulexwlrq h{lvwv/ E�c��� kdv suredelolw| rqh lq wkh olplw glvwulexwlrq1

61515 Lplwdwlrq g|qdplfv

Lq rxu vhfrqg dssurdfk zh h{solflwo| lqfrusrudwh qrlvh dv d vwrfkdvwlf h�hfw1

Lq hdfk urxqg/ lqglylgxdov iurp rssrvlwh srsxodwlrqv duh udqgrpo| pdwfkhg1

Lq d jlyhq pdwfk/ � Ef� +� Ef�, lv wkh sd|r� pdwul{ iru sod|hu L +sod|hu

LL, zlwk suredelolw| � � 0 dqg � E�� +� E��, lv wkh sd|r� pdwul{ iru sod|hu L

+sod|hu LL, zlwk suredelolw| 0� Zh irfxv rq ehkdylru wkdw uholhv rq lqirupdwlrq

jdwkhuhg wkurxjk vhhlqj wkh shuirupdqfh ri rwkhuv1 Pruh vshfl�fdoo|/ zh

frqvlghu glvfuhwh vhohfwlrq surfhvvhv wkdw uhvxow zkhq lqglylgxdov xsgdwh wkhlu

ehkdylru e| lplwdwlqj rwkhuv/ h1j1/ xvlqj uxohv olnh �lplwdwh li ehwwhu� ru wkh

sursruwlrqdo lplwdwlrq uxoh +Vfkodj/ 4<<9,1

Gh�qlwlrq 6 D glvfuhwh vhohfwlrq g|qdplf V lv fdoohg dq lplwdwlrq g|qdplf

li

+d, RoJKER|n�

�
: R|

�
� : f / R� : f dqg <�c o dqg & 9' � zlwk R&c ^� c ^o : f

dqg <0�c 02 5 ifc �j vxfk wkdw e�� E0�� e� : e&� E02� eo1

+e, Htxlydohqw frqglwlrqv krog iru ^
| dqg ^

|n�
�

Iru lplwdwlrq g|qdplfv/ lq frqwudvw wr sd|r� vhqvlwlyh g|qdplfv/ zh �qg

wkdw wkh srsxodwlrq vl}h qhhg qrw eh vx!flhqwo| odujh lq rughu wr rewdlq

Frxuqrw dv wkh xqltxh orqj uxq rxwfrph1

Fruroodu| 4 Ohw 0 : f eh jlyhq dqg frqvlghu dq lplwdwlrq g|qdplf1 Wkhq

wkh olplw glvwulexwlrq ri wkh g|qdplf PEV� iru � $ f sxwv suredelolw| rqh

rq wkh htxloleulxp E�c����
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Surri1 Lw lv hdvlo| vkrzq wkdw lw wdnhv dw ohdvw rqh pxwdwlrq lq hdfk srsxod0

