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Ghfhpehu 4<<;

Devwudfw

Lq d jhqhudo vhwwlqj ri sulydwh lqirupdwlrq/ wkh srvvlelolw| +lpsrv0
vlelolw|, wkhruhp lv vdlg wr eh ydolg/ li d edodqfhg dqg h{ srvw h!flhqw
phfkdqlvp h{lvwv +grhv qrw h{lvw, zklfk djhqwv yroxqwdulo| sduwlflsdwh
dw1 Srvvlelolw| dqg lpsrvvlelolw| uhvxowv duh fdoohg urexvw li wkh| krog
iru doo sulruv zlwk lqghshqghqwo| glvwulexwhg sulydwh lqirupdwlrq1 Wkh
iroorzlqj sdshuv/ dprqj rwkhuv/ lpsolflwho| frqwdlq vxfk uhvxowv= P|0
huvrq dqg Vdwwhuwkzdlwh +4<;6,/ J wk dqg Khoozlj +4<;9,/
Fudpwrq/ Jleerqv dqg Nohpshuhu +4<;:,/ PfDihh +4<<4,/
Pdnrzvnl dqg Ph}}hwwl +4<<6,/ Zlooldpv +4<<7, dqg Vfkplw}
+4<<;,1 Wkh suhvhqw sdshu lqwurgxfhv d fulwhulrq zklfk grhv qrw gh0
shqg rq wkh sulru glvwulexwlrq ri lqirupdwlrq1 Wklv fulwhulrq doorzv/
qrw rqo|/ wr vlpsoli| gudvwlfdoo| hduolhu surriv/ exw dovr wr jhqhudol}h
wkh h{lvwlqj uhvxowv lq d vxevwdqwldo zd|1

MHO Fodvvl�fdwlrq= G;5
Nh|zrugv= Lpsrvvlelolw| wkhruhpv/ srvvlelolw| wkhruhpv/ Ed|hvldq

lpsohphqwdwlrq xqghu yroxqwdu| sduwlflsdwlrq
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4 Lqwurgxfwlrq

Ohw xv dvvxph wkdw d �qlwh qxpehu ri ulvn0qhxwudo djhqwv lv idflqj d ghfl0
vlrq zklfk d�hfwv lqglylgxdo sur�wv +ru xwlolw|,1 Wkh vkdsh ri hdfk sur�w
ixqfwlrq lv sulydwh lqirupdwlrq ri wkh fruuhvsrqglqj djhqw1 Wr vroyh wkhlu
ghflvlrq sureohp/ wkh djhqwv pdnh xvh ri d phfkdqlvp1 Sduwlfxodu dwwhqwlrq
zloo eh sdlg wr phfkdqlvpv zkhuh sduwlflsdwlrq uhpdlqv yroxqwdu|1 Li d edo0
dqfhg phfkdqlvp/ doorzlqj iru yroxqwdu| sduwlflsdwlrq/ h{lvwv zklfk ohdgv wr
wkh h{ srvw h!flhqw ghflvlrq wkhq wkh srvvlelolw| wkhruhp lv vdlg wr eh ydolg1
Wkh h{lvwhqfh ri vxfk d phfkdqlvp pd| ghshqg rq wkh sulru glvwulexwlrq ri
sulydwh lqirupdwlrq1 Li vxfk d phfkdqlvp h{lvwv iru doo sulruv zlwk lqghshq0
ghqwo| glvwulexwhg sulydwh lqirupdwlrq wkhq wkh urexvw srvvlelolw| wkhruhp lv
vdlg wr krog1 Wkh lpsrvvlelolw| wkhruhp lv ydolg li wkh srvvlelolw| wkhruhp lv
qrw1 Wkh urexvw lpsrvvlelolw| wkhruhp/ �qdoo|/ lv ydolg li/ iru dq| sulruv zlwk
lqghshqghqwo| glvwulexwhg sulydwh lqirupdwlrq/ wkh lpsrvvlelolw| wkhruhp lv
ydolg1

Wkh vfrsh iru srvvlelolw| ru lpsrvvlelolw| uhvxowv fdq eh h{soruhg e| orrn0
lqj dw hlwkhu rqh ri wkh iroorzlqj wzr phfkdqlvpv1 Wkh fkhdshvw Juryhv
phfkdqlvp lpsohphqwv wkh h{ srvw h!flhqw ghflvlrq lq grplqdqw vwudwhjlhv1
Sduwlflsdwlrq ri doo djhqwv uhpdlqv yroxqwdu|1 Wkh phfkdqlvp/ ri frxuvh/
idlov wr eh edodqfhg vxfk wkdw orvvhv ru jdlqv pxvw eh eruqh e| wkh rxwvlgh
sduw| zklfk rshudwhv wkh phfkdqlvp1 Wkh fkhdshvw Juryhv phfkdqlvp lv/
iurp wkh ylhzsrlqw ri d ulvn0qhxwudo rxwvlgh rshudwru/ wkh fkhdshvw wr uxq
dprqj doo vxfk phfkdqlvpv1 Li wkh sulydwh lqirupdwlrq/ dw zklfk sduwlflsd0
wlrq frqvwudlqwv duh elqglqj/ grhv qrw ghshqg rq wkh sulru glvwulexwlrq wkhq
wkh urexvw srvvlelolw| wkhruhp +urexvw lpsrvvlelolw| wkhruhp, lv ydolg li dqg
rqo| li wkh fkhdshvw Juryhv phfkdqlvp qhyhu +dozd|v, uxqv d gh�flw1 Wkh
srvvlelolw| wkhruhp +lpsrvvlelolw| wkhruhp, lv ydolg li dqg rqo| li wkh fkhdshvw
Juryhv phfkdqlvp ohdgv/ lq h{shfwhg whupv/ wr d jdlq +orvv, iru wkh rxwvlgh
rshudwru1

Wkh ohdvw glvvhqw phfkdqlvp lv edodqfhg/ kdv whoolqj wkh wuxwk dv d Ed|hvldq
Qdvk htxloleulxp dqg ohdgv wr wkh h{ srvw h!flhqw vroxwlrq1 Sduwlflsdwlrq/
krzhyhu/ qhhg qrw eh yroxqwdu|1 Dw wkh sulydwh lqirupdwlrq zkhuh wkh lqwhulp
h{shfwhg qhw sur�w dv frpsduhg wr wkh rxwvlgh rswlrq lv orzhvw ru/ htxlyd0
ohqwo|/ zkhuh wkh glvvhqw djdlqvw sduwlflsdwlrq dwwdlqv lwv pd{lpxp/ wkh ohdvw
glvvhqw phfkdqlvp ohdgv/ e| gh�qlwlrq/ wr wkh vdph pd{lpxp glvvhqw iru doo
djhqwv1 Lq rwkhu zrugv/ wkh pd{lpxp glvvhqw iurp hqirufhg sduwlflsdwlrq
lv wkh vdph iru doo djhqwv1 Li wkh sulydwh lqirupdwlrq/ dw zklfk wkh glvvhqw

5



dwwdlqv lwv pd{lpxp/ grhv qrw ghshqg rq wkh sulru glvwulexwlrq wkhq wkh srv0
vlelolw| wkhruhp lv ydolg li dqg rqo| li/ iru d jlyhq sulru glvwulexwlrq ri sulydwh
lqirupdwlrq/ wkh ohdvw glvvhqw phfkdqlvp grhv qrw ylrodwh dq| sduwlflsdwlrq
frqvwudlqwv/ l1h1 sduwlflsdwlrq grhv qhyhu jlyh ulvh wr glvvhqw1 Li wklv lv wkh
fdvh iru dq| sulru zlwk lqghshqghqwo| glvwulexwhg sulydwh lqirupdwlrq wkhq
wkh urexvw srvvlelolw| wkhruhp lv ydolg1 Wkh lpsrvvlelolw| wkhruhp lv ydolg li/
iru d jlyhq sulru glvwulexwlrq/ wkh pd{lpxp glvvhqw ri hdfk djhqw lv srvlwlyh/
l1h1 dw ohdvw vrph ri wkh sduwlflsdwlrq frqvwudlqwv pxvw eh ylrodwhg vxfk wkdw
sduwlflsdwlrq kdv wr eh hqirufhg1 Ilqdoo|/ wkh urexvw lpsrvvlelolw| wkhruhp
lv ydolg li vrph ri wkh sduwlflsdwlrq frqvwudlqwv duh ylrodwhg xqghu wkh ohdvw
glvvhqw phfkdqlvp/ qr pdwwhu krz wkh sulru glvwulexwlrq ri lqirupdwlrq orrnv
olnh

Wr p| nqrzohgjh/ wkh h{solflw qrwlrq ri d urexvw srvvlelolw| wkhruhp ru
lpsrvvlelolw| wkhruhp dv lqwurgxfhg deryh lv qhz1 Qhyhuwkhohvv/ lpsolflwho|/
wkh h{lvwlqj olwhudwxuh frqwdlqv pdq| uhvxowv zklfk duh urexvw1 P|huvrq
dqg Vdwwhuwkzdlwh +4<;6, kdyh wkh urexvw lpsrvvlelolw| wkhruhp vkrzq
wr eh ydolg iru wkh fdvh ri d vhoohu rzqlqj dq lqglylvleoh jrrg dqg idflqj d
srwhqwldo ex|hu ri klv jrrg> J wk dqg Khoozlj +4<;9, kdyh grqh wkh vdph
iru wkh fdvh ri dq lqglylvleoh sxeolf jrrg>Pdnrzvnl dqg Ph}}hwwl +4<<6,
ghdo zlwk wkh fdvh ri d vhoohu ri dq lqglylvleoh sulydwh jrrg idflqj dq duelwudu|
qxpehu ri srwhqwldo ex|huv +sulydwh lqirupdwlrq lv dvvxphg wr eh lghqwlfdoo|
glvwulexwhg iru doo ex|huv,> Fudpwrq/ Jleerqv dqg Nohpshuhu +4<;:,
kdyh wkh srvvlelolw| wkhruhp vkrzq wr eh ydolg li lqlwldo hqgrzphqwv duh
htxdoo| glvwulexwhg dprqj djhqwv +djdlq/ sulydwh lqirupdwlrq lv dvvxphg wr
eh lghqwlfdoo| glvwulexwhg iru doo djhqwv,> Vfkplw} +4<<;, kdv d vlplodu uhvxow
iru wkh fdvh ri dq lqglylvleoh sxeolf jrrg> Zlooldpv +4<<7, kdv frqvlghuhg
vhyhudo ex|huv idflqj vhyhudo srwhqwldo ex|huv +sulydwh lqirupdwlrq ri vhoohuv
dqg ex|huv/ uhvshfwlyho|/ duh dvvxphg wr eh lghqwlfdoo| glvwulexwhg,>PfDihh
+4<;4,/ �qdoo|/ h{soruhv wkh fdvh ri d vhoohu ri d glylvleoh sulydwh jrrg idflqj
d vlqjoh srwhqwldo ex|hu1

Doo wkhvh sdshuv � wkh olvw lv qrw fodlphg wr eh frpsohwh � lpsolflwho|
frqwdlq urexvw srvvlelolw| ru lpsrvvlelolw| uhvxowv lq wkh vhqvh ri wkh suhvhqw
sdshu1 Wkh| kdyh lq frpprq wr fdofxodwh/ iru d jlyhq sulru glvwulexwlrq ri
lqirupdwlrq/ wkh djhqwv* lqwhulp h{shfwhg qhw sur�wv/ wdnlqj wkh Ed|hvldq
lqfhqwlyh dqg sduwlflsdwlrq frqvwudlqwv lqwr dffrxqw1 Wkh suhvhqw sdshu/
lqvwhdg/ lqwurgxfhv d fulwhulrq zklfk grhv qrw ghshqg rq wkh xqghuo|lqj
sulru dqg zklfk vwloo doorzv wr ixoo| h{soruh wkh vfrsh iru srvvlelolw| dqg
lpsrvvlelolw| uhvxowv/ lqfoxglqj urexvw rqhv1 Lw wxuqv rxw wkdw wkh sursdjdwhg
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vkliw ri dwwhqwlrq doorzv/ qrw rqo|/ wr vlpsoli| surriv gudvwlfdoo| exw dovr wr
h{whqg wkh hduolhu uhvxowv lq d vxevwdqwldo zd|1

