
Rq Ehkdylrudo Khwhurjhqhlw|

Zhuqhu Kloghqeudqg dqg Dorlv Nqhls

4 Lqwurgxfwlrq

Lw lv zhoo0nqrzq wkdw wkh k|srwkhvlv ri xwlolw| pd{lpl}dwlrq rq wkh lqglylgxdo

ohyho grhv qrw lpso| dq| lghqwl�deoh surshuwlhv ri phdq ghpdqg iru d vx!flhqwo|

odujh srsxodwlrq M ri krxvhkrogv/ lq sduwlfxodu/ wkh Mdfreldq pdwul{

Y8 ER� '
�
YR�8� ER�

�
�c�'�c���c,

ri phdq ghpdqg

8 ER� '
�

rM

[
�MM

s�
�
Rc %�

�
+4,

kdv qr lghqwl�deoh vwuxfwxuh/ vxfk dv qhjdwlyh gh�qlwhqhvv ru gldjrqdo grplqdqfh

+Vrqqhqvfkhlq +4<:6,/ Dqguhx +4<;6, dqg Fkldssrul dqg Hnhodqg +4<<9,,1

Frqvhtxhqwo|/ lq rughu wr rewdlq vrph xvhixo surshuwlhv ri phdq ghpdqg/

rqh kdv wr pdnh dgglwlrqdo dvvxpswlrqv hlwkhu rq wkh lqglylgxdo xwlolw| ixqfwlrqv

ru rq wkh mrlqw glvwulexwlrq ri ghpdqg ixqfwlrqv dqg lqfrph/ wkdw lv wr vd|/ rq

wkh frpsrvlwlrq ri wkh srsxodwlrq ri krxvhkrogv1 Iru wkh �uvw dssurdfk vhh/ iru

h{dpsoh/ wkh olwhudwxuh rq dgglwlyho| vhsdudeoh xwlolw| ixqfwlrqv ru Plwmxvfklq dqg

Srowhurylfk +4<:;,1 Wkh glvwulexwlrqdo dssurdfk lv wuhdwhg lq Kloghqeudqg +4<;6,/

Kçugoh/ Kloghqeudqg dqg Mhulvrq +4<<4,/ Judqgprqw +4<<5,/ Txdk +4<<:,/ Nqhls

+4<<<, dqg Mhulvrq +4<<<,1 Lq wklv sdshu zh sxuvxh wkh glvwulexwlrqdo dssurdfk1

Lq d yhu| ruljlqdo dqg lq xhqwldo sdshu Judqgprqw +4<<5, vkrzhg wkdw �lq0

fuhdvlqj ehkdylrudo khwhurjhqhlw| pdnhv djjuhjdwh h{shqglwxuh pruh lqghshq0

ghqw ri sulfhv�1 Judqgprqw*v gh�qlwlrq ri �ehkdylrudo khwhurjhqhlw|� lv edvhg

rq d vshfl�f sdudphwul}dwlrq ri krxvhkrogv* ghpdqg ixqfwlrqv +jlyhq e| wkh k0

wudqvirupdwlrq, dqg lv gh�qhg e| d glvwulexwlrqdo dvvxpswlrq rq wkh sdudphwhu1

4



Lq wklv sdshu zh zdqw wr vkrz wkdw Judqgprqw*v sursrvlwlrq krogv lq d pxfk

pruh jhqhudo vhwwlqj/ zklfk grhv qrw uhtxluh dq| sdudphwul}dwlrq ri krxvhkrogv*

ghpdqg ixqfwlrq1 Wr suryh wklv fodlp zh kdyh/ ri frxuvh/ wr gh�qh lq wklv jhqhudo

vhwwlqj d qrwlrq ri �ehkdylrudo khwhurjhqhlw|�1 Wklv lv grqh lq vhfwlrq 51

Ohw `� ER� ghqrwh wkh djjuhjdwh +phdq, frqvxpswlrq h{shqglwxuh udwlr iru

frpprglw| � ri d srsxodwlrq ri krxvhkrogv/ l1h1/

`� ER� ' R� � 8� ER� *f � ' �c � � � c ,

zkhuh f ghqrwhv phdq lqfrph ri wkh srsxodwlrq1

Frqvlghu qrz wkh udwh ri fkdqjh ri`� ER� zlwk uhvshfw wr d shufhqwdjh fkdqjh

ri wkh sulfh R� / l1h1/

7�� ER� G' Yb d`� ER�c � � � c bR�c � � � c R,�ob'� ' R�YR�`� ER� �

Zlwk wklv qrwdwlrq zh fdq qrz irupxodwh Judqgprqw*v pdlq uhvxow1 Ohw

` ER� '

]
U,

� Ek � Rc%� _D +5,

zkhuh � ERc %� lv dq| frqwlqxrxvo| gl�huhqwldeoh exgjhw vkduh ixqfwlrq +l1h1/ f �

�� ERc %� � � dqg
S,

�'��� ERc %� ' �,/ D ghqrwhv d +suredelolw|, glvwulexwlrq ri wkh

sdudphwhu k 5 Efc4�, dqg k � R ' Ek� � R�c � � � c k, � R,� � Qrwh wkdw doo krxvhkrogv

lq wkh srsxodwlrq +ghvfulehg e| � dqg D, kdyh wkh vdph lqfrph %�

Wkhq/ t�TR m7�� ER� m ehfrphv duelwudulo| vpdoo li q ' E*L}k�c � � � c *L} k,� lv

�vx!flhqwo| xqlirupo| vsuhdg� rq U,� Iru h{dpsoh/ li q lv xqlirupo| glvwulexwhg

rq wkh fxeh ' ' d@c Ko,/ wkhq rqh rewdlqv

t�T
R

m7�� ER� m �
�

EK� @�
�

Lq wklv sdshu zh zdqw wr vkrz wkdw iru hyhu| +�qlwh, srsxodwlrq M ri krxvh0

krogv rqh kdv

t�T
R

m7�� ER� m � � EM� +6,

zkhuh wkh erxqg � EM� ehfrphv duelwudulo| vpdoo surylghg wkh srsxodwlrq lv

vx!flhqwo| �ehkdylrudo khwhurjhqhrxv�/ dv gh�qhg lq vhfwlrq 51 Krzhyhu/ lw lv

lpsruwdqw wr hpskdvl}h wkdw wkh uhohydqw txhvwlrq lv qrw zkhwkhu wkh erxqg
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� EM� lv qhduo| }hur exw udwkhu zkhwkhu wkh erxqg � EM� lv vpdoo dv frpsduhg

wr wkh phdq frpvxpswlrq h{shqglwxuh udwlr `�c � ' �c � � � c ,1

Lq vhfwlrq 5 zh vkdoo dvvrfldwh wr hyhu| srsxodwlrq M ri krxvhkrogv dq lqgh{

� EM� ehwzhhq }hur dqg rqh zklfk fdq eh lqwhusuhwhg dv d ghjuhh ri ehkdylrudo

khwhurjhqhlw| ri wkh srsxodwlrq1 Qdwxudoo|/ � EM� ' f iru d srsxodwlrq zkhuh

doo krxvhkrogv kdyh wkh vdph ghpdqg ixqfwlrq dqg wkh vdph lqfrph1 Wkh lqgh{

� EM� lv dovr }hur iru d srsxodwlrq zkhuh doo krxvhkrogv kdyh d Free0Grxjodv

ghpdqg ixqfwlrq hyhq li wkh| duh gl�huhqw dfurvv wkh srsxodwlrq1 Wklv srsxodwlrq

lv khwhurjhqhrxv/ |hw qrw ehkdylrudoo| khwhurjhqhrxv vlqfh doo krxvhkrogv kdyh wkh