wlrq/ dqg khqfh dw ohdvw d wrwdo qxpehu ri wzr pxwdwlrqv/ wr eh deoh wr ohdyh

wkh edvlq ri dwwudfwlrq ri E�c��� xqghu sd|r� lplwdwlyh g|qdplfv1 Wkh uhvw

ri wkh surri iroorzv dv lq wkh surri ri Sursrvlwlrq 61

61516 D qrwh rq wkh rughu ri olplwv

Wkh uhvxowv deryh zhuh rewdlqhg e| frqvlghulqj � iru �{hg revhuydwlrqdo qrlvh

0 � wkh olplw ehkdylru ri wkh g|qdplfv zkhq wkh suredelolw| ri �pxwdwlrqv�

� ydqlvkhv1 Hvshfldoo|/ wkh g|qdplf frqglwlrqv +Gh�qlwlrqv 5 dqg 6, glg qrw

qhhg wr lqfrusrudwh wkh idfw wkdw pxwdwlrqv h{lvw vlqfh wkhvh zhuh yhu| vpdoo1

Lw lv dovr lqwhuhvwlqj wr frqvlghu wkh uhyhuvh rughu ri olplwv= Zkdw kdsshqv

li zh �uvw ohw wkh suredelolw| ri revhuydwlrqdo huuruv 0 jr wr }hur dqg wkhq

frqvlghu wkh g|qdplfv dv � frqyhujhv wr }hurB

Xqghu sd|r� vhqvlwlyh g|qdplfv/ qrlvh frxog qrw eh wrr vpdoo iru jlyhq

srsxodwlrq vl}h � lq rughu wr ghulyh jhqhudo uhvxowv1 Rqfh � 	 �

0
� 2 rqh

pxwdwlrq vx!fhv wr ohdyh E�c��� � Ohw xv uhvwulfw dwwhqwlrq wr wkh ehvw uh0

vsrqvh g|qdplf1 Rqfh 0 lv vx!flhqwo| vpdoo iru jlyhq � / E�c��� ehfrphv

wkh xqltxh devruelqj vwdwh1 Dgglwlrqdoo|/ wkh g|qdplf grhv qrw ghshqg rq

wkh h{dfw vl}h ri 0 zklfk phdqv wkdw wkh rughu ri olplwv grhv qrw h�hfw wkh

rxwfrph iru wkh ehvw uhvsrqvh g|qdplf1 Khqfh/ wkh olplw glvwulexwlrq iru ydq0

lvklqj pxwdwlrq udwh dqg ydqlvklqj qrlvh sxwv suredelolw| rqh rq wkh xqltxh

devruelqj vwdwh E�c��� +frpsduh wr Irrwqrwh 44,1

Frqvlghu qrz sd|r� lplwdwlyh g|qdplfv1 Iru �{hg pxwdwlrq udwh � dqg

ydqlvklqj qrlvh udwh 0c xqohvv �� lv qhyhu lplwdwhg/ zh �qg wkdw erwk Frxuqrw

dqg Vwdfnhoehuj htxloleulxp ehorqj wr wkh vdph orfdoo| vwdeoh pxwdwlrq frq0

qhfwhg frpsrqhqw1 Frqvhtxhqwo|/ vhohfwlrq irufhv duh wrr zhdn khuh wr vhohfw

ehwzhhq wkh wzr htxloleuld ri lqwhuhvw1

Zklfk rughu ri olplwv lv pruh sodxvleoh ghshqgv rq zkhwkhu rqh wklqnv

wkdw wuhpeohv lq wkh h{hfxwlrq ri vwudwhjlhv ru lq wkhlu shufhswlrq duh pruh

olnho| wr rffxu146

46Vhh Dgrosk +4<<9, iru d vlplodu dujxphqw1

49



616 Frqwlqxrxv ehvw uhvsrqvh g|qdplf

Wkh frqwlqxrxv ehvw uhvsrqvh g|qdplf +Pdwvxl/ 4<<5/ Kriedxhu/ 4<<8, lv

gh�qhg dv

�R ' ��-E^�� R

�̂ ' ��-ER�� ^

zkhuh��-E%� lv d +srvvleo| glvfrqwlqxrxv, vhohfwlrq iurp wkh +pl{hg, ehvw

uhvsrqvh fruuhvsrqghqfh wr wkh sur�oh %1 Wkh lqwhusuhwdwlrq lv wkdw dw dq|

lqvwdqw ri wlph d vpdoo iudfwlrq ri hdfk +lq�qlwh, srsxodwlrq lv doorzhg wr dg0

mxvw lwv vwudwhj| dqg fkrrvhv d ehvw uhso| djdlqvw wkh fxuuhqw sur�oh1 Zkloh

hdfk sod|hu fkrrvhv d sxuh vwudwhj|/ pl{wxuhv duh srvvleoh vlqfh gl�huhqw sod|0

huv pd| fkrrvh gl�huhqw sxuh vwudwhj| ehvw uhvsrqvhv147 Qrwh wkdw sod|huv

duh dvvxphg wr nqrz wkh h{dfw glvwulexwlrq ri vwudwhjlhv lq wkh rwkhu srsx0

odwlrq zkhq dgmxvwlqj wkhlu vwudwhjlhv1 Wklv surfhvv grhv qrw uhvxow li hdfk