Wkh sdshu lv rujdql}hg dv iroorzv1 Lq vhfwlrq 5/ wkh jhqhudo vhwwlqj lv
lqwurgxfhg1 Pruhryhu/ wkh edvlf lqvljkwv ri lqfhqwlyh wkhru| duh eulh | uh0
fdoohg1 Zkloh wklv vhfwlrq pd| qrw suhvhqw wuxo| qhz uhvxowv/ wkh vkliw iurp
wudglwlrqdo wr urexvw srvvlelolw| wkhruhpv ru lpsrvvlelolw| wkhruhpv zloo eh
hpskdvl}hg1 Vhfwlrq 6 ghdov zlwk wkh fdvh ri dq lqglylvleoh sxeolf ghflvlrq1
Lq vhfwlrq 7/ d vhoohu ri dq lqglylvleoh sulydwh jrrg lv idflqj dq duelwudu|
qxpehu ri srwhqwldo ex|huv zkhuhdv/ lq vhfwlrq 8/ wkh dqdo|vlv lv h{whqghg wr
wkh fdvh zkhuh vhyhudo vhoohuv duh suhvhqw1 Lq vhfwlrqv 6 wr 8/ wkh vfrsh iru
urexvw srvvlelolw| dqg lpsrvvlelolw| uhvxowv lv ixoo| vshfl�hg1 Vlqfh wkh sulru
glvwulexwlrq ri lqirupdwlrq grhv qrw hqwhu rxu fulwhulrq/ wkhvh glvwulexwlrq
ixqfwlrqv qhhg qrw eh dvvxphg wr eh lghqwlfdo1 Jhqhudol}lqj Fudpwrq hw
do1 +4<;9, dqg Vfkplw} +4<<;,/ vhfwlrqv 6 wr 8 dovr suhvhqw srvvlelolw|
wkhruhpv zklfk duh vkrzq wr eh ydolg li djhqwv/ h{ dqwh/ duh deoh wr vshfli| d
ghidxow ghflvlrq surshuo|1 Lq wkh fdvh ri lghqwlfdo glvwulexwlrq ixqfwlrqv lw lv
wkh htxdo glvwulexwlrq ri lqlwldo hqgrzphqwv zklfk jlyhv ulvh wr wkh srvvlelolw|
wkhruhp1 \hw/ lq pruh jhqhudo fdvhv/ wkh lqlwldo dvvljqphqw ri hqgrzphqwv
uhtxluhg wr hqvxuh wkh ydolglw| ri wkh srvvlelolw| wkhruhp pd| ghshqg rq wkh
sulru glvwulexwlrq ri lqirupdwlrq vxfk wkdw wkh urexvw yhuvlrq ri wkh srv0
vlelolw| wkhruhp pd| idlo wr krog1 Lq dq| fdvh/ wkh uhvxow lqlwldoo| gxh wr
Fudpwrq hw do1 +4<;:, fdq/ qrw rqo|/ eh hvwdeolvkhg lq d pxfk vlpsohu
zd| exw dovr/ lwv jhqhudol}hg yhuvlrq lv vkrzq wr krog idu eh|rqg wkh fdvh ri
d vlqjoh lqglylvleoh sulydwh jrrg zlwk lghqwlfdo sulru glvwulexwlrqv iru zklfk lw
kdv ruljlqdoo| ehhq hvwdeolvkhg1 Vhfwlrq 9 ghdov zlwk wkh �uvw rughu dssurdfk
wr srvvlelolw| dqg lpsrvvlelolw| uhvxowv1 Xqghu Frqfoxglqj Uhpdunv/ wkh uh0
vxowv duh vxppdul}hg dqg wkhlu phdqlqj iru pdunhw w|sh lqvwlwxwlrqv/ dprqj
wkhp duh grxeoh rudo dxfwlrqv dqg wkh h{solflw lpsohphqwdwlrq ri Zdoudv dqg
Olqgdko htxloleulxp/ zloo eh h{soruhg1

5 Wkh prgho

D vhw U ' i�c ���c ?j ri djhqwv lv idflqj d ghflvlrq % iurp d vhwf ri dowhuqdwlyhv1
f lv hlwkhu d �qlwh vhw ru d vxevhw ri dq Hxfolghdq vsdfh1 Wkh sur�w +ru xwlolw|,
Z�E%c q�� ri djhqw � ghshqgv rq wkh ghflvlrq % dv zhoo dv rq klv lqirupdwlrq
sdudphwhu q� zklfk lv gudzq iurp dq lqwhuydo dq�uc q�M o ri wkh uhdo olqh1
Sulydwh lqirupdwlrq lv lqghshqghqwo| glvwulexwhg/ wkh ghqvlw| ixqfwlrq ri q�

7



ehlqj ghqrwhg e| s�Eq��1 Li/ lq dgglwlrq/ djhqw � uhfhlyhv sd|phqw 5� klv
qhw sur�w +ru txdvl0olqhdu xwlolw|, dprxqwv wr Z�E%c q�� n 5�1 Iru d jlyhq
uhdol}dwlrq q ' Eq�c ���c q?� ri lqirupdwlrq sdudphwhuv/ wkh h{ srvw h!flhqw
ghflvlrq vroyhv

%Eq� 5@h}4@ 
%

[
�MU

Z�E%c q�� +4,

vxfk wkdw wkh h{ srvw h!flhqw vxusoxv lv jlyhq e|

` Eq� '
[
�MU

Z�E%Eq�c q��� +5,

Wkh djhqwv* ghflvlrq sureohp lv dvvxphg wr eh vroyhg e| d phfkdqlvp zklfk/
lq lwv jhqhudo irup/ fdq eh ghvfulehg e| d jdph irup

} G 7� � ���� 7? $ f �??

zkhuh djhqw � pxvw fkrrvh klv vwudwhj| r� iurp vwudwhj| vhw 7�1 Dw vwudwhj|
sur�oh r ' Er�c ���c r?�/ wkh doorfdwlrq

}Er� ' dfEr�c ~�Er�c ���c ~?Er�o +6,

uhvxowv zlwk fEr� 5 f ehlqj wkh ghflvlrq dqg ~�Er� 5 ? wkh sd|phqw wr
djhqw �1

Zlwkrxw vxfk phfkdqlvp/ e| dvvxpswlrq/ wkh rxwvlgh rswlrq %f 5 f
zrxog eh uhdfkhg1 Wkh jdph irup +6, doorzv iru yroxqwdu| sduwlflsdwlrq li
hdfk djhqw kdv rqh vwudwhj| rf� 5 7� dw ohdvw iru zklfk

Z�EfErf� c r3��c q�� � Z�E%
fc q��

krogv/ qr pdwwhu zkdw vwudwhjlhv r3� duh fkrvhq e| wkh rwkhu djhqwv1 Dw wkh
rxwvlgh rswlrq/ djhqw � uhfhlyhv }hur sd|phqw/ l1h1 ~�Erf� c r3�� � f1 Lw lv wkh
glvwlqfwlyh ihdwxuh ri pdunhw0w|sh lqvwlwxwlrqv wkdw wkh| doorz iru yroxqwdu|
sduwlflsdwlrq1

Vlqfh q� lv dvvxphg wr eh sulydwh lqirupdwlrq ri djhqw �/ klv vwudwhj|
r� ' r�Eq�� fdq ghshqg rq q� rqo|1 Vxssrvh zh duh jlyhq d Ed|hvldq Qdvk
htxloleulxp rEq� ' Er�Eq��c ���c r?Eq?�� zklfk ohdgv wr wkh h{ srvw h!flhqw
ghflvlrq +4,1 Dvvrfldwhg zlwk vxfk dq htxloleulxp/ wkhuh h{lvwv wkh gluhfw
phfkdqlvp

d%Eq�c 5�Eq� ' ~�ErEq��c ���c 5?Eq� ' ~?ErEq��o +7,
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zklfk vdwlv�hv wkh lqfhqwlyh frqvwudlqwv

-�Eq�� � .3�dZ�E%Eq
�c q��c q�� n 5�Eq�o � .3�dZ�E%E�q�c q3��c q�� n 5�E�q�c q3��o

+8,
iru doo � 5 U dqg doo q�c �q� 5 dq�uc q�M o dv zhoo dv wkh sduwlflsdwlrq frqvwudlqwv

-�Eq�� � Z�E%
fc q�� +9,

iru doo � 5 U dqg doo q� 5 dq�uc q�M o1 Lq +8,/ .3� ghqrwhv wkh h{shfwdwlrq rshud0
wru zlwk uhvshfw wr doo lqirupdwlrq sdudphwhuv exw q�1 Wkh gluhfw phfkdqlvp
+7, kdv whoolqj wkh wuxwk dv d Ed|hvldq Qdvk htxloleulxp dqg ohdgv wr wkh
vdph doorfdwlrq dv wkh htxloleulxp rEq� xqghu wkh ruljlqdo jdph irup +6,1
Lq wklv vhqvh zh fdq/ zlwkrxw orvv ri jhqhudolw|/ uhvwulfw dwwhqwlrq wr gluhfw
phfkdqlvpv zklfk vdwlvi| wkh lqfhqwlyh frqvwudlqwv +8, dqg wkh sduwlflsdwlrq
frqvwudlqwv +9,1 Wklv/ ri frxuvh/ lv wkh zhoo0nqrzq uhyhodwlrq sulqflsoh1

Wkh h{ srvw h!flhqw ghflvlrq +4, dqg wkh lqfhqwlyh frqvwudlqwv +8, mrlqwo|
ghwhuplqh/ xs wr d frqvwdqw ri lqwhjudwlrq/ wkh lqwhulp h{shfwhg qhw sur�w
-�Eq�� ri djhqw � dv gh�qhg lq +8,1 Pruhryhu/ li wkh lqirupdwlrq sdudphwhu
qf
� vroyhv

qf
� 5 @h} 4�?

q
�
Mdq

�u
cq
�M

o

.3�d` Eq�o� Z�E%fc q�� +:,

wkhq lw lv vx!flhqw wr fkhfn wkh sduwlflsdwlrq frqvwudlqw dw qf
� 1 Iru dq| jlyhq

phfkdqlvp ohdglqj wr lqwhulp h{shfwhg qhw sur�w -�Eq�� ri djhqw �/ ohw

(�Eq�c %
f� � Z�E%

fc q���-�Eq��

ghqrwh wkh glvvhqw ri djhqw � djdlqvw xvlqj wkh phfkdqlvp dv frpsduhg wr
wkh rxwvlgh rswlrq1 Li wkh glvvhqw lv srvlwlyh/ l1h1 li (�Eq�c %

f� : f/ wkhq wkh
sduwlflsdwlrq frqvwudlqw lv ylrodwhg dw q� zkhuhdv/ li (� � f/ lw lv qrw1 Wkh
glvvhqw ri djhqw � dwwdlqv lwv pd{lpxp dw lqirupdwlrq sdudphwhu qf

� 1 Li wkh
sduwlflsdwlrq frqvwudlqw lv elqglqj dw qf

� / l1h1 li wkh pd{lpxp glvvhqw lv }hur/
wkhq wkh lqwhulp h{shfwhg qhw sur�w ri djhqw � lv jlyhq e|

-�Eq�� ' .3�d` Eq�o� .3�d` Eqf
� c q3��o +;,

vxfk wkdw wkh h{shfwhg jdlq/ orvv li qhjdwlyh/ ri dq rxwvlgh sduw| rshudwlqj
wkh phfkdqlvp dprxqwv wr

.d�
[

5�Eq�o ' .d{Eqc qf�o��f +<,
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zkhuh/ e| gh�qlwlrq/

{Eqc qf� �
[
�MU

` Eqf
� c q3��� E?� ��` Eq� +43,

dqg
�f �

[
�MU

Z�E%
fc qf

� �� +44,

Wkh h{shfwhg jdlq +<, pxvw eh wkh vdph iru dq| phfkdqlvp iru zklfk wkh
sduwlflsdwlrq frqvwudlqwv duh elqglqj dw qf

� iru doo � 5 U1 Wkh fkhdshvw Juryhv
phfkdqlvp

5C� Eq� �
[
� �'�

Z�E%Eq�c q���` Eqf
� c q3�� n Z�E%

fc qf
� � +45,

lv vxfk d phfkdqlvp1 Lw kdv whoolqj wkh wuxwk dv grplqdqw vwudwhjlhv dqg/ li
lqirupdwlrq sdudphwhuv q duh gudzq/ wkhq wkh jdlq iurp uxqqlqj wkh fkhdshvw
Juryhv phfkdqlvp lv

�
[

5C� Eq� ' {Eqc qf���f

vxfk wkdw wkh h{shfwhg jdlq dprxqwv wr +<,1 Qrwlfh/ li wkh lqirupdwlrq sd0
udphwhu qf

� dv gh�qhg e| +:, grhv qrw ghshqg rq wkh sulru glvwulexwlrq +dv
zloo eh wkh fdvh lq pdq| dssolfdwlrqv ehorz,/ wkhq wklv sulru glvwulexwlrq qhhg
qrw eh nqrzq wr vshfli| wkh phfkdqlvp +45,1 Pruhryhu/ iurp wkh ylhz ri d
ulvn0qhxwudo rxwvlgh rshudwru/ lpsohphqwlqj lq grplqdqw vwudwhjlhv frphv/ dv
frpsduhg wr Ed|hvldq lpsohphqwdwlrq/ dw qr h{wud frvw1

Iru dq| gluhfw phfkdqlvp +7, zklfk lv edodqfhg/ l1h1
S

5�Eq� � f/ lw
iroorzv wkdw [

-�Eq
f
� � ' .d{Eqc qf�o� +46,

Li d phfkdqlvp lv edodqfhg/ vrph ri wkh sduwlflsdwlrq frqvwudlqwv pd| eh yl0
rodwhg1 Wkh ohdvw glvvhqw phfkdqlvp lv/ e| gh�qlwlrq/ d edodqfhg phfkdqlvp
zkhuh wkh pd{lpxp glvvhqw lv htxdo iru doo djhqwv1 Lw fdq eh frqvwuxfwhg dv
iroorzv1 Iru dq| frqvwdqw uhglvwulexwlrq