vdph sulfh0hodvwlflwlhv1 Wkh ghjuhh � EM� ri ehkdylrudo khwhurjhqhlw| lv srvlwlyh

|hw ohvv wkdq rqh li wkh krxvhkrogv � 5 M uhdfw gl�huhqwo| wr sulfh fkdqjhv1

Li rqh frpsxwhv wkh lqgh{ � iru wkh Judqgprqw prgho +5, rqh rewdlqv dq

lqgh{ � E�c D� duelwudulo| forvh wr rqh li wkh sdudphwhu q ' *L}k lv vx!flhqwo|

xqlirupo| vsuhdg rq U,1 Iru h{dpsoh/ li wkh sdudphwhu q lv xqlirupo| glvwulexwhg

rq wkh fxeh ' ' d@c Ko, rqh rewdlqv � � � � �
EK3@�

� Sc zkhuh wkh frh!flhqw S lv

ghwhuplqhg e| wkh jhqhudwlqj exgjhw vkduh ixqfwlrq ��

Wkh ghjuhh � EM� ri ehkdylrudo khwhurjhqhlw| lv xvhg wr ghwhuplqh wkh erxqg

� EM� lq wkh lqhtxdolw| +6,1 Iru h{dpsoh/ frqvlghu wkh vshfldo fdvh ri d srsxodwlrq�
��c %�

�
�MM

zlwk %� ' % dqg t�TR R� mYR��
�
�

�
Rc %�

�
m ' _�� iru doo � 5 M� Qrwh

wkdw Judqgprqw*v prgho vdwlv�hv wklv dvvxpswlrq1 Wkhq zh rewdlq +Sursrvlwlrq

6,

t�T
R

m7�� ER� m � E� � � EM�� _���

Iru d jhqhudo srsxodwlrq wkh uhodwlrq ehwzhhq wkh ghjuhh ri ehkdylrudo khwhurjhqh0

lw| � EM� dqg wkh erxqg � EM� lv pruh frpsolfdwhg dqg lv jlyhq lq Sursrvlwlrq

71

Reylrxvo|/ d erxqg rq m7�� ER� m lpsolhv d vwuxfwxudo surshuw| ri wkh Mdfreldq

Y8 ER� ri phdq ghpdqg/ vlqfh

(RY8 ER�(R ' f
�
�(` ER� n 7 ER�

�
+7,

zkhuh (R dqg (` ER� duh gldjrqdo pdwulfhv zlwk R�c � � � c R, dqg `� ER� c � � � c`, ER�

rq wkh gldjrqdo1 Frqvhtxhqwo|/ li m7�� ER� m lv vpdoo dv frpsduhg zlwk `� ER�/ wkhq

wkh gldjrqdo ri wkh Mdfreldq pdwul{ Y8 ER� ehfrphv qhjdwlyh dqg grplqdqw1 Lq

sduwlfxodu/ li iru hyhu| �/ `� ER� lv juhdwhu wkdq
S,

�'� m7�� ER� m dqg
S,

�'� m7�� ER� m
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wkhq wkh Mdfreldq pdwul{ Y8 ER� lv qhjdwlyh gh�qlwh dqg phdq ghpdqg 8 ER�

vdwlv�hv wkh Odz ri Ghpdqg/ l1h1/

ER� ^� � E8 ER�� 8 E^�� 	 f�

Ilqdoo| zh uhpdun wkdw d erxqg rq m7�� ER� m lpsolhv d uhvwulfwlrq rq wkh pdj0

qlwxgh ri sulfh0hodvwlflwlhv ri phdq ghpdqg1 Ohw .�� ER� ghqrwh wkh sulfh0hodvwlflw|

ri phdq ghpdqg iru frpprglw| � zlwk uhvshfw wr wkh sulfh R� 1 Wkhq rqh rewdlqv

.�� ER� ' �� n 7�� ER� *`� ER�

.�� ER� ' 7�� ER� *`� ER� li � 9' ��

Frqvhtxhqwo|/ d orz erxqg iru m7�� ER� m lpsolhv vwurqj uhvwulfwlrqv rq wkh pdwul{

. ER� ri sulfh0hodvwlflwlhv1

Lq vhfwlrq 6 zh vkdoo xvh wkh hvwlpdwhv ri sulfh0hodvwlflwlhv rewdlqhg lq Eoxqghoo

hw do1 +4<<6, lq rughu wr fkhfn zkhwkhu wkh lpsolfdwlrq ri wkh k|srwkhvlv ri

�ehkdylrudo khwhurjhqhlw|� lv frpsdwleoh zlwk hpslulfdo idfwv1

5 Ehkdylrudo Khwhurjhqhlw|

Qrwdwlrq= D srsxodwlrq M ri krxvhkrogv � 5 M lv gh�qhg e|
�
s�c %�

�
�MM

/ zkhuh

ERc %� :�$ s� ERc %� 5 U,
n ghqrwhv wkh ghpdqg ixqfwlrq dqg %� : f wkh lqfrph ri

krxvhkrog �� Wkh sulfh yhfwru R 5 S, ' Efc4�, �

Phdq ghpdqg 8 ER� ri wkh srsxodwlrq M lv gh�qhg e|

8 ER� G'
�

rM

[
�MM

s�
�
Rc %�

�
�

Wkh frqvxpswlrq h{shqglwxuh udwlr ri krxvhkrog k iru frpprglw| � +dovr fdoohg

wkh exgjhw vkduh, dqg wkh djjuhjdwh frqvxpswlrq h{shqglwxuh udwlr duh gh�qhg

e|

��
� ERc %� G'

�

%
R� � s

�
� ERc%� � ' �c � � � c ,
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dqg

`� ER� G'
�

f
R�8� ER� c

zkhuh f ghqrwhv phdq lqfrph f ' �
rM

S
�MM %� ri wkh srsxodwlrq1

Wkxv/

`� ER� '
�

rM

[
�MM

%�

f
��
�

�
Rc %�

�
� +4,

Ohw r��� dqg 7�� ghqrwh wkh udwh ri fkdqjh ri ��
� dqg `�/ uhvshfwlyho|/ zlwk

uhvshfw wr d shufhqwdjh fkdqjh ri wkh sulfh R�/ l1h1/

r��� ERc %� G' Yb�
�
� ER�c � � � c bR�c � � � c R,� mb'� ' R�YR��

�
� ERc %�

7�� ER� G' Yb`� ER�c � � � c bR� c � � � c R,� mb'� ' R�YR�`� ER� �

Zh zdqw wr �qg dq xsshu erxqg iru t�TR m7�� ER� m� Li rqh mxvw nqrzv iru hyhu|

krxvhkrog wkh lqfrph %� dqg _��� G' t�TR mr
�
��

�
Rc %�

�
m wkhq lw iroorzv iurp E�� wkdw

wkh ehvw srvvleoh xsshu erxqg lv jlyhq e|

t�T
R

m7�� ER� m �
�

rM

[
�MM

%�

f
_��� 'G (�� � +5,

Zh uhpdun wkdw _��� grhv qrw ghshqg rq wkh lqfrph ohyho %� li wkh exgjhw vkduh

ixqfwlrq �� lv krprjhqhrxv ri ghjuhh }hur lq ERc %� �

Lw lv rxu jrdo wr lpsuryh xsrq lqhtxdolw| +5,1 Wr dfklhyh wklv/ rqh qhhgv vrph

lqirupdwlrq derxw wkh fkdudfwhulvwlfv ri wkh srsxodwlrq1 Wkh txhvwlrq qrz lv=

zklfk ihdwxuh ri wkh srsxodwlrq M ohdgv wr dq lpsuryhphqw ri lqhtxdolw| +5,B

Zh vkdoo dvvrfldwh wr hyhu| srsxodwlrq M ri krxvhkrogv dq lqgh{ � EM� zlwk

f � � EM� � � � �
rM

c zklfk zloo eh lqwhusuhwhg dv d ghjuhh ri ehkdylrudo khwhur0

jhqhlw| ri wkh srsxodwlrq M1 Wkh lqgh{ � EM� lv xvhg wr lpsuryh xsrq lqhtxdolw|

+4,1

Wkh iroorzlqj dvvxpswlrqv rq wkh exgjhw vkduh ixqfwlrq � ERc %� duh pdgh=

Dvvxpswlrq 4= f � �� ERc %� � �

8



Wklv iroorzv iurp wkh exgjhw uhvwulfwlrq R � s ERc %� � %�

Dvvxpswlrq 5= � ERc %� lv frqwlqxrxvo| gl�huhqwldeoh lq R :: f dqg % : f dqg

t�T
R

mR�YR��� ERc %� m 	4�

Qrwh wkdw t�TR mYR��� ERc%� m lv w|slfdoo| qrw �qlwh1 Iru wklv uhdvrq zh frqvlghu