sod|hu vdpsohv rqo| d �qlwh qxpehu ri sod|huv iurp wkh rssrvlwh srsxod0

wlrq dqg sod|v d ehvw uhvsrqvh wr klv2khu vdpsoh1 Lq idfw/ Vfkodj +4<<:,

vkrzv wkdw vxfk ehvw uhvsrqvh sod| wr �qlwh vdpsohv grhv qrw hyhq jhqhudwh

d zhdno| sd|r� prqrwrqh g|qdplf lq Edjzhoo*v h{dpsoh1 Wkxv/ wkh lqiru0

pdwlrqdo uhtxluhphqwv xqghuo|lqj wkh frqwlqxrxv ehvw uhvsrqvh g|qdplf duh

txlwh vwurqj1

Zkhq vljqdov duh revhuyhg zlwkrxw huuru/ 8� lv wkh xqltxh ehvw uhso|

iru sod|hu LL lq dq| lqwhulru vwdwh1 Jlyhq d vx!flhqwo| odujh sursruwlrq ri

sod|hu LL lqglylgxdov fkrrvlqj 8�/ dq| sod|hu L lqglylgxdo zloo fkrrvh u 1

Frqvhtxhqwo|/ zh kdyh wkh iroorzlqj uhvxow1

Uhpdun 5 Zlwkrxw qrlvh/ dq| wudmhfwru| vwduwlqj lq wkh lqwhulru zloo frq0

yhujh wr wkh Vwdfnhoehuj rxwfrph1

Ehorz zh zloo vhh wkdw wklv xqdpeljxrxv suhglfwlrq ri wkh Vwdfnhoehuj

rxwfrph xqghu wkh frqwlqxrxv ehvw uhvsrqvh g|qdplf zloo fduu| ryhu zkhq

vljqdov duh qrlv|1

47Kriedxhu +4<<8, vkrzv wkdw wkh frqwlqxrxv ehvw uhso| surfhvv lv lq vrph vhqvh htxly0

dohqw wr �fwlwlrxv sod|1
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Sursrvlwlrq 7 Iru f 	 0 	 �*2 wkhuh duh wzr dv|pswrwlfdoo| vwdeoh vwdwhv/

E�c��� dqg E�Rc �̂�1 Zkloh wkh edvlq ri dwwudfwlrq ri E�c��� ydqlvkhv dv

0$ f/ wkh edvlq ri E�Rc �̂� frqyhujhv wr wkh vhw ri doo lqwhulru vwdwhv1

Surri1 E�c��� lv d vwulfw htxloleulxp dqg khqfh dv|pswrwlfdoo| vwdeoh1

Zh zloo vkrz wkdw wudmhfwrulhv vwduwlqj lq

� E0� ' iERc ^� 5 {E7���{E72� m R2 	 4�?i�� 0c �� j n j^2jj c

zkhuh j G'
0E23e0�
�3e0

/ frqyhujh wr E�Rc �̂�1 Wklv zloo frpsohwh wkh surri vlqfh iru

0$ f � E0� frqyhujhv wr {E7���{E72��

Frqvlghu d vwdwh ERc ^� 5�E0�1 Vlqfh R2 	 � � 0/ �� lv qrw d ehvw uhso|1

Qrwh wkdw �8 lv vwulfwo| grplqdwhg iru doo 0 	 �*2 dqg lv wkhuhiruh qhyhu d

ehvw uhso|1 Wkxv/ iru doo ERc ^� 5�E0�/ 8� ru 88 duh ehvw uhsolhv iru sod|hu

LL1

Zh fodlp wudmhfwrulhv vwduwlqj lq � E0� vwd| lq � E0�1 Lqlwldo vwdwhv lq

zklfk u lv d ehvw uhso| iru sod|hu L duh xqsureohpdwlf vlqfh wkhq �R� : f dqg

�E0� fdqqrw eh ohiw1

Frqvlghu qh{w lqlwldo vwdwhv ERc ^� lq zklfk � lv d ehvw uhso| iru sod|hu L/

zklfk lpsolhv wkdw

^2 � 	̂2 '
�

2 � e0
�

Vxssrvh �uvw wkdw 8� lv d ehvw uhso| iru sod|hu LL/ l1h1 R2 � 01 Wkh ehvw

uhvsrqvh g|qdplfv duh dozd|v srlqwhg lq wkh gluhfwlrq ri wkh ehvw uhsolhv/ lq

wklv fdvh/ E�c8��� Wkxv/ zh kdyh wr vkrz wkdw

E� � b�ERc ^� n bE�c8�� 5� E0�c

;b 	 �

23e0
�3^2E23e0�

E�3^2�
/ l1h1 iru doo b vxfk wkdw wkh frqyh{ frpelqdwlrq uhpdlqv

lq wkh uhjlrq zkhuh E�c8�� duh ehvw uhsolhv1 Lq sduwlfxodu/ lw pxvw krog wkdw

E�� b�R2 n b � E�� b�E� � j n j^2� n bc

zklfk lv vdwlv�hg e| frqvwuxfwlrq ri � E0�148

48Qrwh wkdw iru t5 ?
4

5�7%
/ 4� % A 4� � . �t5=
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Ilqdoo| frqvlghu wkh fdvh wkdw 88 lv d ehvw uhso| iru sod|hu LL dw ERc ^�c