S
�� ' f/ wkh phfkdqlvp

5,_� Eq� � 5e� Eq���
�

?� �

[
� �'�

5e� Eq�� n �� +47,

zkhuh/ e| gh�qlwlrq/

5e� Eq�� � .3�d
[
� �'�

Z�E%Eq�c q��o

:



pxvw eh edodqfhg dqg/ khqfh/ vdwlv�hv +46,1 Pruhryhu/ lw kdv whoolqj wkh
wuxwk dv d Ed|hvldq Qdvk htxloleulxp1 Gxh wr +46,/ �qdoo|/ wkh frqvwdqw
uhglvwulexwlrq fdq eh vshfl�hg vxfk wkdw/ iru

-,_
� Eq�� � .3�dZ�E%Eq�q�� n 5,_� Eq�oc

lw krogv wkdw

-,_
� Eq

f
� � ' Z�E%

fc qf
� � n

.d{Eqcqf� ��fo

?
�

Wkhuhiruh/ xqghu wkh ohdvw glvvhqw phfkdqlvp/ wkh lqwhulp h{shfwhg orvv dw
lqirupdwlrq sdudphwhu qf

� dv frpsduhg wr wkh rxwvlgh rswlrq/ l1h1 wkh pd{0
lpxp glvvhqw/ lv wkh vdph iru doo djhqwv1 Vlqfh wkh phfkdqlvp lv edodqfhg/
qr rxwvlgh rshudwru lv qhhghg wr fryhu orvvhv iurp uxqqlqj wkh ohdvw glvvhqw
phfkdqlvp1 Sduwlflsdwlrq/ krzhyhu/ pd| qhhg wr eh hqirufhg1 Wr vshfli| wkh
phfkdqlvp +47,/ wkh sulru glvwulexwlrq ri lqirupdwlrq pxvw eh nqrzq1

Wkh srvvlelolw| wkhruhp lv ydolg lq wkh vhqvh ri wkh lqwurgxfwlrq li dqg
rqo| li wkh h{shfwhg jdlq +<, iurp rshudwlqj wkh fkhdshvw Juryhv phfkdqlvp
lv qrq0qhjdwlyh dqg li dqg rqo| li wkh ohdvw glvvhqw phfkdqlvp vdwlv�hv doo sdu0
wlflsdwlrq frqvwudlqwv1 Li wkh lqirupdwlrq sdudphwhu/ dw zklfk wkh glvvhqwv
ri djhqwv dwwdlq wkhlu pd{lpxp/ gr qrw ghshqg rq wkh sulru glvwulexwlrq ri
lqirupdwlrq wkhq wkh urexvw srvvlelolw| dqg lpsrvvlelolw| wkhruhp fdq htxlyd0
ohqwo| eh h{suhvvhg lq whupv ri erwk wkh fkhdshvw Juryhv dqg wkh ohdvw glvvhqw
phfkdqlvp1 Lq idfw/ wkh urexvw srvvlelolw| wkhruhp lv ydolg li/ iru doo q/

{Eqc qf���f � f� +48,

Wklv lv wkh fdvh li dqg rqo| li wkh fkhdshvw Juryhv phfkdqlvp qhyhu/ qrw
mxvw lq h{shfwhg whupv/ uxqv d gh�flw dqg li dqg rqo| li/ iru doo sulruv zlwk
lqghshqghqwo| glvwulexwhg lqirupdwlrq/ wkh ohdvw glvvhqw phfkdqlvp vdwlv�hv
doo sduwlflsdwlrq uhvwudlqwv1 Wkh lpsrvvlelolw| wkhruhp lv ydolg li dqg rqo| li
wkh fkhdshvw Juryhv phfkdqlvp uxqv dq h{shfwhg orvv dqg li dqg rqo| li wkh
ohdvw glvvhqw phfkdqlvp ylrodwhv vrph sduwlflsdwlrq frqvwudlqwv1 Wkh urexvw
lpsrvvlelolw| wkhruhp/ �qdoo|/ lv ydolg li/ iru doo q/

{Eqcqf� ��f � f dqg {Eq�c qf���f 	 f +49,

iru vrph q�1 Wklv lv wkh fdvh li dqg rqo| li wkh fkhdshvw juryhv phfkdqlvp
dozd|v/ qrw mxvw lq h{shfwhg whupv/ uxqv d gh�flw dqg li dqg rqo| li/ iru doo
sulruv zlwk lqghshqghqwo| glvwulexwhg sulydwh lqirupdwlrq/ wkh ohdvw glvvhqw
phfkdqlvp ylrodwhv vrph ri wkh sduwlflsdwlrq frqvwudlqwv1

;



6 Lqglylvleoh Sxeolf Jrrg

Lq wklv vhfwlrq/ wkh vhw U ' i�c ���c ?j ri djhqwv lv dvvxphg wr idfh dq lqglylvleoh
sxeolf ghflvlrq % 5 f ' ifc �j1 Wkh ydoxdwlrq ri djhqw � iru ghflvlrq % ' � dv
frpsduhg wr wkh vwdwxv txr % ' f lv ghqrwhg e| q� vxfk wkdw sur�w ixqfwlrqv
fdq eh h{suhvvhg lq wkh irup Z�E%c q�� ' q�%1 Wkh h{ srvw h!flhqw vxusoxv
+5, dprxqwv wr ` Eq� ' 4@ d

S
q�c fo1 Wkh rxwvlgh rswlrq frlqflghv zlwk

wkh vwdwxv txr %f ' f1 Khqfh/ iru �f dv gh�qhg lq +44,/ lw krogv wkdw �f '
f�Pruhryhu/ vlqfh Y` Eq�*Yq� � f/ lw iroorzv iurp +:, wkdw wkh sduwlflsdwlrq
frqvwudlqwv duh elqglqj dw wkh orzhvw ydoxdwlrqv qf ' Eqf

�c ���c q
f
?� ' qu '

Eq�uc ���c q?u�1 Iru ? ' 2/ wkh vhwwlqj fruuhvsrqgv wr wkdw ri P|huvrq dqg
Vdwwhuwkzdlwh +4<;6, dqg/ iru ? � 2/ wr wkdw ri J wk dqg Khoozlj
+4<;9,1

Wkh iroorzlqj wkhruhp ghdov zlwk wkh vrsklvwlfdwhg fdvh zkhuh wkh h{
srvw h!flhqw ghflvlrq wuxo| ghshqgv rq wkh uhdol}dwlrq ri wkh lqirupdwlrq
sdudphwhuv dqg zkhuh wkhuh lv pruh wkdq rqh0vlghg dv|pphwulf lqirupdwlrq1
Lw lv fkdudfwhul}hg e| wkh frqglwlrqv[

�MU

q�u 	 f 	
[
�MU

q�M +4:,

dqg
ri� 5 U m q�u 	 q�Mj � 2� +4;,

Iru doo rwkhu fdvhv/ wkh urexvw srvvlelolw| wkhruhp lv ydolg dv pd| eh reylrxv
dqg dv zloo eh vkrzq odwhu1

Wkhruhp 4 +vrsklvwlfdwhg fdvh,

Lq wkh fdvh ri dq lqglylvleoh sxeolf ghflvlrq/ wkh urexvw lpsrvvlelolw| wkh0
ruhp lv ydolg1

Surri=

Wkh whup +43, fdq eh fdofxodwhg dv iroorzv1 Ohw � Eq� � i� 5 U m ` Eq�uc q3�� :
fj eh wkh vhw ri djhqwv iru zklfk wkh h{ srvw h!flhqw ghflvlrq zrxog eh % ' �
hyhq dw wkhlu orzhvw ydoxdwlrq q�u1 Lw iroorzv wkdw

{Eqc qu� '
[

�M� Eq�

Eq�u � q� n` Eq��� E? � ��` Eq� '

[
�M� Eq�

Eq�u � q��� E? � � � REq��` Eq� +4<,

<



zkhuh/ e| gh�qlwlrq/ REq� ' r� Eq�1 Lw iroorzv iurp +4<, wkdw {Eqc qu� � f
iru doo q vxfk wkdw REq� � ? � �1 Pruhryhu/ iru REq� ' ?/ lw iroorzv iurp
+4<, wkdw {Eqc qu� '

S
�MU

q�uzklfk/ lq wkh vrsklvwlfdwhg fdvh +4:,/ lv qhjdwlyh1

Ilqdoo|/ iru q ' qM / lw iroorzv iurp +4:, dqg +4<, wkdw {EqMc qu� 	 f li
REq� 9' ?� � zkhuhdv/ li REq� ' ?� �/ wkhq

{Eqc qu� '
[

�M� Eq�

Eq�u � q�M� 	 f

dv iroorzv iurp +4;,1 Wkh wkhruhp lv hvwdeolvkhg1
Lw dovr iroorzv iurp +4<, wkdw wkh urexvw srvvlelolw| wkhruhp krogv zkhq0

hyhu +4:, ru +4;, duh ylrodwhg1 Lq idfw/ li` Equ� : f wkhq REq� � ? dqg/ khqfh/
{Eqc qu� �

S
�MU

q�u zkhuhdv/ li ` EqM� ' f wkhq REq� � f dqg {Eqc qu� � f1

Li/ �qdoo|/ +4;, lv ylrodwhg vxfk wkdw ` Eq�uc q3�� '` Eq� krogv iru doo djhqwv
exw rqh/ vd| � ' �/ wkhq {Eqcqu� ' ` Eq�uc q3�� � f1 Wkhuhiruh/ xqohvv zh
duh idflqj wkh vrsklvwlfdwhg fdvh/ wkh urexvw srvvlelolw| wkhruhp pxvw krog1

Wkhvh uhvxowv duh qrw qhz1 Exw/ e| fkhfnlqj +49, gluhfwo| dqg qrw/ dv lq
hduolhu surriv/ lq h{shfwhg whupv/ vnlooixo lqwhjudwlrq fdq eh glvshqvhg zlwk1
Wkh dssurdfk vlpsol�hv wkh surri lq d gudvwlf zd|1

Ohw xv frqvlghu qh{w wkh fdvh zkhuh wkh djhqwv duh deoh wr vshfli| h{
dqwh d ghidxow ghflvlrq %f ' RoJKi% ' �j zklfk phdqv/ xqohvv wkh| uhdfk
djuhhphqw dw wkh lqwhulp vwdjh/ wkh ghflvlrq zloo eh % ' � zlwk suredelolw|
%f dv vshfl�hg h{ dqwh1 Vfkplw} +4<<;, kdv hvwdeolvkhg/ iru ? ' 2 dqg
iru ? : 2 exw lghqwlfdo glvwulexwlrq ixqfwlrqv/ wkdw/ li vshfl�hg surshuo|/ wkh
ghidxow ghflvlrq %f jlyhv ulvh wr d srvvlelolw| wkhruhp1 Wkh iroorzlqj wkhruhp
jhqhudol}hv dqg vlpsol�hv klv �qglqjv1

Wkh lqwhulp h{shfwhg qhw sur�w -�Eq�� lv/ xs wr d frqvwdqw ri lqwhjudwlrq/
xqltxho| ghwhuplqhg1 Lwv ghulydwlyh

-�
�Eq�� ' .3�dY` Eq�*Yq�o ' .3�d%Eq�o

lv prqrwrqlfdoo| lqfuhdvlqj/ l1h1 -�Eq�� lv d frqyh{ ixqfwlrq1 Wkh lqirupdwlrq
sdudphwhu qf

� dw zklfk wkh sduwlflsdwlrq frqvwudlqw ri djhqw � lv elqglqj +f1i1
+:,, ghshqgv rq wkh ghidxow ghflvlrq %f dqg fdq eh rewdlqhg dv iroorzv=

qf
� ' qf

� E%
f� '

;?
=

q�u li -�
�Eq�u� � %f

qf
� li -�

�Eq
f
� � ' %f

q�M li -�
�Eq�M� � %f
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Wkhruhp 5 Wkhuh h{lvwv d ghidxow ghflvlrq %f 5 dfc�o vxfk wkdw/ iru qf '
qfE%f�/

{Eqc qf� �
[
�MU

Z�E%
fc q�� +53,

krogv iru doo q1 Dw wklv ghidxow ghflvlrq/ wkh srvvlelolw| wkhruhp pxvw eh ydolg1

Surri=

Zlwkrxw orvv ri jhqhudolw| zh fdq irfxv rq wkh vrsklvwlfdwhg fdvh vxfk wkdw
+4:, fdq eh dvvxphg wr krog1 Li %f ' f wkhq qf ' qu dqg/ e| +4:,/

S
qf
� 	 f

zkhuhdv li qf ' qM wkhq
S

qf
� : f1 Wkhuhiruh/ e| wkh lqwhuphgldwh ydoxh

wkhruhp/ wkhuh h{lvwv d suredelolw| %f 5 Efc �� vxfk wkdw
S

qf
� ' f dqg/

khqfh/
S

Z�E%
fc qf

� � ' f1 Iru wklv uhdol}dwlrq qf ri lqirupdwlrq sdudphwhuv/
li ` Eq� ' f wkhq {Eqc qf� '