wkh udwh ri fkdqjh ri �� ERc %� iru d shufhqwdjh fkdqjh ri wkh �0wk sulfh1

Dvvxpswlrq 6= wkhuh lv dq lqwhjhu 6 vxfk wkdw iru doo exgjhw vkduh ixqfwlrqv

wkdw zh vkdoo frqvlghu dqg iru hyhu| �c � 5 i�c � � � c ,j dqg hyhu| R 5 S
, wkh

ghulydwlyh ri wkh ixqfwlrq

R� :�$ �� ER�c � � � c R�c � � � c R,c %�

fkdqjhv lwv vljq dw prvw 6 wlphv14

Ohw

�0
�� E�c %� G'

�
R 5 S,m R�mYR��� ERc %� m � 0 � _�� E�c %�

�
+6,

zkhuh _�� E�c%� ' t�TR
�
R�mYR��� ERc%� m

�
� Wkdw lv wr vd|/ wkh vhw �0

�� E�c %� lv wkh

grpdlq ri sulfh yhfwruv R iru zklfk wkh devroxwh ydoxh ri wkh udwh ri fkdqjh ri

wkh exgjhw vkduh �� iru frpprglw| � zlwk uhvshfw wr d shufhqwdjh fkdqjh ri wkh

sulfh R� lv odujhu wkdq ru htxdo wr 0 � _�� E�c %� �

Qrwh wkdw �f
�� E�c %� ' S

,c �0
�� E�c%� 9' > dqg lv ghfuhdvlqj lq 0 iru f 	 0 	 �c

dqg �0
�� E�c %� ' > iru 0 : ��

Wkh vhwv �0
�� E�c %� zloo sod| d fuxfldo uroh lq gh�qlqj wkh qrwlrq ri �ehkdylrudo

khwhurjhqhlw|�1 Wkhuhiruh lw lv lpsruwdqw wr hpskdvl}h wkdw wkh vhw �0
�� E�c %�

ghshqgv lq dq hvvhqwldo zd| rq wkh exgjhw vkduh ixqfwlrq � dqg wkh lqfrph ohyho

%1 Wr vkrz wklv ghshqghqfh lw wxuqv rxw wkdw lw lv frqyhqlhqw wr frqvlghu orj0sulfhv

^ ' E^�c � � � c ^,� ' E*L} R�c � � � c *L} R,� ' *L} R�

Wkhq rqh gh�qhv

�0
�� E�c %� G'

�
^ 5 U,m mY^��� Ei T E^� c %� m � 0 � _�� E�c %�

�
� +7,

4Zlwkrxw orvv ri hfrqrplf frqwhqw rqh pljkw hyhq dvvxph wkdw p @ 3/ wkdw lv wr vd|/ wkh

ixqfwlrq sm :�$ v
k
lm

�
s
4
> = = = > sm > = = = > so> {

k
�
lv hlwkhu qrq0qhjdwlyh ru qrq0srvlwlyh1
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Rqh hdvlo| yhul�hv wkdw R 5 �0
�� E�c %� li dqg rqo| li *L} R 5 �0

�� E�c %� �

Sursrvlwlrq 4 Li wkh exgjhw vkduh ixqfwlrq � +ru/ htxlydohqwo|/ wkh ghpdqg ixqf0

wlrq u , lv krprjhqhrxv ri ghjuhh }hur lq ERc %� c wkhq

�0
�� E�c %� ' �0

�� E�c�� n *L} % � �

'
�
E^� n *L} %c � � � c ^, n *L} %� m^ 5 �0

�� E�c ��
�
�

Li/ lq dgglwlrq/ � ERc %� grhv qrw ghshqg rq wkh lqfrph ohyho % +ru htxlydohqwo|/ wkh

ghpdqg ixqfwlrq s ERc %� lv olqhdu lq %,/ wkhq wkh vhw �0
�� E�c %� grhv qrw ghshqg

rq % dqg ^ 5 �0
�� E�� lpsolhv ^ n b� 5 �0

�� E�� iru doo b 5 U�

Surri= Iluvw zh uhpdun wkdw krprjhqhlw| ri � lq ERc%� lpsolhv wkdw

t�TR
��R�YR��� ERc %�

�� ' _�� E�c %� grhv qrw ghshqg rq wkh lqfrph ohyho %� Krpr0

jhqhlw| ri � lq ERc%� lpsolhv �� ERc%� ' ��

�
�
%
Rc �

�
/ dqg khqfh

Yb�� ER�c � � � c bR� c � � � c R,c %� mb'� ' Yb�� ER�*%c � � � c bR�*%c � � � c Ru*%c �� mb'��

Vlqfh _�� E�c%� grhv qrw ghshqg rq % zh rewdlq wkdw R 5 �0
�� E�c %� li dqg rqo| li

�
%
R 5 �0

�� E�c ��/ dqg khqfh ^ 5 �0
�� E�c %� li dqg rqo| li *L} ^� *L} % �� 5 �0

�� E�c ��/

zklfk suryhv wkh �uvw sduw ri Sursrvlwlrq 41

Li � ERc%� grhv qrw ghshqg rq % wkhq/ e| gh�qlwlrq ri wkh vhw �0
�� E�c %�/ wklv

vhw grhv qrw ghshqg rq % dqg zh zulwh�0
�� E�� �Khqfh/ li ^ 5 �0

�� E��/ wkhq wkh �uvw

sduw ri Sursrvlwlrq 4 lpsolhv ^� *L} %�� 5 �0
�� E�� iru hyhu| % : f� T1H1G1

Wkh ghshqghqfh ri wkh vhwv �0
�� E�c %� dqg �

0
�� E�c %� rq wkh exgjhw vkduh ixqf0

wlrq � lv frpsoh{1 Zh mxvw jlyh wzr h{dpsohv1

H{dpsoh 4= Frqvlghu wzr exgjhw vkduh ixqfwlrqv � dqg �k zklfk duh olqnhg

e|

�k ERc %� ' � Ek � Rc %� +k,

iru vrph k 5 S
, zkhuh k � R ' Ek� � R�c � � � c k, � R,� � Wkh fruuhvsrqglqj ghpdqg

ixqfwlrq s dqg sk wkhq vdwlvi|

sk ERc %� ' k � s Ek � Rc %� �

Wklv wudqvirupdwlrq ri ghpdqg ixqfwlrqv kdv ehhq frqvlghuhg e| Pdv0Frohoo dqg

Qhxhihlqg +4<::,/ H1 Glhunhu/ K1 Glhunhu dqg Wurfnho +4<;7, dqg Judqgprqw

+4<<5,1

:



Rqh hdvlo| vkrzv wkdw +k� lpsolhv

�0
�� E�

kc %� ' �0
�� E�c %�� *L}k /

wkdw lv wr vd|/ �0
�� E/

kc %� lv mxvw d wudqvodwlrq ri �0
�� E/c %� e| wkh yhfwru

E*L}k�c � � � c *L}k,� � Lqghhg/ zh �uvw revhuyh wkdw _�� E�c%� ' _�� E�kc %� � Ohw

^ 5 �0
�� E�

kc %� c l1h1/ mY^��
k
� Ei T ^c %� m � 0_�� E�kc %� � Vlqfh Y^��

k
� Ei T ^c %� '

Y^��� Ek � i T ^c %� ' Y^��� Ei T E*L}k n ^� c %� lw iroorzv wkdw *L}kn^ 5 �0 E�c %� �

Wkxv zh vkrzhg wkdw �0
�� E�

kc %� � �0 E�c %� � *L}k� Wkh rssrvlwh lqfoxvlrq lv

vkrzq dqdorjrxvo|1

H{dpsoh 5= FHV ghpdqg ixqfwlrqv

Zh rqo| frqvlghu wkh fdvh ri wzr frpprglwlhv1 Wkh FHV exgjhw vkduh ixqf0

wlrqv duh lqghshqghqw ri lqfrph dqg duh gh�qhg e|

/� ER�c R2� '
@jR�3j�

@jR�3j� n E� � @�j R�3j2

/2 ER�c R2� '
E� � @�j R�3j2

@jR�3j� n E� � @�j R�3j2

zkhuh E@c j� duh sdudphwhuv zlwk f � @ � � dqg j : f�

Wkh ixqfwlrqv r�� ER�c R2� ' R�YR�/� ER�c R2� duh hlwkhu hyhu|zkhuh srvlwlyh ru

qhjdwlyh/ ghshqglqj rq wkh sdudphwhu ydoxhv E@c j� � Khqfh/ dvvxpswlrq 6 rq

exgjhw vkduh ixqfwlrqv lv vdwlv�hg iru 6 ' f1

Iljxuh 4 vkrzv wkh judsk ri r�� E�� dv d ixqfwlrq ri E*L} R�c *L} R2� iru wkh

sdudphwhu ydoxhv E@c j� ' Ef�bDc2� c Ef�Dc 2� c Ef�fDc 2� dqg Ef�Dc f��� �

Lw iroorzv iurp Sursrvlwlrq 4 wkdw wkh vhw �0
�� E@c j� lv d vwuls sdudooho wr wkh

gldjrqdo lq U2� Wkxv/

�0
�� E@c j� '

�
E�c �� 5 U2m � � � 5 d5 � K,c 5 n Koo

�
�

Rqh fdq frpsxwh wkh lqwhuydo d5 � K,c 5 n Koo dqg vkrz wkdw wkh ohqjwk ri wklv

lqwhuydo rqo| ghshqgv rq wkh sdudphwhu j dqg 0/ zkloh wkh orfdwlrq dgglwlrqdoo|

ghshqgv rq wkh sdudphwhu @�

Lq Iljxuh 5 duh sorwwhg wkh vhwv �0
�� E@c j� _ ' iru 0 ' f�. dqg wkh sdudphwhu

ydoxhv E@c j� ' Ef�bDc 2�D� c Ef�Dc 2� dqg Ef�fDc ��D� c dqg wkh fxeh ' ' d�2fc 2fo2 �

E| d forvhu orrn dw Iljxuh 5 zh uhfrjql}h wkdw iru doo wkuhh ixqfwlrqv wkh fruuh0

vsrqglqj vhw ri sulfhv *L} R 5 �0
�� E@c j� rqo| fryhuv d vpdoo iudfwlrq ri wkh zkroh

fxeh d�2fc2fo2 � Wklv lv qrw d vshfl�f surshuw| ri FHV0ixqfwlrqv/ exw krogv iru doo

;



exgjhw vkduh ixqfwlrqv � vdwlvi|lqj rxu dvvxpswlrqv1 Lqghhg/ zh vkdoo vkrz wkdw

iru 0 : f wkh vhw �0
�� E�c%� lv vsduvh lq U

,/ wkdw lv wr vd|/ iru dq| fxeh ' ' d@c Ko,

lq U,

b,
�
�0
�� E�c %� _ '

�
b, E'�

�$
EK3@�<"

f

zkhuh b, ghqrwhv wkh Ohehvjxh phdvxuh rq U,1

Sursrvlwlrq 5 Li _�� E�c%� : f dqg 0 : f wkhq iru hyhu| ^ 5 U,

b�
�
^� 5 Um E^�c � � � c ^�c � � � c ^,� 5 �0

�� E�c %�
�
�

6n �

0 � _�� E�c%�

Fruroodu|= Wkh vhw �0
�� E�c %� lv vsduvh iru 0 : fc pruh vshfl�fdoo|/

b,
�
�0
�� E�c%� _ '

�
b, E'�

�
6n �

0 � _�� E�c %� EK� @�
�

Surri ri Sursrvlwlrq 5= Ohw � E1� G' ��

�
i T ^�c � � � c i T ^�3�c i T 1c i T ^�n�c � � � c %

�
�

E| gh�qlwlrq ri wkh vhw �0
�� E�c %� zh rewdlq�

^� 5 Um E^�c � � � c ^�c � � � c ^,� 5 �0
�� E�c %�

�
' i1 5 Um m�� E1�m � 0_�� E�c%�j 'G ��

Dvvxpswlrq 6 rq exgjhw vkduh ixqfwlrqv lpsolhv wkdw wkhuh duh 6 n � lqwhuydov/

U� ' E�4c 5�� c � � � c U? ' E5?3�c 5?� c � � � c U6n� ' E56c4� vxfk wkdw wkh ixqfwlrq

� lv prqrwrqh rq hyhu| lqwhuydo1 Khqfh
U
U?
m�� E1�m _1 '

���U
U?
�� E1� _1

��� � Vlqfh f �
� E1� � � rqh rewdlqv����

]
U?

�� E1� _1

���� ' m� E5?�� � E5?3��m � ��

Qrwh wkdw � E5f� ' *�413<3 " � E1� dqg � E56n�� ' *�413<" � E1� h{lvw1 Frqvh0

txhqwo|/

� �

]
U?

m�� E1�m _1 �

]
�KU?

m�� E1�m _1 � 0_�� E�c %�b
� E� _ U?� c

zklfk lpsolhv Sursrvlwlrq 51 T1H1G1

Rxu glvfxvvlrq ri surshuwlhv ri wkh vhwv �0
��

�
��c %�

�
doorzv wr gudz wkh iroorz0

lqj frqfoxvlrq= Wkh vhwv �0
��

�
��c %�

�
duh vsduvh/ dqg wkhlu h{dfw orfdwlrq lq U,

<



ghshqgv fuxfldoo| rq wkh krxvhkrogv* fkdudfwhulvwlfv
�
��c %�

�
� Li E��c %�� lv forvh wr

E�2c %2�/ wkhq �0
�� E�

�c %�� dqg �0
�� E�

2c %2� duh wr eh irxqg lq vlplodu uhjlrqv1 Rq

wkh rwkhu kdqg/ li wkhuh duh vxevwdqwldo vwuxfwxudo gl�huhqfhv ehwzhhq wzr exgjhw

vkduh ixqfwlrqv/ wkhq wkh fruuhvsrqglqj vhwv�0
�� gr qrw lqwhuvhfw1 Wklv kdv douhdg|