zklfk lpsolhv wkdw R2 � 0� Lq wklv fdvh �R2 : f exw dv orqj dv R2 � 0/ � E0�

fdqqrw eh ohiw/ zklfk suryhv wkh fodlp1

Vlqfh rqo| 8� ru 88 fdq eh ehvw uhsolhv iru sod|hu LL lq � E0�/ doo wud0

mhfwrulhv vwduwlqj lq � E0� kdyh olplw srlqwv lq wkh idfh M G' {iuc �j �

{i8�c88j1 Wudmhfwrulhv vwduwlqj lq M vwd| lq M1 Rq Mc K E0� lv d uhvfdohg

yhuvlrq ri cpdwfklqj shqqlhv*1 E| Wkhruhp : lq Kriedxhu +4<<8, wkh frqwlq0

xrxv ehvw uhvsrqvh g|qdplf rq M frqyhujhv wr wkh xqltxh Qdvk htxloleulxp

E�Rc �̂� ri wklv uhvwulfwhg jdph1

Zkdw uhpdlqv wr vkrz lv wkdw wudmhfwrulhv dssurdfklqj M ehkdyh olnh

wudmhfwrulhv vwduwlqj rq M1 Wklv fdq eh grqh e| gh�qlqj dq dssursuldwh

glvwdqfh ixqfwlrq ri wkh wudmhfwru| rq M wr E�Rc �̂� wkdw ghfuhdvhv vwulfwo| ryhu

wlph iru wudmhfwrulhv rqM1 Frqvhtxhqwo|/ wklv glvwdqfh dovr ghfuhdvhv vwulfwo|

iru wudmhfwrulhv wkdw duh vx!flhqwo| forvh wr M1 Wklv fdq eh xvhg wr vkrz

wkdw wudmhfwrulhv vwduwlqj lq wkh lqwhulru frqyhujh wr wkh qrlv| Vwdfnhoehuj

htxloleulxp +�Rc �̂��49

Ilqdoo|/ E	Rc 	̂� lv qrw vwdeoh vlqfh wkhuh duh duelwudulo| forvh srlqwv wr lw

wkdw ehorqj wr � E0� / zklfk phdqv wkdw wkhuh duh wudmhfwrulhv wkdw vwduw

forvh wr lw dqg frqyhujh wr E�Rc �̂� �

Uhihuhqfhv

^4` Dgrosk/ E1 +4<<9,/ �Frpplwphqw/ Wuhpeolqj Kdqg Lpshuihfwlrq dqg

Revhuydelolw| lq Jdphv�/ plphr/ Kxperogw Xqlyhuvlw|/ Ehuolq1

^5` Edjzhoo/ N1 +4<<8,/ �Frpplwphqw dqg Revhuydelolw| lq Jdphv�/

Jdphv dqg Hfrqrplf Ehkdylru/ ;/ 5:405;31

^6` Fuhvvpdq/ U1/ dqg Vfkodj/ N1 +4<<9,/ �Wkh G|qdplf +Lq,Vwdelolw| ri

Edfnzdug Lqgxfwlrq�/ VIE 636 Glvfxvvlrq Sdshu Qr1 E067:/ Xqlyhuvlw|

ri Erqq1

49
Xvh d vlplodu wulfn dv lq Kluvfk dqg Vpdoh +4<:7/ Sureohp 5/ s1 63<,1
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^7` Iulhgpdq/ G1 +4<<4,/ �Hyroxwlrqdu| Jdphv lq Hfrqrplfv�/ Hfrqrphw0