S
` Eqf

� c q3�� � f zkhuhdv/ li ` Eq� : f/ ohw
eh

� Eq� � i� 5 U m ` Eqf
� c q3�� : fj

dqg
� Eq� � i� 5 U m qf

�n
[
� �'�

q� � fj ' Uq� Eq�� +54,

Lw iroorzv wkdw

{Eqcqf� '
[

�M� Eq�

Eqf
� � q� n` Eq��� E?� ��` Eq� '

[
�M� Eq�

Eqf
� � q��� E?Eq�� ��` Eq� +55,

zkhuh/ e| gh�qlwlrq/ ?Eq� ' r�Eq�1 Vlploduo|/ +54, lpsolhv wkdw
[

�M�Eq�

Eqf
� � q� n` Eq�� '

[
�M�Eq�

Eqf
� � q�� n ?Eq�` Eq� � f

dqg khqfh/ e| +55,/ wkdw

{Eqc qf� �
[

�M� Eq�

Eqf
� � q�� n` Eq�n

[
�M�Eq�

Eqf
� � q�� '

[
�MU

qf
� ' f

dv zdv wr eh vkrzq1
Lw vhhpv idlu djdlq wr fodlp wkdw wklv surri lv pxfk vlpsohu wkdq wkdw ri

Vfkplw} +4<<;,1 Pruhryhu/ vlqfh wkhruhp 5 grhv qrw uhtxluh glvwulexwlrq
ixqfwlrqv wr eh lghqwlfdo/ wkh uhvxow lv dovr pruh jhqhudo1
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Vlqfh +53, lv vkrzq wr krog iru doo q/ lw dovr pxvw krog lq h{shfwhg whupv
vxfk wkdw wkh srvvlelolw| wkhruhp lv ydolg lqghhg1 Qrwlfh/ krzhyhu/ wkdw wkh
ghidxow ghflvlrq %f ohdglqj wr wkh srvvlelolw| wkhruhp ghshqgv rq wkh sulru
glvwulexwlrq ri lqirupdwlrq1 Dv d frqvhtxhqfh/ lw fdqqrw eh fodlphg wkdw wkh
urexvw srvvlelolw| wkhruhp zrxog eh ydolg1

7 Lqglylvleoh Sulydwh Jrrg

Ohw xv qrz dvvxph wkdw d vhoohu E� ' �� ri dq lqglylvleoh sulydwh jrrg lv idflqj
? � � srwhqwldo ex|huv E� ' 2c ���c ?�1 Wkh ghflvlrq % ' E%�c ���c %?� 5 ifc �j?

uhtxluhv wr lghqwli| wkh djhqw � zkr uhfhlyhv wkh jrrg E%� ' ��1 Vlqfh rqo| rqh
xqlw ri wkh jrrg lv dydlodeoh wkh frqvwudlqw

S
�MU

%� ' � pxvw eh phw1 Wkh ydo0

xdwlrq ri djhqw � ri wkh jrrg lv ghqrwhg e| q� vxfk wkdw/ suhvhqwo|/ wkh sur�w
ixqfwlrqv duh ri wkh irup Z�E%c q�� ' q�%�1 Wkh rxwvlgh rswlrq %

f ' E�c fc ���cf�
fruuhvsrqgv wr wkh ghflvlrq zkhuh wkh vhoohu nhhsv klv jrrg1 Wkh h{ srvw h!0
flhqw vxusoxv dprxqwv wr ` Eq� ' 4@ dq�c ���c q?o1 Vlqfh f � Y` Eq�*Yq� � �
lw iroorzv wkdw wkh vhoohu*v sduwlflsdwlrq frqvwudlqw lv elqglqj dw wkh pd{lpxp
ydoxdwlrq qf

� ' q�M zkhuhdv wkh ex|huv* sduwlflsdwlrq frqvwudlqwv duh elqglqj
dw wkhlu orzhvw ydoxdwlrq qf

� ' q�u iru � ' 2c ���c ?1 Khqfh/ iru �f dv gh�qhg
e| +44,/ �f ' q�M pxvw krog1 Wkh suhvhqw vhwwlqj fruuhvsrqgv wr wkdw ri
Pdnrzvnl dqg Ph}}hwwl +4<<6,1

Lw suryhv xvhixo wr lqwurgxfh wkh iroorzlqj qrwdwlrq1 Iru dq| uhdo ydoxhg
yhfwru + ' E+�c ���c +&� ri duelwudu| glphqvlrq/ ohw � E+� ' 4@ d+�c ���c +&o
ghqrwh wkh odujhvw ydoxh dqg 6E+� wkh vhfrqg odujhvw ydoxh ri doo frruglqdwhv
ri +1 Pruh suhflvho|/ li +� ' � E+� wkhq 6E+� ' � E+3��1

Iru wkh suhvhqw vhwwlqj/ wkh vrsklvwlfdwhg fdvh lv dv iroorzv1 Wkh ydoxdwlrq
ri wkh vhoohu dqg ri rqh ex|hu dw ohdvw pxvw eh xqfhuwdlq1 Pruhryhu/ li wkh
vhoohu lv dw klv orzhvw ydoxdwlrq zkloh doo ex|huv duh dw wkhlu kljkhvw ydoxdwlrq
wkhq lw lv h!flhqw wkdw rqh ri wkh ex|huv uhfhlyhv wkh jrrg1 Ilqdoo|/ li wkh
vhoohu lv dw klv kljkhvw ydoxdwlrq zkhuhdv doo ex|huv duh dw wkhlu orzhvw ydox0
dwlrqv/ wkhq h!flhqf| uhtxluhv wkh vhoohu wr nhhs wkh jrrg1 Pruh suhflvho|/
wkh vrsklvwlfdwhg fdvh fdq eh vxppdul}hg e| wkh iroorzlqj frqglwlrq=

4@ dq�uc� Eq3�u�o 	 4�?dq�M c�Eq3�M�o +56,

Lq doo rwkhu fdvhv/ wkh urexvw srvvlelolw| wkhruhp lv ydolg dv zloo eh vkrzq odwhu
lq wklv vhfwlrq1 Wkh iroorzlqj wkhruhp ghdov zlwk wkh vrsklvwlfdwhg fdvh1 Wkh
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urexvw lpsrvvlelolw| wkhruhp lv vkrzq wr eh ydolg h{fhsw iru wkh fdvh zkhuh
wkhuh duh wzr ru pruh srwhqwldo ex|huv dqg zkhuh wkh kljkhvw ydoxdwlrqv ri
wzr ex|huv dw ohdvw h{fhhg wkh kljkhvw ydoxdwlrq ri wkh vhoohu1

Wkhruhp 6 +vrsklvwlfdwhg fdvh,

Lq wkh fdvh ri d vlqjoh lqglylvleoh sulydwh jrrg/ wkh iroorzlqj pxvw eh wuxh=

+l, Wkh urexvw srvvlelolw| wkhruhp qhyhu krogv1

+ll, Li ? ' 2 wkhq wkh urexvw lpsrvvlelolw| wkhruhp dozd|v krogv1

+lll, Li ? � � wkhq wkh urexvw lpsrvvlelolw| wkhruhp lv ydolg li dqg rqo| li
6Eq2M c ���c q?M� � q�M 1

Surri=

Lq wkh suhvhqw vhwwlqj/ wkh whup {Eqc qf� fdq eh fdofxodwhg dv iroorzv=

{Eqcqf� ' �Eq�M c q3��n
[
�D2

�Eq�uc q3��� E?� ��� Eq�

Wr vlpsoli|/ ohw 6 5 i2c ���c ?j eh wkh ex|hu zlwk wkh kljkhvw ydoxdwlrq/ l1h1
q6 ' � Eq3��1 Lw wkhq iroorzv wkdw �Eq�uc q3�� ' �Eq� iru doo � � 2 exw
� 9' 61 Khqfh

{Eqcqf� ' �Eq�M c q3�� n� Eq6uc q36���Eq�� +57,

Fodlp 4= Wkhuh h{lvwv q vxfk wkdw {Eqc qf� 	 �f ' q�M 1
Surri ri fodlp 4= Wkh vrsklvwlfdwhg fdvh +56, doorzv wr �qg d ihdvleoh
yhfwru q ri lqirupdwlrq sdudphwhuv vxfk wkdw

4@ dq�uc�Eq3�u�o 	 q� 	 6Eq3�� 	 � Eq3�� 	 4�?dq�M c�Eq3�M�o

krogv1 Lq wklv uhjlrq/ +57, dprxqwv wr

{Eqc qf� ' q�M n6Eq3�� �� Eq3�� 	 q�M

dv zdv wr eh vkrzq1 Fodlp 4 lv hvwdeolvkhg1
Fodlp 5= Li wkhuh h{lvwv q vxfk wkdw {Eqc qf� : �f wkhq ? � � dqg
6Eq2M c ���c q?M� : q�M 1
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Surri ri Fodlp 5= Li vxfk d q grhv h{lvw wkhq/ e| prqrwrqlflw|/� Eq6uc q36�
� �Eq� dqg/ e| +57, � Eq�Mc q3�� : q�M vxfk wkdw � Eq3�� : q�M pxvw
krog1 Lw wkhq iroorzv djdlq iurp +57, wkdw

{Eqc qf� ' �Eq6uc q36� : q�M � +58,

Li lw zhuh wuxh wkdw ? ' 2 wkhq +58, zrxog lpso| wkdw �Eq2uc q�� : q�M dqg
khqfh/ vlqfh q� � q�M / wkdw q2u : q�M 1 Wklv zrxog eh lq frqwudglfwlrq zlwk
wkh vrsklvwlfdwhg fdvh +56,1 Wkhuhiruh/ li q h{lvwv vxfk wkdw {Eqc qf� : �f

wkhq ? � �1
Ilqdoo|/ djdlq e| +56, dqg vlqfh q� � q�M 	 �Eq3��/ lw iroorzv wkdw

q6u 	 q�M dqg khqfh wkdw �Eq36� ' 6Eq� ' 6Eq3�� : q�M1 Wkhuhiruh/
e| prqrwrqlflw|/ 6Eq2M c ���c q?M� : q�M pxvw krog1 Fodlp 5 lv hvwdeolvkhg1
Fodlp 6= Li 6Eq2c ���c q?� : q�M wkhq {Eqc qf� ' 6Eq2c ���c q?� dqg khqfh/
e| prqrwrqlflw|/ 6Eq3�M� ' {EqMc q

f� : q�M1
Surri ri Fodlp 6=

Li 6Eq3�� : q�M wkhq/ e| +57,/ {Eqc qf� ' 4@ dq6uc6Eq3��o1 Vlqfh/ e|
+56,/ q6u 	 q�M dqg vlqfh/ e| dvvxpswlrq/ q�M 	 6Eq3�� lw iroorzv wkdw
{Eqc qf� ' 6Eq3��1 Fodlp 6 lv hvwdeolvkhg1

Wkh deryh fodlpv lpphgldwho| ohdg wr wkh surri ri wkh wkhruhp1 Lq idfw/
+l, iroorzv iurp fodlp 4/ +ll, iurp fodlp 5 dqg +lll,/ �qdoo|/ iroorzv iurp fodlpv
5 dqg 6 mrlqwo|1

Pdnrzvnl dqg Ph}}hwwl +4<<6, kdyh frqvlghuhg wkh vshfldo fdvh
zkhuh doo ex|huv* ydoxdwlrqv duh lghqwlfdoo| glvwulexwhg rq d frpprq lqwhuydo/
vd| d�uc �M o1 Lq wklv fdvh/ wkh vrsklvwlfdwhg fdvh +56, uhtxluhv wkh vhoohu*v dqg
wkh ex|huv* lqwhuydov ri ydoxdwlrqv wr ryhuods1 Wkhq/ dffruglqj wr wkhruhp 6/
li ? ' 2 ru li ? � � exw �M � q�M wkhq wkh urexvw lpsrvvlelolw| wkhruhp lv
ydolg1 Lq rwkhu zrugv/ wkh srvvlelolw| wkhruhp fdq rqo| eh ydolg li ? � � dqg
wkh pd{lpxp ex|huv* ydoxdwlrq �M h{fhhg wkh vhoohu*v pd{lpxp ydoxdwlrq
q�M1 Wkhruhp 6 frqwdlqv wklv uhvxow gxh wr Pdnrzvnl dqg Ph}}hwwl dv d
vshfldo fdvh1

Hduolhu lw zdv fodlphg wkdw wkh urexvw srvvlelolw| wkhruhp lv ydolg iru doo
exw vrsklvwlfdwhg fdvhv1 Ohw xv qrz hvwdeolvk wklv fodlp1 Li wkhuh lv qr xqfhu0
wdlqw| derxw wkh vhoohu*v ydoxdwlrq/ l1h1 li q�u ' q� ' q�M wkhq lw iroorzv iurp
+57, wkdw {Eqcqf� ' �Eq6uc q36� � q� � q�M1 Li wkh vhoohu*v pd{lpxp ydo0
xdwlrq lv qrw odujhu wkdq doo ex|huv* orzhvw ydoxdwlrqv/ l1h1 li q�M ��Eq3�u�
wkhq/ e| +57,/ {Eqc qf� ' �Eq6uc q36� � �Equ� ' � Eq3�u� � q�M1 Iru
wkh uhpdlqlqj fdvhv �Eq3�u� ' �Eq3�M� dqg �Eq3�M� � q�u lw fdq eh
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vkrzq wkdw {Eqc qf� ' �Eq�M c q3�� � q�M 1 Li wklv zhuh qrw wuxh wkhq