ehhq looxvwudwhg e| wkh FHV h{dpsoh +vhh Iljxuh 5,1 Lq wkh frqwh{w ri h{dpsoh 4

zh fdq lqihu iurp wkh vsduvhqhvv ri �0
�� E�c %� wkdw �

0
�� E�c %� _ �0

�� E�
kc %� ' > li

wkh vkliw lqwurgxfhg e| k lv vx!flhqwo| odujh1

Wkh lqwxlwlyh qrwlrq ri �ehkdylrudo khwhurjhqhlw|� ri d srsxodwlrqM ri krxvh0

krogv 0 krzhyhu lw lv pdgh suhflvh 0 xqgrxewhgo| lpsolhv wkdw krxvhkrogv* fkdu0

dfwhulvwlfv
�
��c %�

�
pxvw eh gl�huhqw dfurvv wkh srsxodwlrq1 Wklv dorqh/ krzhyhu/

lv qrw vx!flhqw/ dqg wkh deryh dujxphqwv rshq d zd| wr txdqwli| wkh vwuxf0

wxudoo| lpsruwdqw gl�huhqfhv1 �Ehkdylrudo khwhurjhqhlw|� vkrxog lpso| wkdw wkh

vhwv �0
��

�
��c %�

�
dqg/ khqfh/ �0

��

�
��c %�

�
duh gl�huhqw lq wkh vhqvh wkdw wkh| duh

�orfdwhg lq gl�huhqw uhjlrqv� lq U,/ zklfk frxog eh pdgh suhflvh e| uhtxlulqj

wkdw wkhvh vhwv srvvhvv rqo| ihz lqwhuvhfwlrqv1 Lq whupv ri wkh vhwv �0
�� E�c %� zh

qrz gh�qh wkh lqwhuvhfwlrq iuhtxhqf|= iru hyhu| 0 � f zh gh�qh

U0�� ER� G'
�

rM
r
�
� 5 Mm R 5 �0

��

�
��c %�

��
'

�

rM
r
�
� 5 Mm *L} R 5 �0

��

�
��c %�

��
�
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Iljxuh 4=

Reylrxvo|/ Uf�� ER� ' � dqg U0�� ER� lv d ghfuhdvlqj vwhs0ixqfwlrq lq 0�

D ehkdylrudoo| khwhurjhqhrxv srsxodwlrq zloo qrz eh fkdudfwhul}hg e| wkh

surshuw| wkdw iru hyhu| sulfh yhfwru R wkh lqwhuvhfwlrq iuhtxhqf| U0�� ER� lv vpdoo1

Vlqfh zh gr qrw zdqw wr hpskdvl}h d sduwlfxodu ydoxh ri 0 zh vkdoo frqvlghu wkh

vkdghg duhd ��� ER� lq Iljxuh 6/ l1h1/

��� ER� G' ��

] �

f

U0�� ER� _0

dqg gh�qh wkh ghjuhh ri ehkdylrudo khwhurjhqhlw| zlwk uhvshfw wr �c � e|

��� G' �?u
R
��� ER� �

Gh�qlwlrq= Wkh ghjuhh ri ehkdylrudo khwhurjhqhlw| ri wkh srsxodwlrq M lv

gh�qhg e|

�?u
Rc�c�

��� ER� 'G � EM� �

Wkh plqlpdo ghjuhh ri ehkdylrudo khwhurjhqhlw|/ l1h1/ � EM� ' f/ lv dwwdlqhg

iru d srsxodwlrq M li

� doo krxvhkrogv kdyh wkh vdph ghpdqg ixqfwlrq dqg wkh vdph lqfrph

� doo krxvhkrogv kdyh wkh vdph ghpdqg ixqfwlrq zklfk lv olqhdu lq lqfrph

� doo krxvhkrogv kdyh d Free0Grxjodv ghpdqg ixqfwlrq zklfk fdq eh gl�huhqw

dfurvv wkh srsxodwlrq1
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Reylrxvo|/ � EM� � �� �
rM

	 � iru hyhu| srsxodwlrq M�

Li wkhuh lv dq 0 vxfk wkdw wkh vhwv �0
��

�
��c %�

�
duh glvmrlqw +vhh h{dpsoh 5,

wkhq U0�� ER� � �*rM iru hyhu| R dqg khqfh ��� � E� � 0�
�
� � �

rM

�
�

Sursrvlwlrq 6 Iru hyhu| srsxodwlrq M zlwk _��� ' _�� dqg %� ' % rqh rewdlqv

t�T
R

m7�� ER� m � E� � � EM�� _���

Surri=

Gh�qh C0
�� ER� G' �� U0�� ER� � Wkhq

C0
�� ER� '

�

rM
r
�
� 5 Mm mr��� ERc %� m 	 0_��

�
�

Wkxv/ C0
�� ER� lv wkh fxpxodwlyh glvwulexwlrq ixqfwlrq ri mr��� ERc%� m*_��� Frqvh0

txhqwo|/

m7�� ER�m �
�

rM

[
�MM

��r��� ERc %��� ' _�� �
�

rM

[
�MM

��r��� ERc %��� *_��
' _�� �

]
0 _C0

�� ER� �

Vlqfh
U
0 _C0

�� ER� ' �� ��� ER� zh rewdlq

m7�� ER�m �
�
� � ��� ER�

�
_���

Zh uhpdun wkdw rqh rewdlqv

t�T
R

m7�� ER�m ' E�� � EM�� _��

li iru doo krxvhkrogv � 5 M dqg doo sulfh yhfwruv R hlwkhu r���
�
Rc %�

�
� f ru

r���
�
Rc %�

�
� f�

H{dpsoh 6= +Judqgprqw +4<<5,,

Uhfdoo iurp h{dpsoh 4 wkdw �0
�� E�

kc %� ' �0
�� E�

�c %� � *L}kc k 5 U
,
n� Wkh

srsxodwlrq lv ghvfulehg e| wkh exgjhw0vkduh ixqfwlrq ��/ wkh frpprq lqfrph %

dqg wkh glvwulexwlrq D ri *L}k rq U,� Wkh lqwhuvhfwlrq iuhtxhqf| lv gh�qhg e|

U0�� ER� ' D
�
*L} k 5 U,m *L} R 5 �0

�� E�
kc %�

�
' D

�
*L} k 5 U,m *L} k 5 �0

��

�
��c %

�
� *L} R

�
' D

�
�0
��

�
��c %

�
� *L} R

�
�
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Vlqfh wkh vhw �0
�� E�

�c %� c dqg khqfh lwv wudqvodwh e| *L} Rc lv vsduvh lw iroorzv

wkdw wkh lqwhuvhfwlrq iuhtxhqf| U0�� ER� lv duelwudulo| vpdoo li wkh glvwulexwlrq D lv

vx!flhqwo| xqlirupo| vsuhdg1 Iru h{dpsoh/ li D lv wkh xqlirup glvwulexwlrq rq wkh

fxeh ' ' d@c Ko
u wkhq zh rewdlq iurp Sursrvlwlrq 5 wkdw

U0�� ER� �
6n �

0_�� EK� @�
�

Ilqdoo| zh frqvlghu d jhqhudo srsxodwlrq M� Wkh jrdo lv wr lpsuryh xsrq

lqhtxdolw| +5,1

Lw iroorzv iurp +4, wkdw

m7�� ER�m �
�

rM

[
�MM

��r��� �Rc%����%�*f
'