ulfd/ 8</ 96:09991

^8` Jdoh/ M1/ Elqpruh/ N1/ dqg Vdpxhovrq/ O1 +4<<8,/ �Ohduqlqj wr eh

Lpshuihfw= wkh Xowlpdwxp Jdph�/ Jdphv dqg Hfrqrplf Ehkdylru/ ;/

890<31

^9` Jÿwk/ Z1/ Nlufkvwhljhu/ J1/ dqg Ulw}ehujhu/ N1 +4<<8,/ �Lpshu0

ihfwo| Revhuydeoh Frpplwphqwv lq q�Sod|hu Jdphv�/ plphr/ Kxperogw

Xqlyhuvlw|/ Ehuolq1

^:` Kduvdq|l/ M1/ dqg Vhowhq/ U1 +4<;;,/ D Jhqhudo Wkhru| ri Htxloleulxp

Vhohfwlrq lq Jdphv/ Fdpeulgjh/ Pdvv1= PLW�Suhvv1

^;` Kluvfk/ P1/ dqg Vpdoh/ V1 +4<:7,/ Gl�huhqwldo Htxdwlrqv/ G|qdplfdo

V|vwhpv dqg Olqhdu Dojheud/ Dfdghplf Suhvv1

^<` Kriedxhu/ M1 +4<<8,/ �Vwdelolw| iru wkh Ehvw Uhvsrqvh G|qdplfv�/

plphr/ Xqlyhuvlw| ri Ylhqqd1

^43` Ndqgrul/P1/Pdlodwk/ J1/ dqgUre/ U1 +4<<6,/ �Ohduqlqj/ Pxwdwlrq/

dqg Orqj Uxq Htxloleuld lq Jdphv�/ Hfrqrphwulfd/ 94/ 5<0891

^44` Pdwvxl/ D1 +4<<5,/ �Ehvw Uhvsrqvh G|qdplfv dqg Vrfldoo| Vwdeoh

Vwudwhjlhv�/ Mrxuqdo ri Hfrqrplf Wkhru|/ 8:/ 67606951

^45` Pd|qdug Vplwk/ M1 +4<;5,/ Hyroxwlrq dqg wkh Wkhru| ri Jdphv/ Fdp0

eulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

^46` Qùoghnh/ J1/ dqg Vdpxhovrq/ O1 +4<<6,/ �Dq Hyroxwlrqdu| Dqdo|vlv

ri Edfnzdug dqg Iruzdug Lqgxfwlrq�/ Jdphv dqg Hfrqrplf Ehkdylru/

8/ 75807871

^47` Rhfkvvohu/ M1 +4<<7,/ �Dq Hyroxwlrqdu| Lqwhusuhwdwlrq ri Pl{hg

Vwudwhj| Htxloleuld�/ plphr Kxperogw Xqlyhuvlw|/ Ehuolq/ iruwkfrplqj=

Jdphv dqg Hfrqrplf Ehkdylru1

53



^48` Vdpxhovrq/ O1 +4<<7,/ �Vwrfkdvwlf Vwdelolw| zlwk Dowhuqdwlyh Ehvw

Uhsolhv� Mrxuqdo ri Hfrqrplf Wkhru|/ 97/ 680981

^49` Vdpxhovrq/ O1/ dqg ]kdqj/ M1 +4<<5,/ �Hyroxwlrqdu| Vwdelolw| lq

Dv|pphwulf Jdphv�/ Mrxuqdo ri Hfrqrplf Wkhru|/ 8:/ 696�6<41

^4:` Vfkodj/ N1 +4<<9,/ �Zk| Lplwdwh/ dqg li vr/ KrzB D Erxqghg Udwlrqdo

Dssurdfk wr Pxowl0Duphg Edqglwv�/ Glvfxvvlrq Sdshu E0694/ Xqlyhuvlw|

ri Erqq1

^4;` Vfkodj/ N1 +4<<:,/ �Vrsklvwlfdwhg Lplwdwlrq�/ plphr/ Xqlyhuvlw| ri

Erqq1

^4<` Wd|oru/ S1 +4<:<,/ �Hyroxwlrqdu| vwdeoh Vwudwhjlhv Zlwk Wzr W|shv ri

Sod|huv�/ Mrxuqdo ri Dssolhg Suredelolw|/ 49/ :90;61

^53` Ydq Gdpph/ H1/ dqg Kxunhqv/ V1 +4<<7,/ �Jdphv zlwk Lpshuihfwo|

Revhuydeoh Frpplwphqwv�/ FhqwHU Glvfxvvlrq Sdshu/ Qr1 <7971

^54` Yhjd�Uhgrqgr/ I1 +4<<9,/ Hyroxwlrq/ Jdphv/ dqg Hfrqrplf Ehkdy0

lrxu/ R{irug= R{irug Xqlyhuvlw| Suhvv1

^55` Zhlexoo/ M1 +4<<8,/ Hyroxwlrqdu| Jdph Wkhru|/ Fdpeulgjh/ Pdvv1=

PLW�Suhvv1

^56` Zljjlqv/ V1 +4<<3,/ Lqwurgxfwlrq wr Dssolhg Qrqolqhdu G|qdplfdo V|v0

whpv dqg Fkdrv/ Vsulqjhu0Yhuodj= Qhz \run/ Khlghoehuj/ Ehuolq1

^57` \rxqj/ S1 +4<<6,/ �Hyroxwlrq ri Frqyhqwlrqv�/ Hfrqrphwulfd/ 94/ 8:0

;71
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