�Eq6uc q36� ' 4@ dq�c q6uc6Eq3��o 	 � Eq� ' 4@ dq�c q6c6Eq3��o
+59,

dv iroorzv iurp +57,1 Exw +59, fdq rqo| krog li q6 : 4@ dq�c q6uc6Eq3��o
zklfk/ lq fdvh �Eq3�u� ' � Eq3�M�/ zrxog lpso| wkdw q6 ' �Eq3�u� '
�Eq3�M� ' 4@ dq6uc6Eq3��o/ d frqwudglfwlrq dqg zklfk/ lq fdvh� Eq3�M� �
q�u/ zrxog lpso| wkdw q6 ' � Eq3�M� � q�u � q�/ d frqwudglfwlrq djdlq1
Wr vxppdul}h lq doo exw vrsklvwlfdwhg fdvhv lw krogv wkdw {Eqc qf� � q�M

zklfk phdqv wkdw wkh urexvw srvvlelolw| wkhruhp lv ydolg lqghhg1
Wr frqfoxgh wklv vhfwlrq/ ohw xv frqvlghu wkh fdvh zkhuh wkh djhqwv fdq h{

dqwh vshfli| d ghidxow ghflvlrq %f 5 dfc �o? zklfk zloo eh lpsohphqwhg xqohvv
wkh| uhdfk djuhhphqw dw wkh lqwhulp vwdjh1 Wkh l0wk frruglqdwh h{suhvvhv
wkh suredelolw| %f� zlwk zklfk djhqw � zrxog uhfhlyh rqh xqlw ri wkh jrrg1
Vlqfh rqh xqlw ri wkh jrrg lv dydlodeoh/ wkh frqvwudlqw

S
%f� ' � pxvw krog1

Dowhuqdwlyho|/ %f� frxog dovr eh gh�qhg wr eh wkh iudfwlrq ri wkh jrrg zklfk
djhqw � lqlwldoo| rzqv1 Wklv lqwhusuhwdwlrq lv lq olqh zlwk Fudpwrq hw
do1 +4<;:, zkr kdyh vwxglhg wkh suhvhqw vhwwlqj iru wkh fdvh zkhuh doo
djhqwv* ydoxdwlrqv duh lghqwlfdoo| glvwulexwhg1 E| pdnlqj xvh ri wkh phwkrg
dv sursdjdwhg e| wkh suhvhqw sdshu/ wkhlu uhvxow fdq eh rewdlqhg lq d pxfk
vlpsohu zd| dqg/ pruh lpsruwdqw/ lw fdq eh jhqhudol}hg wr dq| froohfwlrq ri
sulruv dv orqj dv sulydwh lqirupdwlrq uhpdlqv lqghshqghqwo| glvwulexwhg1

Wkh lqwhulp h{shfwhg qhw sur�w -�Eq�� lv/ dv xvxdo/ xqltxho| ghwhuplqhg
xs wr d frqvwdqw ri lqwhjudwlrq e| wkh lqfhqwlyh frqvwudlqwv dqg wkh sulruv1
Lwv ghulydwlyh

-�
�Eq�� ' .3�dY` Eq�*Yq�o ' .3�d%�Eq��o

lv prqrwrqlfdoo| lqfuhdvlqj lq q� vxfk wkdw -�Eq�� lv d frqyh{ ixqfwlrq1 Wkh
lqirupdwlrq sdudphwhuv qf

� dw zklfk sduwlflsdwlrq frqvwudlqwv duh elqglqj
ghshqgv rq wkh ghidxow ghflvlrq lq wkh iroorzlqj zd|=

qf
� ' qf

� E%
f
� � '

;?
=

q�u li -�
�Eq�u� � %f�

qf
� li -�

�Eq
f
� � ' %f�

q�M li -�
�Eq�M� � %f�

Wkhruhp 7 Wkhuh h{lvwv d ghidxow ghflvlrq %f 5 dfc �o?/
S

%f� ' �/ vxfk wkdw

{Eqc qf� �
[
�MU

Z�E%
fc q��
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krogv iru doo q dqg iru qf ' qfE%f�1 Dw wklv ghidxow ghflvlrq/ wkh srvvlelolw|
wkhruhp pxvw eh ydolg1

Surri=

Zh �uvw ghdo zlwk wkh fdvh zkhuh doo ydoxdwlrqv duh gudzq iurp wkh vrph
lqwhuydo d�uc �M o1 Qrwlfh/ krzhyhu/ wkdw ghqvlw| ixqfwlrqv duh qrw uhtxluhg
wr eh lghqwlfdo1
Fodlp 4= Wkhuh h{lvwv �u � �f � �M dqg %f 5 dfc �o?/

S
%f� ' � vxfk wkdw

doo djhqwv* sduwlflsdwlrq frqvwudlqwv duh elqglqj dw �f/ l1h1 qf
� E%

f
� � ' �f iru

doo � 5 U1
Surri ri Fodlp 4= Li

S
-�
�E�u� � � wkhq fkrrvh %f vxfk wkdw -�

�E�u� �
%f� iru doo � 5 U dqg

S
%f� ' �1 Lq wklv fdvh/ doo sduwlflsdwlrq frqvwudlqwv

duh elqglqj dw �f ' �u1 Vlploduo|/ li
S

-�
�E�M� � � wkhq fkrrvh %f vxfk

wkdw -�
�E�M� � %f� iru doo � 5 U dqg

S
%f� ' �1 Lq wklv fdvh/ doo djhqwv*

sduwlflsdwlrq frqvwudlqwv duh elqglqj dw �f ' �M1 Lq wkh uhpdlqlqj fdvhv/
e| wkh lqwhuphgldwh ydoxh wkhruhp/ �f pxvw h{lvw vxfk wkdw

S
-�
�E�

f� ' �1
Li zh fkrrvh %f� ' -�

�E�
f� wkhq doo sduwlflsdwlrq frqvwudlqwv duh elqglqj dw

q� ' �f1 Lq dq| fdvh/ fodlp 4 lv hvwdeolvkhg1
Fodlp 5= Li doo sduwlflsdwlrq frqvwudlqwv duh elqglqj dw wkh vdph ydoxh qf

� '
�f wkhq/ iru qf ' E�fc ���c �f�/

{Eqc qf� � �f '
[

Z�E%
fc �f��

Surri ri Fodlp 5= Vlqfh doo sduwlflsdwlrq frqvwudlqwv duh elqglqj dw wkh
vdph ydoxh �f/ lw iroorzv wkdw

{Eqc qf� '
[
�MU

� E�fc q3��� E? � ���Eq�� +5:,

Li �f 	 � Eq� ' q6 lw iroorzv iurp +5:, wkdw {Eqcqf� ' �E�fc q36� � �f1
Li �f �� Eq� wkhq lw iroorzv iurp +5:, wkdw

{Eqc qf� '
[
�MU

�f � E?� ���Eq� � �f +5;,

vxfk wkdw fodlp 5 lv hvwdeolvkhg1 Wkhuhiruh/ wkhruhp 7 lv vkrzq wr krog li doo
ydoxdwlrqv duh gudzq iurp wkh vdph lqwhuydo1

Wr �qlvk wkh surri ri wkh wkhruhp iru qrq0lghqwlfdo lqwhuydov ri ydoxdwlrq/
ohw �u ' 4�?dq�uc ���c q?uo dqg�M ' 4@ dq�M c ���c q?Mo ghqrwh wkh orzhvw dqg
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kljkhvw ydoxdwlrq/ uhvshfwlyho|/ ri doo djhqwv1 Wdnh dq| vhtxhqfh s&� Eq�� ri
ghqvlw| ixqfwlrqv rq d�uc �M o zklfk frqyhujh wr wkh jlyhq ghqvlw| ixqfwlrqv
s�Eq�� rq dq�uc q�Mo dv & $ 41 Dffruglqj wr wkh hvwdeolvkhg sduw ri wkh
wkhruhp/ wkhuh h{lvw ghidxow ghflvlrqv %& 5 dfc �o?/

S
%&� ' �/ dqg d frpprq

ydoxh �u � �& � �M dw zklfk doo sduwlflsdwlrq frqvwudlqwv duh elqglqj/ l1h1
iru doo � 5 U dqg doo &/

�& 5@h} 4�?
q�Md�uc�M o

-&
� Eq��� q�%

&
� � +5<,

Pruhryhu/ iru doo q dqg &/

{Eqc q&� �
[

Z�E%
&c �&� +63,

pxvw krog1 Zlwkrxw orvv ri jhqhudolw|/ %f ' *�4%& dqg �f ' *�4�& fdq eh
dvvxphg wr h{lvw1 Lw iroorzv iurp +5<, wkdw

�f 5@h} 4�?
q
�
Md�uc�M o

-�Eq��� q�%
f
�

dqg iurp +63, wkdw wkh srvvlelolw| wkhruhp lv ydolg lq wkh vhqvh wkdw pruh
lqfhqwlyh dqg sduwlflsdwlrq frqvwudlqwv duh phw wkdq zkdw zrxog eh qhhghg

iru wkh jlyhq sulruv rq wkh vxevhw
?

�
�'�

dq�uc q�M o ri d�uc �M o?1 Lq wklv zd|/

wkh wkhruhp lv vkrzq wr krog dovr iru fdvhv zkhuh wkh djhqwv* ydoxdwlrqv duh
gudzq iurp gl�huhqw lqwhuydov1

Fudpwrq hw do1 +4<;:, kdyh dvvxphg doo djhqwv* ydoxdwlrqv wr eh
glvwulexwhg dffruglqj wr wkh vdph glvwulexwlrq ixqfwlrq1 Lq wklv fdvh/ wkh
lqwhulp h{shfwhg qhw sur�w dv d ixqfwlrq ri ydoxdwlrq grhv qrw ghshqg rq wkh
djhqw/ l1h1 -�Eq�� ' -Eq�� iru doo � 5 U/ vxfk wkdw/ dw lghqwlfdo vkduhv %f� '
�*?/ doo djhqwv* sduwlflsdwlrq frqvwudlqwv duh elqglqj dw wkh vdph ydoxh �f1
Zkloh wkh lqirupdwlrq sdudphwhu �f vwloo ghshqgv rq wkh sulru glvwulexwlrq
ri lqirupdwlrq/ wkh ghidxow ghflvlrq %f� ' �*? grhv qrw1 Lw wkhq iroorzv iurp
+5;, wkdw wkh srvvlelolw| wkhruhppxvw krog li doo djhqwv lqlwldoo| rzq lghqwlfdo
vkduhv1 Wkhruhp 7 vkrzv krz wklv uhvxow gxh wr Fudpwrq hw do1 fdq eh
jhqhudol}hg wr qrq0lghqwlfdo glvwulexwlrqv ri lqirupdwlrq1 Dv|pphwulf sulruv/
ri frxuvh/ pd| uhtxluh xqhtxdo uhglvwulexwlrq ri lqlwldo hqgrzphqwv lq rughu
wr hqvxuh wkh srvvlelolw| wkhruhp1 Pruhryhu/ lq jhqhudo/ wkh ghidxow ghflvlrq
ghshqgv rq wkh sulruv vxfk wkdw wkh srvvlelolw| wkhruhp exw qrw wkh urexvw
srvvlelolw| wkhruhp fdq eh vkrzq wr krog1

4:



8 Vhyhudo Ex|huv dqg Vhoohuv

Wkh vhwwlqj ri vhfwlrq 7 lv qrz h{whqghg wr wkh fdvh zkhuh vhyhudo vhoohuv
duh suhvhqw/ hdfk ri zklfk rzqv rqh xqlw ri dq lqglylvleoh sulydwh jrrg1 Qr
djhqw ghvluhv wr nhhs ru wr ex| pruh wkdq rqh xqlw ri wkh jrrg1 Wkh vhwv
ri vhoohuv dqg ri ex|huv duh ghqrwhg e| 7 dqg �/ uhsvhfwlyho|/ wkhlu qxpehu
ehlqj ?7 ' r7 dqg ?� ' r�1 Wkh ghflvlrq % ' E%�c ���c %?� 5 ifc �j

?'?�n?7

frqfhuqv wkh vxevhw ri djhqwv zkr rewdlq wkh jrrgv/ %� ' � phdqlqj wkdw
djhqw � lv dprqj wkhp1 Vlqfh wkhuh duh ?7 xqlwv ri wkh jrrg dydlodeoh wkh
frqvwudlqw