�

rM

[
�MM

��r��� �Rc%����
_���

�
_���%

�

f
�

Vlqfh �
rM

S
�MM

mr���ERc%��m
_���

' �� ��� ER� dqg
�

rM

S
�MM

_�
��%

�

f
'G (�� / zh rewdlq

m7�� ER�m �
�
�� ��� ER�

�
(�� n SJ�M

#��r��� �Rc %����
_���

c
_���%

�

f

$
� +8,

Khqfh/ li wkh fryduldqfh zhuh qhjdwlyh/ zh zrxog rewdlq d uhvxow wkdw lv dqdorjrxv

wr Sursrvlwlrq 6/ qdpho|

t�T
R

m7�� ER�m � E�� � EM��(�� �

Ri frxuvh/ wkh deryh fryduldqfh qhhg qrw wr eh qhjdwlyh1 \hw rqh fdq vkrz wkdw

lw ehfrphv vpdoo iru vx!flhqwo| odujh � EM� �

Sursrvlwlrq 7 Iru hyhu| srsxodwlrq M ri krxvhkrogv zlwk � EM� � �
2
iroorzv

t�T
R

m7�� ER�m � E� � � EM��(�� n d� EM� E� � � EM��o
�

2 �
�

f
�
�
�@oM_

�
��%

�
� �
2 �

Surri= E| Fdxfk|0Vfkzdu} lqhtxdolw| zh kdyh#
SJ�M

#��r��� �Rc%����
_���

c
_���%

�

f

$$2

� �@oM

#��r��� �Rc %����
_���

$
� �@oM

#
_��� � %

�

f

$
� +9,
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Ohw 5� G'
mr���ERc%��m

_�
��

� Wkhq f � 5� � � iru � 5 M dqg 6e@?M E5�� ' ����� ER� �

Vlqfh �@oM E5�� ' 6e@?M E52��� E6e@?M E5���
2 c zh rewdlq

�@oM E5�� �
�
�� ��� ER�

�
�
�
�� ��� ER�

�2
' ��� ER�

�
� � ��� ER�

�
�

Wkh ixqfwlrq 1 E� � 1� lv ghfuhdvlqj rq wkh lqwhuydo
�
�
2
c �
�
� Frqvhtxhqwo| zh rewdlq

iru � EM� ' �?u�c�cR ��� ER� �
�
2
wkdw �@oM E5�� � � EM� E�� � EM�� � Khqfh/ iurp

+8, dqg +9, zh rewdlq wkh fodlphg lqhtxdolw| ri Sursrvlwlrq 71

H{dpsoh 5 +frqwlqxhg,= Lq Iljxuh 5 zh kdyh frqvlghuhg wkh vhw �0
�� E@c j�

iru d srsxodwlrq ri wkuhh krxvhkrogv zlwk FHV exgjhw vkduh ixqfwlrqv dqg wkh

sdudphwhuv

E@c j� ' Ef�bDc 2�D� c Ef�Dc 2� c Ef�fDc ��D� �

Ohw xv dgglwlrqdoo| dvvxph wkdw doo wkuhh krxvhkrogv kdyh wkh vdph lqfrph % ' %�

+qrwh wkdw _��� 9' _2�� 9' _���,1

D qxphulfdo fdofxodwlrq |lhogv=

� � EM� ' f�SDf> wklv lv forvh wr wkh xsshuerxqg iru wkh ghjuhh ri ehkdylrudo

khwhurjhqhlw| �� �
rM

' 2
�
�

� t�TR 7�� ER� ' f��2. iru doo �c �c zklfk lv fohduo| vpdoohu wkdq (�� ' f�2Df

+vhh wkh lqhtxdolw| +5, lq vhfwlrq 5,1

� wkh erxqg lq Sursrvlwlrq 7 lv htxdo wr f���S� Qrwh wkdw wkh fryduldqfh whup

lq +8, lv srvlwlyh vlqfh E�� � EM��(�� ' f�fH.�

Uhpdun 4= Wkh phdq m7�� ER�m '
��� �
rM

S
�MM

%�

f
r���
�
Rc %�

���� fdq eh h{shfwhg

wr eh vpdoohu wkdq �
rM

S
�MM

%�

f

��r��� �Rc %����/ dqg khqfh/ vpdoohu wkdq wkh erxqg

jlyhq lq Sursrvlwlrq 7 li wkhuh lv d edodqflqj vljq0h�hfw dfurvv wkh srsxodwlrq/

wkdw lv wr vd|/ vrph r���
�
Rc %�

�
duh srvlwlyh zkloh rwkhuv duh qhjdwlyh1

Wkh exgjhw lghqwlw| dqg krprjhqhlw| ri wkh exgjhw vkduh ixqfwlrq � ERc %�

lpso| wkdw

,[
�'�

,[
�'�

r���
�
Rc %�

�
' f�

Wkxv/ li r���
�
Rc %�

�
lv qrw }hur iru doo �c � wkhq/ iru d jlyhq krxvhkrog �/ vrph

r���
�
Rc %�

�
duh srvlwlyh dqg rwkhuv duh qhjdwlyh1 Rqh pljkw dujxh wkdw �ehkdy0

lrudo khwhurjhqhlw|� ri d srsxodwlrq vkrxog lpso| wkdw/ iru jlyhq �c �/ wkh vljq ri
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r���
�
Rc %�

�
dowhuqdwhv dfurvv wkh srsxodwlrq1 Wkh vljq ri r���

�
Rc %�

�
fkdqjhv dfurvv

wkh srsxodwlrq li/ iru � ' �/ wkh rzq sulfh0hodvwlflw| ri ghpdqg iru frpprglw| �

lv vsuhdg durxqg plqxv rqh dqg li/ iru � 9' �/ wkh furvv sulfh hodvwlflw| lv vsuhdg

durxqg }hur1 Zk| vkrxog wklv suhydlo iru hyhu| frpprglw|B Zh eholhyh wkdw wr

d fhuwdlq h{whqw d edodqflqj vljq0h�hfw dozd|v suhydlov/ |hw wklv edodqflqj h�hfw

lv qrw vx!flhqwo| jhqhudo dqg vwurqj lq rughu wr edvh rq lw dorqh wkh ghvluhg

frqfoxvlrq ri d vpdoo m7��ER�m�

Uhpdun 5= Rqh pljkw dujxh wkdw wkh vwuxfwxuh ri wkh Mdfreldq pdwul{ ri

ghpdqg ghshqgv rq wkh ohyho ri frpprglw| djjuhjdwlrq1 Lq wkh vlpsoh fdvh ri

Klfnv0Ohrqwlhi +frpsrvlwh0frpprglw|, djjuhjdwlrq rqh fdq vkrz wkdw fkdqjlqj

vljqv ri 7�� ER� dfurvv wkh hohphqwdu| frpprglwlhv �c � kdv d edodqflqj h�hfw zklfk

jrhv lq idyrxu ri gldjrqdo grplqdqfh ri wkh Mdfreldqpdwul{ ri wkh ghpdqg v|vwhp

iru frpsrvlwh0frpprglwlhv1

6 Hpslulfdo Uhvxowv

Zh kdyh douhdg| phqwlrqhg lq wkh lqwurgxfwlrq wkdw wkhuh lv d uhodwlrq ehwzhhq wkh

ghulydwlyhv 7�� ER� dqg wkh sulfh0hodvwlflwlhv ri phdq ghpdqg1 Lq pdwul{ qrwdwlrq

zh rewdlq

�(` ER� n 7 ER� ' (` ER�. ER� �

Uhfdoo wkdw . ER� lv wkh pdwul{ ri sulfh0hodvwlflwlhv/ zkloh (` ER� lv wkh gldjrqdo

pdwul{ zlwk`� ER� c � � � c`, ER� rq wkh gldjrqdo1 Zh kdyh vkrzq lq Vhfwlrq 5 wkdw

lq wkh fdvh ri h{wuhph khwhurjhqhlw| doo hohphqwv ri 7 ER� zloo eh yhu| vpdoo/ dqg

khqfh �(` ER� � (` ER�. ER� � Frqvhtxhqwo|/ lq wklv h{wuhph vlwxdwlrq rzq sulfh

hodvwlflwlhv zloo eh forvh wr ��/ zkloh furvv sulfh hodvwlflwlhv zloo eh forvh wr f�

Rq wkh rwkhu kdqg/ zh douhdg| dujxhg wkdw lw pljkw qrw eh uhdvrqdeoh wr

h{shfw dq h{wuhpho| kljk ghjuhh ri khwhurjhqhlw|1 Wkh dfwxdo ghjuhh ghshqgv rq

wkh vwuxfwxuh ri wkh xqghuo|lqj srsxodwlrq1 Lw lv wkxv dq lqwhuhvwlqj hpslulfdo

txhvwlrq wr fkhfn zkhwkhu iru h{lvwlqj srsxodwlrqv wkh pdwul{ �(` ER� n 7 ER�

srvvhvvhv wkh vwuxfwxuh wr eh dvvxphg lq wkh suhvhqfh ri d uhdvrqdeo| kljk gh0

juhh ri khwhurjhqhlw|= r�0gldjrqdo hohphqwv duh vpdoo> doo gldjrqdo hohphqwv duh
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qhjdwlyh/ dqg wkhlu devroxwh ydoxhv duh frqvlghudeo| odujhu wkdq wkrvh ri wkh r�0

gldjrqdo rqhv1

Lq wkh hfrqrphwulf olwhudwxuh rqh fdq �qg txlwh d qxpehu ri hpslulfdo vwxglhv

surylglqj hvwlpdwhv ri sulfh hodvwlflwlhv zklfk fdq lq sulqflsoh eh xvhg wr dqvzhu

wklv txhvwlrq1 Krzhyhu/ hvwlpdwlqj sulfh hodvwlflwlhv dv uhtxluhg e| rxu dssurdfk lv

qrw hdv|1 Prvw vwxglhv frqvlghu djjuhjdwh wlph vhulhv`�|c f| dqg R�| ryhu gl�huhqw

wlph shulrgv +xvxdoo| |hduv, | ' �c 2c � � � � Wlph fkdqjhv ri wkh `�| duh prghoohg

dv ixqfwlrqv ri f| dqg R�|c � � � c R?|c dqg hvwlpdwhv ri sulfh hodvwlflwlhv duh wkhq

rewdlqhg iurp wkh uhvxowlqj prgho frh!flhqwv1 Lq rughu wr kdyh vx!flhqw gdwd

wr hqvxuh uholdeoh hvwlpdwhv/ lw lv qhfhvvdu| wr uho| rq vx!flhqwo| orqj wlph vhulhv

edvhg rq pdq| shulrgv1 Lq ylhz ri wkh deryh gh�qlwlrq ri sulfh hodvwlflwlhv wklv

lv qrw zlwkrxw sureohpv/ vlqfh lw lv lpsolflwho| uhtxluhg wkdw rqo| sulfhv fkdqjh/

zkloh wkh frpsrvlwlrq ri wkh srsxodwlrq uhpdlqv lqyduldqw1 Wklv lv fhuwdlqo| qrw

ixo�oohg iru gdwd vwhpplqj iurp d zlgh udqjh ri gl�huhqw |hduv/ dqg frqvhtxhqwo|

wkh uhvxowlqj hvwlpdwhv ri sulfh hodvwlflwlhv pd| qrw eh lqwhusuhwdeoh dv uhtxluhg

lq wklv sdshu1

Wr rxu nqrzohgjh/ wkhuh h{lvwv rqo| rqh sxeolvkhg zrun lq wkh olwhudwxuh zklfk

h{solflwho| ghdov zlwk wkhvh sureohpv1 Wklv lv wkh zhoo0nqrzq dqg yhu| h{whqvlyh

hpslulfdo vwxg| suhvhqwhg e| Eoxqghoo hw do1 +4<<6,1 Wkh dxwkruv xvh gdwd iurp

wkh Eulwlvk Idplo| H{shqglwxuh Vxuyh| +IHV, ryhu 48 |hduv +4<:304<;7,1 Lq rughu

wr rewdlq vx!flhqwo| orqj wlph vhulhv wkh| xvh prqwko| gdwd1

Eoxqghoo hw do1 +4<<6, surylgh hvwlpdwhv ri sulfh hodvwlflwlhv edvhg rq wzr

gl�huhqw prghov1 Wkh �uvw rqh lv uhihuuhg wr dv �plfur prgho�/ dqg lw lv edvhg

rq d sdudphwulf prgho ri lqglylgxdo exgjhw vkduh ixqfwlrqv1 Wkh dssurdfk xvhv

wkh idfw wkdw wkh IHV frqwdlqv furvv0vhfwlrq gdwd surylglqj lqirupdwlrq derxw

lqfrph dqg rwkhu lpsruwdqw krxvhkrog fkdudfwhulvwlfv1 Prgho sdudphwhuv duh do0

orzhg wr ydu| lq ghshqghqfh ri lqglylgxdo krxvhkrog fkdudfwhulvwlfv zklfk uhvxowv

lq gl�huhqw exgjhw vkduh ixqfwlrqv iru gl�huhqw krxvhkrog w|shv1 Hvwlpdwhv ri

sulfhv hodvwlflwlhv duh wkhq rewdlqhg e| hydoxdwlqj wkh prgho dw dyhudjh vkduhv

dqg krxvhkrog fkdudfwhulvwlfv1

Frqfhswxdoo|/ wkh uhvxowlqj hodvwlflwlhv ri dq �dyhudjh lqglylgxdo� gr qrw h{0

dfwo| fruuhvsrqg wr rxu gh�qlwlrq ri wkh djjuhjdwh hodvwlflwlhv ghwhuplqlqj . ER� �

Zh wkxv frqfhqwudwh rq wkh hvwlpdwhv ri sulfh0hodvwlflwlhv rewdlqhg e| wkh vhfrqg

dssurdfk suhvhqwhg lq Eoxqghoo hw do1 +4<<6,/ zklfk lv fdoohg wkh �pdfur prgho�1

Wkh dxwkruv suhvhqw d vrsklvwlfdwhg prgho ri phdq exgjhw vkduhv dv d ixqfwlrq

ri sulfhv dqg phdq lqfrph1 Wkh prgho lqfrusrudwhv vrph djjuhjdwlrq idfwruv

zklfk duh deoh wr sduwldoo| frpshqvdwh glvwulexwlrqdo fkdqjhv1
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Xvlqj wklv �pdfur prgho�/ Wdeoh 7f Eoxqghoo hw do1 +4<<6, surylghv wkh

hvwlpdwhv ri sulfh hodvwlflwlhv iru 9 frpprglw| djjuhjdwhv= irrg/ dofrkro/ ixho/

forwklqj/ wudqvsruw dqg vhuylfhv1 Wkh fruuhvsrqglqj pdwul{ (` ER� ri phdq exg0

jhw vkduh fdq eh dssur{lpdwhg iurp wkh dyhudjh vkduhv jlyhq lq wkhlu wdeoh 5e1

Zh kdyh xvhg wkhvh ydoxhv wr fdofxodwh d fruuhvsrqglqj hvwlpdwh ri wkh pdwul{

�(` ER� n 7 ER� ' (` ER�. ER� lv suhvhqwhg lq rxu Wdeoh 41

Uhpdun= Wkurxjkrxw wkh sdshu ri Eoxqghoo hw do1 +4<<6, phdq exgjhw vkduhv
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duh xvhg lqvwhdg ri `�| ' ��| ER� *f|� Vlqfh xvxdoo| `

W
�| 9'