S
%� ' ?7 prvw krog1 Wkh ydoxdwlrq ri djhqw � lv ghqrwhg e|

q� dqg/ khqfh/ Z�E%c q�� ' q�%�1 Lw suryhv xvhixo wr lqwurgxfh wkh iroorzlqj
qrwdwlrq1 Ohw

udqn Eq� m q� � ri� 5 U m q� : q� ru q� ' q� dqg � � �j

ghqrwh wkh udqn ri ydoxdwlrq q� dprqj q�c ���c q? zkhuh/ e| dvvxpswlrq/ wkh
udqn iroorzv wkh udqn ri wkh lqgh{ lq fdvh ri dpeljxlwlhv1 H{ srvw h!flhqf|
uhtxluhv wkdw wkh djhqwv

� Eq� � i� 5 U m udqn Eq� m q� � ?7j

zkrvh ydoxdwlrqv duh dprqj wkh ?7 kljkhvw uhfhlyh rqh xqlw ri wkh jrrg1 Wkh
h{ srvw h!flhqw vxusoxv +vhh +5,, dprxqwv wr ` Eq� '

S
�M� Eq�

q�1

Wkh rxwvlgh rswlrq frqvlvwv ri wkh lqlwldo rzqhuv nhhslqj wkh jrrgv/ l1h1
%f� ' � li � 5 7 dqg %f� ' f li � 5 �1 Vlqfh f � Y`*Yq� � �/ lw iroorzv
iurp +;, wkdw/ iru vhoohuv � 5 7/ wkh sduwlflsdwlrq frqvwudlqw lv elqglqj dw wkh
kljkhvw ydoxdwlrq qf

� ' q�M zkhuhdv/ iru ex|huv � 5 �/ lw lv elqglqj dw wkh
orzhvw ydoxdwlrq qf

� ' q�u1 Iru �
f dv gh�qhg e| +44,/

�f '
[
�MU

Z�E%
fc qf

� � '
[
�M7

q�M

pxvw krog1 Wkh suhvhqw vhwwlqj ri wkh jhqhudo prgho frqwdlqv wkh h{dpsohv
dv vwxglhg e| Zlooldpv +4<<7,1

Wkh dqdo|vlv ri wkh fdvh zlwk vhyhudo vhoohuv wxuqv rxw wr eh txlwh whglrxv1
Wr vlpsoli| pdwwhuv/ lw lv dvvxphg wkdw ydoxdwlrqv ri vhoohuv duh iurp wkh vdph
lqwhuydo d7uc 7M o/ wkrvh ri wkh ex|huv iurp wkh lqwhuydo d�uc �Mo/ l1h1 li � 5 7
wkhq q�u ' 7u dqg q�M ' 7M zkhuhdv li � 5 � wkhq q�u ' �u dqg q�M ' �M1
Glvwulexwlrq ixqfwlrqv/ krzhyhu/ qhhg qrw eh lghqwlfdo1

4;



Wkh vrsklvwlfdwhg fdvh lv fkdudfwhul}hg e| wzr0vlghg dv|pphwulf lqirupd0
wlrq/ l1h1 �u 	 �M dqg 7u 	 7M 1 Pruhryhu vrph ex|huv dw ohdvw vkrxog
uhfhlyh wkh jrrg li vhoohuv kdyh wkh orzhvw ydoxdwlrqv exw ex|huv kdyh wkh
kljkhvw ydoxdwlrq/ l1h1 7u 	 �M1 Vlploduo|/ vhoohuv vkrxog nhhs wkhlu jrrg li
wkhlu ydoxdwlrq lv dw lwv pd{lpxp zkloh wkh ex|huv* ydoxdwlrq lv dw lwv plql0
pxp/ l1h1 �u 	 7M 1 Wkhuhiruh wkh vrsklvwlfdwhg fdvh fdq eh vxppdul}hg e|
wkh iroorzlqj frqglwlrq=

4@ d�uc 7uo 	 4�?d�M c 7Mo +64,

Wkhruhp 8 +vrsklvwlfdwhg fdvh,
Lq wkh fdvh ri ?r lqglylvleoh sulydwh jrrgv/ wkh iroorzlqj pxvw eh wuxh=

+l, Wkh urexvw srvvlelolw| wkhruhp qhyhu krogv1

+ll, Wkh urexvw lpsrvvlelolw| wkhruhp lv ydolg li dqg rqo| li hlwkhu ?� ' ?7
ru ?� 	 ?7 dqg 7u � �u ru ?� : ?7 dqg �M � 7M 1

Surri=

Lq rughu wr fdofxodwh {Eqcqf� dv gh�qhg e| +43,/ vrph ixuwkhu qrwdwlrq lv
qhhghg1 Qrwlfh/ li � 5 � Eq�uc q3��/ wkhq � 5 � Eq�1 Vlploduo|/ li � 5 � Eq�/
wkhq � 5 � Eq�Mc q3��1 Wdnlqj wklv lqwr dffrxqw/ wkh vhw U ri djhqwv fdq eh
sduwlwlrqhg dv iroorzv=

7f ' 7fEq� � i� 5 7 m � *5 � Eq�Mc q3��j
7� ' 7�Eq� � i� 5 7 m � 5 � Eq�Mc q3��c � *5 � Eq�j
72 ' 72Eq� � i� 5 7 m � 5 � Eq�j
�f ' �fEq� � i� 5 � m � *5 � Eq�j
�� ' ��Eq� � i� 5 � m � 5 � Eq�c � *5 � Eq�uc q3��j
�2 ' �2Eq� � i� 5 � m � 5 � Eq�uc q3��j

Lw wkhq iroorzv wkdw 72Eq� ' 7_� Eq�/ ��Eq�^�2Eq� ' �_� Eq� dqg/ khqfh/
wkdw

rd7fEq� ^ 7�Eq�o ' rd��Eq� ^�2Eq�o� +65,

Dv d �qdo slhfh ri qrwdwlrq/ ohw

� Eq� � 4�?iq� m � 5 � Eq�j

6Eq� � 4@ iq� m � *5 � Eq�j

4<



eh wkh orzhvw ydoxdwlrq ri djhqwv zkr uhfhlyh rqh xqlw ri wkh jrrg dqg wkh
kljkhvw ydoxdwlrq ri wkrvh zkr gr qrw/ uhvshfwlyho|1 E| pdnlqj xvh ri wklv
qrwdwlrq/ lw lv hdvlo| vhhq wkdw

{Eqc qf���f '[
�M7f

`n
[
�M7�

Eq�M �� n` �n
[
�M72

Eq�M � q� n` � n

[
�M�f

`n
[
�M��

E6� q� n` �n
[
�M�2

Eq�u � q� n` ��

EU � ��`�
[
�M7

q�M

zklfk/ diwhu uhduudqjlqj whupv/ lv htxdo wr

{Eqc qf���f '
[
�M��

6n
[
�M�2

q�u�
[
�M7f

q�M�
[
�M7�

�� +66,

Qrwlfh wkdw/ e| +65,/ wkh �uvw wzr vxpv lq +66, kdyh dv pdq| whupv dv wkh
vhfrqg wzr1

Lq rughu wr vlpsoli| +66,/ lw suryhv xvhixo wr sduwlwlrq wkh vhw ri doo q lqwr
wkh iroorzlqj irxu uhjlrqv=

o� � iq m �u � 6Eq� dqg 7M ��Eq�j

o2 � iq m 6Eq� 	 �u dqg 7M �� Eq�j

o� � iq m �u � 6Eq� dqg � Eq� 	 7Mj

oe � iq m 6Eq� 	 �u dqg �Eq� 	 7Mj

Fodlp 4=

{Eqc qf���f '

;AA?
AA=

rd��Eq� ^�2Eq�od6Eq�� 7M o li q 5 o�
r�2Eq�E�u � 7M� li q 5 o2
rd��Eq� ^�2Eq�od6Eq���Eq�o li q 5 o�
r�2Eq�d�u ��Eq�o li q 5 oe

+67,

Surri ri Fodlp 4=

Vxssrvh q 5 o�1 Li � 5 �2 wkhq� � q� dqg 6 � q�u ' �u zkhuhdv li � 5 7�

wkhq q� � 6 dqg � � q�M ' 7M 1 Vlqfh q 5 o� lw iroorzv wkdw 6 ' �u dqg
� ' 7M dqg khqfh/ iurp +66,/ wkdw

{Eqc qf���f '
[
����2

6�
[
7f�7�

7M
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vxfk wkdw fodlp 4 krogv iru q 5 o� +f1i1 +65,,1
Vxssrvh q 5 o21 Li � 5 �� wkhq � � q� dqg q�u ' �u � 6 zkhuhdv li

� 5 7� wkhq/ dv deryh/ � ' 7M 1 Vlqfh q 5 o2 lw iroorzv wkdw �� ' B dqg
khqfh iurp +66, wkdw

{Eqc qf���f '
[
�2

�u�
[
7f�7�

7M

vxfk wkdw fodlp 4 dovr krogv iru q� 5 o2 +f1i1 djdlq +65,,1
Vxssrvh q 5 o�1 Li � 5 �2 wkhq/ dv lq wkh fdvh ri o�/ 6 ' �u zkhuhdv li

� 5 7f wkhq q� � 6 dqg q�M ' 7M �� 1 Vlqfh q 5 o�/ lw iroorzv wkdw 7f ' B
vxfk wkdw

{Eqc qf���f '
[

����2

6�
[
7�

��

Fodlp 4 dovr krogv iru q� 5 o�1
Vxssrvh/ �qdoo|/ wkdw q 5 oe1 Lw iroorzv/ dv lq wkh fdvh ri o2/ wkdw �� ' B

dqg/ dv lq wkh fdvh ri o�/ wkdw 7f ' B dqg khqfh wkdw

{Eqc qf���f '
[
�2

�u�
[
7�

��

Wkhuhiruh/ fodlp 4 lv vkrzq wr krog lq doo irxu uhjlrqv1
Fodlp 5= Wkhuh h{lvwv q vxfk wkdw {Eqc qf� 	 �f li dqg rqo| li +64, lvw phw1
Surri ri Fodlp 5=

Ohw xv/ �uvw/ dvvxph wkdw {Eqcqf� 	 �f1 Li q 5 o� wkhq �u � 6 	 7M/
7M � � dqg ��Eq� ^ �2Eq� ' � _ � Eq� 9' B dv iroorzv iurp +67,1 Vlqfh
� _ � Eq� 9' B wkhuh h{lvwv � 5 � vxfk wkdw �Eq� � q� � �M1 Pruhryhu/
vlqfh 6 	 7M/ lw iroorzv wkdw 7u 	 7M 1 Dv d frqvhtxhqfh/ +64, pxvw krog lq
wklv fdvh1

Li q 5 o2 wkhq 6 	 �u 	 7M � � dqg �2Eq� 9' B dv iroorzv iurp +67,1
Vlqfh �2Eq� 9' B wkhuh h{lvwv � 5 � vxfk wkdw �Eq� � q� � �M 1 Pruhryhu/
vlqfh 6 	 �u 	 7M/ lw iroorzv wkdw 7u 	 �u 	 7M1 Wkhuhiruh +64, pxvw
krog lq wklv fdvh dv zhoo1

Li q 5 o� wkhq �u � 6 	 � 	 7M dqg��Eq�^�2Eq� 9' B vxfk wkdw wkhuh
pxvw h{lvw � 5 � _ � Eq� iru zklfk lw krogv wkdw �Eq� � q� � �M 1 Vlqfh
� 	 7M lw iroorzv wkdw 7u � � � �M1 Li lw zhuh wuxh wkdw 7u ' �M ' �
wkhq/ iru � 5 � _ � Eq�/ q� ' �M dqg/ khqfh/ 6Eq� ' �M zklfk frqwudglfwv
6Eq� 	 � Eq� 1Wkhuhiruh Vu 	 �M / dqg +64, pxvw krog lq wklv fdvh dv zhoo1
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Ilqdoo|/ li q 5 oe wkhq 6 	 �u 	 � 	 7M dqg �2Eq� 9' B1 Wkhuhiruh/
dv ehiruh/ wkhuh h{lvwv � 5 � vxfk wkdw � � q� � �M 1 Wkhuhiruh/ vlqfh
7u � � lv dozd|v wuxh/ lw iroorzv wkdw 7u � �M 1 Li lw zhuh wuxh wkdw
7u ' �M ' � wkhq �u 	 �M ' 7u 	 7M vxfk wkdw 6 	 �u zrxog qrw
eh ihdvleoh1 Wkhuhiruh 7u 	 �M dv zdv wr eh vkrzq vxfk wkdw/ lqghhg/ li q
h{lvwv vxfk wkdw {Eqc qf� 	 �f wkhq +64, pxvw krog1

Wkh rwkhu zd| urxqg/ ohw xv dvvxph wkdw +64, krogv1 Lw lv wkhq hdv| wr
�qg q vxfk wkdw

4@ d�uc 7uo 	 6Eq� 	 � Eq� 	 4�?d�Mc 7M o

dqg vxfk wkdw � _ � Eq� 9' B1 Lw iroorzv wkdw q pxvw eh lq uhjlrq o� vxfk
wkdw +67, lpsolhv wkdw {Eqcqf���f 	 f1 Fodlp 5 lv ixoo| hvwdeolvkhg1
Fodlp 6= Wkhuh h{lvwv q vxfk wkdw {Eqc qf� : �f li dqg rqo| li

hlwkhu +d, 7M 	 �M dqg ?� : ?7
ru +e, 7M 	 �u dqg ?� � ?7
ru +f, 7u 	 �uc 7u 	 7M dqg ?� 	 ?7

Surri ri Fodlp 6= Li wkhuh h{lvwv q lq o� vxfk wkdw {Eqc qf� : �f wkhq
�u � 6/ 7M 	 6 � � dqg � _ � Eq� 9' B1 Vlqfh 7M 	 6 lw iroorzv wkdw
?� : ?7 dqg 7M 	 �M / l1h1 +d,1 Pruhryhu/ li +d, krogv wkhq wkhuh h{lvwv q
lq o� vxfk wkdw {Eqc qf� : �f1

Li wkhuh h{lvwv q lq o2 vxfk wkdw {Eqc qf� : �f1 Wkhq 6 	 �u/ 7M �� /
7M 	 �u dqg �2 9' B khqfh 7M � � � �M 1 Lw iroorzv wkdw 7u � 7M 	
�u � �M dqg/ vlqfh 6 	 �u/ wkdw ?� � ?7 vxfk wkdw +e, krogv1 Frqyhuvho|/
li +e, krogv wkhq 7u � 7M 	 �u � �M dqg ?� � ?71 Li ?� ' ?7 wkhq
�u �� � �M dqg 7u � 6 � 7M vxfk wkdw wkhuh h{lvwv q lq o2 dv fodlphg1
Li ?� 	 ?7 wkhq 7u � 6 � � � 7M zkhuhdv � ' 7M lv ihdvleoh vxfk wkdw
q lq o2 grhv h{lvw lq wklv fdvh dv zhoo1

Wkhuh qhyhu h{lvwv q lq o� zlwk wkh ghvluhg surshuw|1 Li q lq oe/ �qdoo|/
vxfk wkdw {Eqc qf� : �f wkhq 6 	 �u/ 6 � � 	 �u dqg � 	 7M1
Vlqfh � 	 �u lw iroorzv wkdw ?� 	 ?7 1 Pruhryhu/ vlqfh 7u � � dozd|v
krogv/ lw iroorzv wkdw 7u 	 �u/ dqg vlqfh � 	 7M lw pxvw eh wuxh wkdw
7u 	 7M vxfk wkdw +e, krogv lqghhg1 Frqyhuvho|/ li +e, krogv wkhq � 	 �u

pxvw dozd|v eh wuxh1 Pruhryhu/ vlqfh 7u 	 7M dqg ?� 	 ?7 lw lv ihdvleoh
wkdw 7u 	 6 	 � 	 �u dqg � 	 7M 1 Khqfh oe lv qrw hpsw| dqg/ vlqfh
� Eq� _� ' �/ lw iroorzv iurp +67, wkdw q pxvw h{lvw dv fodlphg1 Fodlp 6 lv
hvwdeolvkhg1
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Wkh surri ri wkhruhp 8 hdvlo| iroorzv iurp wkh deryh fodlpv1 Fodlp 5
lpsolhv +l,1 Fodlpv 5 dqg 6 mrlqwo| lpso| +ll, ehfdxvh frqglwlrq +e, lq fodlp
6 grhv qrw rffxu lq wkh vrsklvwlfdwhg fdvh/ zkhuhdv 7u 	 7M lq +e, dozd|v
krogv lq wkh vrsklvwlfdwhg fdvh1 Wkhruhp 8 lv ixoo| hvwdeolvkhg1

Lw dovr iroorzv iurp wkh deryh surri wkdw wkh urexvw srvvlelolw| wkhruhp
krogv iru doo fdvhv zklfk duh qrw vrsklvwlfdwhg1 Lq idfw/ li +64, lv ylrodwhg
wkhq lw iroorzv iurp fodlp 5 lq wkh deryh surri wkdw qr q h{lvwv iru zklfk
{Eqc qf� 	 �f1

Wkh surri ri wkhruhp 8/ zkloh hohphqwdu|/ lv whglrxv1 Exw wkh uhvxow
uhdfkhv eh|rqg wkh h{lvwlqj olwhudwxuh1 Lq wkh vrsklvwlfdwhg fdvh zkhuh wkh
urexvw srvvlelolw| wkhruhp fdq qhyhu eh ydolg/ wkh urexvw lpsrvvlelolw| wkhr0
uhp lv dozd|v ydolg li wkh qxpehuv ri vhoohuv dqg ex|huv duh htxdo ru li wkhuh
duh ihzhu ex|huv wkdq vhoohuv exw wkh orzhvw ydoxdwlrq ri vhoohuv grhv qrw h{0
fhhg wkh orzhvw ydoxdwlrq ri ex|huv1 Wkh urexvw lpsrvvlelolw| wkhruhp lv dovr
ydolg li wkhuh duh pruh ex|huv wkdq vhoohuv exw wkh kljkhvw ydoxdwlrq ri ex|huv
grhv qrw h{fhhg wkh kljkhvw ydoxdwlrq ri vhoohuv1 Lq sduwlfxodu/ li wkh ydoxdwlrq
ri ex|huv dqg vhoohuv duh gudzq iurp wkh vdph lqwhuydo/ l1h1 li �u ' 7u dqg
�M ' 7M wkhq/ qr pdwwhu zkdw wkh qxpehu ri ex|huv dqg vhoohuv/ wkh urexvw
lpsrvvlelolw| wkhruhp dozd|v kdv wr eh ydolg1 Li/ lq dgglwlrq/ wkh ghqvlw|
ixqfwlrqv ri doo ex|huv duh lghqwlfdo dqg wkrvh ri doo vhoohuv duh lghqwlfdo/ wrr/
wkh deryh uhvxow kdv ehhq hvwdeolvkhg e|Zlooldpv +4<<7,1 Qrwlfh/ krzhyhu/
wkdw wkhruhp 8 fryhuv pruh jhqhudo fdvhv1 Lq sduwlfxodu/ lw grhv qrw uhtxluh
lghqwlfdo ghqvlw| ixqfwlrqv1

Wr frqfoxgh wklv vhfwlrq ohw xv jhqhudol}h wkh uhvxow ri Fudpwrq hw do1
+4<;:, +f1i1 vhfwlrq 7, wr wkh fdvh lqfoxglqj vhyhudo vhoohuv1 E| dvvxpswlrq/
lw lv srvvleoh wr vshfli| h{ dqwh zklfk iudfwlrq %f� ri d jrrg djhqw � lqlwldoo|
vkrxog rzq1 Vlqfh wkhuh duh ?7 xqlwv ri wkh jrrg dydlodeoh/ wkh frqvwudlqw iru
wkh ghidxow ghflvlrq lv

S
%f� ' ?7 1 Li wkh djhqwv vshfli| wkh ghidxow ghflvlrq

%f surshuo| wkhq wkh iroorzlqj srvvlelolw| wkhruhp lv ydolg1

Wkhruhp 9 Wkhuh h{lvwv d ghidxow ghflvlrq %f 5 dfc �o?/
S

%f� ' ?7 vxfk
wkdw

{Eqc qf� �
[

Z�E%
fc qf

� �

krogv iru doo q1 Dw wklv ghidxow ghflvlrq/ wkh srvvlelolw| wkhruhp pxvw eh ydolg1

Surri=

Wkh surri lv vlplodu wr wkh rqh ri wkhruhp 71 Lw lv djdlq vx!flhqw wr ghdo
zlwk wkh fdvh zkhuh doo ydoxdwlrqv duh gudzq iurp wkh vdph lqwhuydo d�uc �M o1
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Pruhryhu/ dovr dv lq wkhruhp 7/ d ghidxow rswlrq %f fdq eh vkrzq wr h{lvw vxfk
wkdw wkh sduwlflsdwlrq frqvwudlqw ri doo djhqwv lv elqglqj dw wkh vdph ydoxh
�f ri wkh lqirupdwlrq sdudphwhu1 Lw iroorzv wkdw �f '

S
Z�E%

fc qf
� � ' ?7�f1

Lq rughu wr fdofxodwh {Eqc qf�/ ohw xv sduwlwlrq wkh vhw L ri doo djhqwv dv
iroorzv=

Uf ' UfEq� ' i� m � *5 � Eq�c � *5 � E�fc q3��j
U� ' U�Eq� ' i� m � 5 � Eq�c � *5 � E�fc q3��j
U2 ' U2Eq� ' i� m � *5 � Eq�c � 5 � E�fc q3��j
U� ' U�Eq� ' i� m � 5 � Eq�c � 5 � E�fc q3��j

Vlploduo| dv lq wkh surri ri +66,/ lw fdq eh vkrzq wkdw

{Eqc qf���f '
[
U�

6n
[
U2�U�

�f � ?7�
f�
[
U2

�� +68,

Wzr fdvhv pxvw eh glvwlqjxlvkhg1 Li/ �uvw/ � Eq� � �f1 Wkhq/ li � 5 U� lw
iroorzv wkdw � � q� exw �

f � 6 dqg/ khqfh/ wkdw 6 ' � ' �f1 Li � 5 U2
wkhq q� � 6 exw � � �f1 Wkhuhiruh +68, lpsolhv wkdw

{Eqc qf���f �
[
U�

�fn
[
U2�U�

�f � ?7�
f�
[
U2

�f ' f�

Li/ vhfrqg/ �f 	 �Eq� wkhq U2 ' B1 Pruhryhu/ li � 5 U� wkhq � � q� exw
�f � 61 Lw wkhq iroorzv iurp +68, wkdw

{Eqc qf���f �
[
U�

�fn
[
U�

�f � ?7�
f ' f

dv zdv wr eh vkrzq1
Qrwlfh/ li doo glvwulexwlrq ixqfwlrqv duh lghqwlfdo wkhq/ iru wkh ghidxow

ghflvlrq %f� ' ?7*? E� ' �c ���c ?�/ wkh sduwlflsdwlrq frqvwudlqwv ri doo djhqwv
duh elqglqj dw wkh vdph lqirupdwlrq sdudphwhu vxfk wkdw htxdo vkduhv ohdg
wr wkh srvvlelolw| wkhruhp1 Lq pruh jhqhudo fdvhv/ krzhyhu/ xqhtxdo vkduhv
pd| eh qhhghg wr hqvxuh wkh srvvlelolw| wkhruhp1

9 Wkh Iluvw Rughu Dssurdfk

Dv d �qdo dssolfdwlrq ri wkh phwkrg sursdjdwhg e| wkh suhvhqw sdshu/ ohw
xv frqvlghu d vhw ri djhqwv U ' i�c ���c ?j idflqj d glylvleoh sxeolf ghflvlrq
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% 5 dfc4o1 Sur�w ixqfwlrqv Z�E%c q�� duh dvvxphg wr eh gl�huhqwldeoh lq
txdqwlw| dqg lqirupdwlrq sdudphwhu1 Lw lv ixuwkhu dvvxphg wkdw sur�wv duh
frqfdyh ixqfwlrqv ri txdqwlw|/ l1h1 Z�%% ' Y2Z�*Y%

2 	 f dqg wkdw wkh vlqjoh
furvvlqj surshuo| krogv/ l1h1 Z�%q ' Y2Z�*Y%Yq� : f1 Ilqdoo| lw lv dvvxphg
wkdw Z�Efc q�� � f iru doo q� 5 dq�uc q�M o1 Lw wkhq iroorzv e| lqwhjudwlrq
wkdw Z�q ' YZ�E%c q��*Yq� : f iru % : f1 Wkh h{ srvw h!flhqw vxusoxv
` Eq� '

S
Z�E%Eq�c q�� lv fkdudfwhul}hg e| �uvw rughu frqglwlrqv

[
�MU

Z�%E%Eq�c q�� ' f� +69,

Wkh hqyhorsh wkhruhp wkhq |lhogv

Y` Eq�*Yq� ' Z�qE%Eq�c q�� � f

dqg/ khqfh/
Y2` Eq�*Yq�Yq� ' Z�q%Y%*Yq�

pxvw krog iru doo � 9' �1 Gl�huhqwldwlqj �uvw rughu frqglwlrq +69, ohdgv/ e|
pdnlqj xvh ri wkh vlqjoh furvvlqj surshuw|/ wr wkh frqfoxvlrq wkdw Y%*Yq� � f
iru doo � 5 U1 Wkh iroorzlqj olqh vxppdul}hv wkhvh �qglqjv=

Y` Eq�

Yq�
� f dqg/ iru � 9' �/

Y` Eq�

Yq�Yq�
� f +6:,

Pruhryhu/ li wkh rxwvlgh rswlrq lv dvvxphg wr eh %f ' f wkhq/ e| +6:,/ wkh
sduwlflsdwlrq frqvwudlqwv ri doo djhqwv duh hdvlo| vhhq wr eh elqglqj dw wkh
orzhvw lqirupdwlrq sdudphwhu/ l1h1 qf

� ' q�u iru doo � 5 U1 Lw iroorzv wkdw

` Equ� � �f '
[

Z�E%
f ' fc q�u� ' f� +6;,

Wkhruhp : Li +6:, dqg +6;, krog/ dv zrxog eh wkh fdvh lq wkh deryh vhwwlqj
ri d glylvleoh sxeolf ghflvlrq/ wkhq wkh iroorzlqj pxvw eh wuxh=