`�| wklv frqvwlwxwhv vrph ghyldwlrq iurp rxu gh�qlwlrqv1 Lw pljkw dovr eh qrwhg

wkdw wkh txdolwdwlyh frqfoxvlrqv wr eh gudzq iurp Wdeoh 4 uhvw ydolg li hodvwlflwlhv

iurp wkh �plfur prgho� duh dssolhg1 Lq idfw/ Eoxqghoo hw do1 +4<<6, vkrz wkdw prvw

ri wkh gl�huhqfhv lq wkh hvwlpdwhg hodvwlflwlhv iurp wkhvh prghov duh vwdwlvwlfdoo|

qrw vljql�fdqw1

Rqh fdq lqihu iurp Wdeoh 4 wkdw doo gldjrqdo hohphqwv ri (` ER�. ER� duh qhj0

dwlyh1 Ixuwkhupruh/ wkh r�0gldjrqdo hohphqwv duh lqghhg frqvlghudeo| vpdoohu lq

devroxwh ydoxh wkdq wkh gldjrqdo rqhv1 Rqh pljkw vd| wkdw d pdwul{ zlwk d vlp0

lodu txdolwdwlyh vwuxfwxuh lv wr eh h{shfwhg iru d srsxodwlrq zlwk d kljk/ exw qrw

h{wuhpho| kljk/ ghjuhh ri khwhurjhqhlw|1

Rqh hyhq uhfrjql}hv wkdw/ zlwk wkh h{fhswlrq ri wkh frpprglw| ixho/ wkh gldj0

rqdo hohphqwv vhhp wr grplqdwh wkh r�0gldjrqdo rqhv lq wkh vdph urz ru froxpq1

Rqh pljkw wkxv dvn zkhwkhu hyhq wkh k|srwkhvlv ri gldjrqdo grplqdqfh lv dffhsw0

deoh1 Iru vlpsolflw|/ lq rughu wr dyrlg d vhsdudwh glvfxvvlrq ri vxpv ri urzv dqg

froxpqv zh kdyh frqvlghuhg wklv txhvwlrq e| uho|lqj rq wkh v|pphwul}hg pdwul{

' ER� ' (` ER�. ER� n . ER�A (` ER��

Gldjrqdo grplqdqfh fdq qrz eh fkhfnhg e| frpsxwlqj wkh gl�huhqfhv ' ER��� �S
� �'� m'�� ER�m iru hdfk urz � ' �c � � � c S� Wkh uhvxowlqj gl�huhqfhv duh uhsruwhg

lq Wdeoh 51 Vlqfh wkh hvwlpdwlrq huuru lv e| qr phdqv qhjoljleoh/ wkh wdeoh dovr

surylghv urxjk dssur{lpdwlrqv ri wkh vwdqgdug huuru ri wkh hvwlpdwhg gl�huhqfhv

dqg ri wkh fruuhvsrqglqj orzhu dqg xsshu frq�ghqfh erxqg1 Wkh lqglfdwhg huuruv

pxvw eh frqvlghuhg dv yhu| fuxgh dssur{lpdwlrqv/ vlqfh wkh| duh fdofxodwhg rqo|

iurp wkh vwdqgdug huuruv ri wkh hodvwlflw| hvwlpdwhv jlyhq lq Wdeoh 7F ri Eoxqghoo

hw do1 +4<<6,1 Fruuhodwlrqv ehwzhhq hodvwlflwlhv hvwlpdwhv duh qrw surylghg dqg

wkxv kdyh wr eh ljqruhg1

Zh vhh wkdw �yh rxw ri wkh vl{ gl�huhqfhv duh qhjdwlyh1 Srvlwlylw| ri wkh

gl�huhqfh iru wkh frpprglw| djjuhjdwh �ixho� grhv qrw vhhp wr eh vljql�fdqw

+uhfdoo/ krzhyhu/ wkdw zh xvh d yhu| fuxgh dssur{lpdwlrq ri wkh vwdqgdug huuru,1
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Wdeoh 4= Hvwlpdwhv ri �` ER� n 7 ER�

Irrg Dofrkro Ixho Forwklqj Wudqvsruw Vhuylfhv

Irrg 031544 3133< 031338 031338 3134: 31367

Dofrkro 3133: 0313;: 3135< 3134< 3136< 31347

Ixho 031338 3135< 031379 31333 031367 03133:

Forwklqj 31399 031375 031377 031455 3134< 031336

Wudqvsruw 31353 03133: 031348 03135: 031547 03134;

Vhuylfhv 31343 31337 031337 31343 031356 031464

Wdeoh 5= Gl�huhqfhv

gl� vwg orz1erxqg xss1erxqg

Irrg 031585 313:7 0316<: 03143;

Dofrkro 031369 31384 031468 31397

Ixho 313:< 3137< 03134: 314:9

Forwklqj 031434 3138< 03154: 31349

Wudqvsruw 03158< 313<8 031779 0313:5

Vhuylfhv 03147< 31389 03158; 031373

4;



Uhihuhqfhv

Eoxqghoo/ U1/ Sdvkdughv/ S1/ dqg Zhehu/ J1 +4<<6,1 Zkdw gr zh ohduq derxw frq0

vxphu ghpdqg sdwwhuqv iurp plfur gdwdB Wkh Dphulfdq Hfrqrplf Uhylhz/

;6/ 8:3�8<:1

Fkldssrul/ S1 D1 dqg Hnhodqg/ L1 +4<<9,1 Sureohphv g
/
wdjuhjdwlrq hq wkhrulh gx

frqvrppdwhxu hw fdofxo gl�huhqwlho h{whulhxu1 656 89808:3/ F1U1D1V1 Sdulv1

Ghsduwphqw ri Hpsor|phqw/ Vwdwlvwlfv Glylvlrq/ K1 P1 V1 R1 +4<9;,1

Judqgprqw/ M1 P1 +4<<5,1 Wudqvirupdwlrq ri wkh frpprglw| vsdfh/ ehkdylrudo

khwhurjhqhlw|/ dqg wkh djjuhjdwlrq sureohp1 Mrxuqdo ri Hfrqrplf Wkhru|/

8:/ 4�681

Kloghqeudqg/ Z1 +4<;6,1 Rq wkh Odz ri Ghpdqg1 Hfrqrphwulfd/ 8/ <<:�434<1

Kçugoh/ Z1/ K1 Z1 dqg Mhulvrq/ P1 +4<<4,1 Hpslulfdo hylghqfh rq wkh odz ri

ghpdqg1 Hfrqrphwulfd/ 8</ 4858�487<1

Mhulvrq/ P1 +4<<<,1 Glvshuvhg h{fhvv ghpdqgv/ wkh zhdn d{lp dqg xqltxhqhvv ri

htxloleulxp1 Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv1 Vshfldo Lvvxh rq Djjuhjd0

wlrq/ iruwkfrplqj1

Nqhls/ D1 +4<<;,1 Ehkdylrudo khwhurjhqhlw| dqg vwuxfwxudo surshuwlhv ri djjuhjdwh

ghpdqg1 Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv1 Vshfldo Lvvxh rq Djjuhjdwlrq/

iruwkfrplqj1

Plwmxvfklq/ O1 J1 dqg Srowhurylfk/ Z1 P1 +4<:;,1 Fulwhuld iru prqrwrqlflw| ri

ghpdqg ixqfwlrqv1 Hnrqrplnd l Pdwhpdwlfkhvnl Phwrg|/ 47/ 455�45;1

Txdk/ M1 +4<<4,1 Wkh odz ri ghpdqg zkhq lqfrph lv sulfh ghshqghqw1 Hfrqr0

phwulfd/ 98/ 4754�47751

Vrqqhqvfkhlq/ K1 +4<:6,1 Gr Zdoudv /w lghqwlw| dqg frqwlqxlw| fkdudfwhul}h wkh

fodvv ri frppxqlw| h{fhvv ghpdqg ixqfwlrqvB Mrxuqdo ri Hfrqrplf Wkhru|/

9/ 678�6871
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