+l, Wkh urexvw srvvlelolw| wkhruhp lv ydolg li dqg rqo| li {EqM c qu� � f1

+ll, Wkh urexvw lpsrvvlelolw| wkhruhp lv ydolg li dqg rqo| li ` Equ� ' f1
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Surri=

Vlqfh {Eqc qu� '
S

` Eq�uc q3��� E? � ��` Eq� lw iroorzv wkdw

Y{Eqc qu�

Yq�
'
[
��'�

�
Y` Eq�uc q3��

Yq�
�
Y` Eq�

Yq�

�
�

Vlqfh q�u � q�/ lw iroorzv iurp +6:, wkdw

Y{Eqc qu�*Yq� � f� +6<,

Pruhryhu/ �f ' f e| +6;, dqg {Equc qu� ' ` Equ� e| gh�qlwlrq1 Wkhuhiruh/
wkh wkhruhp hdvlo| iroorzv iurp prqrwrqlflw| frqglwlrq +6<,1

Wklv uhvxow jhqhudol}hv �qglqjv ri PfDihh +4<<4, zkr/ krzhyhu/ ghdov
zlwk d vhwwlqj ri wzr djhqwv rqo| zkhuh sulydwh dqg sxeolf ghflvlrqv fdqqrw
eh glvwlqjxlvkhg1 Qrwlfh/ lq wkh fdvh ri d glylvleoh ghflvlrq/ lw lv txlwh olnho|
wkdw/ hyhq dw wkh orzhvw lqirupdwlrq sdudphwhuv/ wkh h{ srvw h!flhqw vxusoxv
zloo eh vwulfwo| srvlwlyh/ l1h1 ` Equ� : f1 Lq wklv fdvh wkh urexvw lpsrvvlelolw|
wkhruhp fdq qhyhu eh ydolg1 Pruhryhu/ xqghu wkh dvvxpswlrqv ri wkh wkhruhp/
wkh urexvw srvvlelolw| wkhruhp lv ydolg li dqg rqo| li wkh frqglwlrq

{EqMc qu� '
[
�MU

` Eq�uc q3�M�� E?� ��` EqM� � f

lv vdwlv�hg1 Wkhuhiruh/ lq wkh fdvh ri d glylvleoh sxeolf ghflvlrq/ wkhuh lv
vfrsh iru d urexvw srvvlelolw| wkhruhp hyhq li wkh h{ srvw h!flhqw ghflvlrq
wuxo| ghshqgv rq wkh uhdol}dwlrq ri wkh lqirupdwlrq sdudphwhuv +vrsklvwlfdwhg
fdvh,1

Zh vkrxog dovr srlqw rxw wkdw/ lq wkh fdvh ri sulydwh jrrgv/ wkh prqr0
wrqlflw| frqglwlrq +6<, pd| eh ylrodwhg1 Lq idfw/ iru wkh lqglylvleoh ghflvlrq
fdvhv ri vhfwlrqv 7 dqg 8/ wkh prqrwrqlflw| frqvwudlqw w|slfdoo| idlov wr krog
li pruh wkdq wzr sduwlhv duh lqyroyhg1 Wklv lv wkh uhdvrq zk| wkh surriv ri
wkhruhpv 6 dqg 8 duh pruh frpsolfdwhg wkdq wkrvh ri wkhruhpv 4 dqg :1

Qhyhuwkhohvv wkh �uvw rughu dssurdfk pd| eh ri xvh eh|rqg wkh fdvh ri
sxeolf ghflvlrqv1 Ohw %f eh wkh rxwvlgh rswlrq dqg ohw wkh sduwlflsdwlrq
frqvwudlqwv ri djhqw � eh elqglqj dw qf

� +vhh +:,,1 Iru vlpsolflw|/ ohw xv dvvxph
wkdw qf

� grhv qrw ghshqg rq wkh sulru glvwulexwlrq ri lqirupdwlrq1 Pruhryhu/
ohw q4�?

� dqg q4@ 
� eh vroxwlrqv ri wkh iroorzlqj sureohpv=

q4�? 5 duj plq
q

{Eqcqf�c q4@ 5 duj pd{
q

{Eqc qf�
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Wr �qg wkh deryh vroxwlrqv/ xvh ri wkh �uvw rughu frqglwlrq frxog srvvleo| eh
pdgh1 Wkh iroorzlqj wkhruhp pxvw krog1

Wkhruhp ; Ohw �f '
S

Z�E%
fc qf

� �1 Wkhq=

+l, Wkh urexvw srvvlelolw| wkhruhp lv ydolg li dqg rqo| li {Eq4�?c qf� � �f

+ll, Wkh urexvw lpsrvvlelolw| wkrhuhp lv ydolg li dqg rqo| li {Eq4@ c qf� � �f

dqg wkhuh h{lvwv q vxfk wkdw {Eqc qf� 	 �f1

+lll, Lq doo rwkhu fdvhv/ qr urexvw wkhruhp fdq eh ydolg1

: Frqfoxglqj Uhpdunv

Lq wklv sdshu/ wkh urexvw srvvlelolw| wkhruhp lv vdlg wr eh ydolg li/ iru doo
sulru glvwulexwlrqv ri sulydwh lqirupdwlrq/ d edodqfhg phfkdqlvp h{lvwv zklfk
djhqwv yroxqwdulo| sduwlflsdwh dw dqg zklfk ohdgv wr wkh h{ srvw h!flhqw gh0
flvlrq1 Wkh urexvw lpsrvvlelolw| wkhruhp lv vdlg wr eh ydolg li/ iru qr sulru
glvwulexwlrq ri sulydwh lqirupdwlrq/ wkh h{ srvw h!flhqw ghflvlrq fdq eh wkh
uhvxow ri yroxqwdu| wudgh1 Lq wkh fdvh ri lqglylvleoh ghflvlrqv +vrsklvwlfdwhg
fdvhv rqo|,/ urexvw wkhruhpv fdq qhyhu eh ydolg zkhuhdv/ lq wkh fdvh ri gl0
ylvleoh ghflvlrqv/ wkhuh lv vfrsh iru urexvw srvvlelolw| wkhruhpv zkloh urexvw
lpsrvvlelolw| wkhruhpv duh xqolnho| wr krog1 Lq wkh fdvh ri dq lqglylvleoh sxe0
olf ghflvlrq/ wkh urexvw lpsrvvlelolw| wkhruhp lv dozd|v ydolg zkhuhdv/ lq wkh
fdvh ri dq lqglylvleoh sulydwh ghflvlrq/ wkhuh lv vfrsh iru d srvvlelolw| wkhruhp
exw qrw iru d urexvw srvvlelolw| wkhruhp1

Li wkh urexvw lpsrvvlelolw| wkhruhp lv ydolg wkh h{ srvw h!flhqw vroxwlrq
fdqqrw eh uhdfkhg e| d edodqfhg phfkdqlvp doorzlqj iru yroxqwdu| sduwlflsd0
wlrq1 D grxeoh rudo dxfwlrq zrxog eh vxfk d phfkdqlvp1 Dq| frpsxwhul}hg
h{shulphqwdwlrq ri wkh grxeoh rudo dxfwlrq jlyhv ulvh wr d phfkdqlvp wkdw
fdq eh ghvfulehg e| d jdph irup vxfk dv +6,1 Vdgulhk +4<<;, kdv zrunhg
rxw wkh ghwdlov ri vxfk d jdph irup1 Xqghu frpsohwh lqirupdwlrq/ kh vkrzv
wkdw wkh h!flhqw ghflvlrq kdv wr eh uhdfkhg lq Qdvk htxloleulxp1 Pruhryhu/
kh suhvhqwv vrph hylghqfh wkdw d vwdwlf h{shulphqwdo uhshwlwlrq ri d jdph ri
lqfrpsohwh lqirupdwlrq ohdgv/ dv d ehkdylrudo suhglfwlrq/ wr wkh Qdvk htxl0
oleulxp ri wkh fruuhvsrqglqj jdph zlwk frpsohwh lqirupdwlrq1 Li wklv lv wuxh
hyhq lq vhwwlqjv zkhuh wkh urexvw lpsrvvlelolw| wkhruhp lv ydolg wkhq wkh hi0
�flhqf| pxvw uhvxow iurp wkh erxqghgo| udwlrqdo ehkdylru ri uhdo vxemhfwv1
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Lq d iudphzrun ri ixoo| udwlrqdo ehkdylru/ wkh wkhruhwlfdo uhvxowv ri Vdgulhk
fdqqrw jhqhudoo| eh h{whqghg wr vhwwlqjv zkhuh lqglylgxdo ydoxdwlrqv duh sul0
ydwh lqirupdwlrq1 Wkh lpsrvvlelolw| wkhruhp ru hyhq wkh urexvw lpsrvvlelolw|
wkhruhp lv wrr olnho| wr eh ydolg li frpprglwlhv duh lqglylvleoh1

D vlplodu dujxphqw krogv iru pdunhw vroxwlrqv zkhuh wkh uroh ri wkh Zdo0
udvldq dxfwlrqhhu dqg wkh vwudwhj| vhwv ri krxvhkrogv duh h{solflwho| prghohg
dv d jdph irup +6,1 Wdnh dq| sdudphwhu frq�jxudwlrq iru zklfk wkh urexvw
lpsrvvlelolw| wkhruhp kdv ehhq lghqwl�hg wr krog wkhq wkh Zdoudvldq htxl0
oleulxp fdqqrw jhqhudoo| eh uhdfkhg/ dw ohdvw qrw li wkh dxfwlrqhhu grhv qrw
nqrz lqglylgxdo ydoxdwlrqv1 Lq rwkhu zrugv/ wr uhdfk wkh Zdoudvldq htxl0
oleulxp/ lqirupdwlrqdo uhtxluhphqwv duh vxevwdqwldo1 Lq idfw/ vlqfh vrph ur0
exvw lpsrvvlelolw| wkhruhpv krog iru sulydwh dv zhoo dv iru sxeolf ghflvlrqv/
Zdoudvldq htxloleulxp fdq eh htxdoo| ghpdqglqj lq whupv ri lqirupdwlrqdo
uhtxluhphqwv dv Olqgdko htxloleulxp zrxog eh1 Wkh fuxfldo txhvwlrq vhhpv
wr eh/ qrw/ zkhwkhu sulydwh ru sxeolf jrrgv duh dw vwdnh exw/ udwkhu/ zkhwkhu
wkh urexvw srvvlelolw| wkhruhp ru urexvw lpsrvvlelolw| wkhruhp lv ydolg1
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; Uhihuhqfhv

Fudpwrq/ S1/ U1 Jleerqv dqg S1 Nohpshuhu +4<;:,= �Glvvroylqj d
Sduwqhuvkls H!flhqwo|�/ Hfrqrphwulfd/ 88/ 948�9651

J wk/ Z1 dqg P1 Khoozlj +4<;9,= �Wkh Sulydwh Vxsso| ri d Sxeolf
Jrrg�/ Mrxuqdo ri Hfrqrplfv/ 8/ 454�48<1

Pdnrzvnl/ O1 dqg F1 Ph}}hwwl +4<<6,= �Wkh Srvvlelolw| ri H!flhqw
Phfkdqlvpv iru Wudglqj dq Lqglylvleoh Remhfw�/ Mrxuqdo ri Hfrqrplf
Wkhru|/ 8</ 784�7981

PfDihh/ U1S1 +4<<4,= �H!flhqw Doorfdwlrq zlwk Frqwlqxrxv Txdqwlwlhv�/
Mrxuqdo ri Hfrqrplf Wkhru|/ 86/ 84�:71

P|huvrq/ U1E1 dqg P1D1 Vdwwhuwkzdlwh +4<;6,= �H!flhqw Phfkd0
qlvpv iru Elodwhudo Wudglqj�/ Mrxuqdo ri Hfrqrplf Wkhru|/ 5;/ 598�5;41

Vdgulhk/ D1 +4<<:,= Wkh Dowhuqdwlqj Grxeoh Dxfwlrq Pdunhw 0 D Jdph
Wkhruhwlf dqg H{shulphqwdo Lqyhvwljdwlrq1 SK1G0wkhvlv/ Ghsduwphqw ri
Hfrqrplfv/ Xqlyhuvlw| ri Erqq1

Vfkplw}/ S1Z1 +4<<;,= �Vlpsoh Frqwudfwv/ Uhqhjrwldwlrq Xqghu Dv|p0
phwulf Lqirupdwlrq/ dqg wkh Krog0Xs Sureohp�/ Glvfxvvlrq Sdshu/ Xql0
yhuvlw| ri Erqq1

Zlooldpv/ V1U1 +4<<7,= �D Fkdudfwhul}dwlrq ri H!flhqw/ Ed|hvldq Lqfhq0
wlyh Frpsdwleoh Phfkdqlvpv�/ Wkh Fhqwhu iru Pdwkhpdwlfdo Vwxglhv
lq Hfrqrplfv dqg Pdqdjhphqw Vflhqfh/ Qruwkzhvwhuq Xqlyhuvlw|1
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