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Wkh vwxg| ri hyroxwlrqdu| g|qdplfv zdv vr idu pdlqo| uhvwulfwhg

wr �qlwh vwudwhj| vsdfhv1 Lq wklv sdshu zh vkrz wkdw wklv xqvdwlvi|lqj

uhvwulfwlrq lv xqqhfhvvdu|1 Zh vshfli| d vlpsoh frqglwlrq xqghu zklfk

wkh frqwlqxrxv wlph uhsolfdwru g|qdplfv duh zhoo gh�qhg iru wkh fdvh

ri lq�qlwh vwudwhj| vsdfhv1 Ixuwkhupruh/ zh surylgh qhz frqglwlrqv

iru wkh vwdelolw| ri uhvw srlqwv dqg vkrz wkdw hyhq vwulfw htxloleuld pd|

eh xqvwdeoh1 Ilqdoo|/ zh dsso| wklv jhqhudo wkhru| wr d qxpehu ri

dssolfdwlrqv olnh wkh Qdvk ghpdqg jdph/ wkh Zdu ri Dwwulwlrq/ olqhdu�

txdgudwlf jdphv/ wkh kduyhvw suhhpswlrq jdph/ dqg jdphv zlwk pl{hg

vwudwhjlhv1

MHO�fodvvl�fdwlrqv= F:3/ :51

Nh| zrugv= uhsolfdwru g|qdplfv/ hyroxwlrqdu| vwdelolw|/ frqwlqxrxv

vwudwhj| vsdfhv1
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dw Erqq dqg Kxperogw xqlyhuvlwlhv dqg dw wkh 4<<; Vwrq| Eurrn Jdph Wkhru| frqihuhqfh
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4 Lqwurgxfwlrq

Wkh uhfhqw |hduv kdyh vhhq d vxujh lq wkh vwxglhv rq hyroxwlrqdu| jdph wkh0

ru| dqg pxfk surjuhvv kdv ehhq pdgh lq wkh xqghuvwdqglqj ri hyroxwlrqdu|

g|qdplfv1 Krzhyhu/ prvw vwxglhv kdyh irfxvhg rq �qlwh vwudwhj| vhwv/ hv0

shfldoo| zkhq frqwlqxrxv wlph g|qdplfv zhuh lqyroyhg +h1j1 wkh uhsolfdwru

g|qdplfv,14 Wkh suhvhqw sdshu h{whqgv suhylrxv zrun iru vwxg|lqj hyrox0

wlrqdu| g|qdplfv zlwk duelwudu|/ �qlwh ru lq�qlwh/ vwudwhj| vhwv lq U?1 Wkh

uhvxowv zh rewdlq vkrxog doorz rqh wr vwxg| hyroxwlrqdu| surfhvvhv lq d krvw

ri dssolfdwlrqv zkhuh wklv klwkhuwr frxog qrw eh grqh lq d qdwxudo zd|15

Lw lv qrw dfflghqwdo wkdw pdq| uhohydqw jdphv lq hfrqrplfv duh prghoohg

zlwk d frqwlqxrxv vwudwhj| vsdfh/ h1j1 edujdlqlqj jdphv/ jdphv ri wlplqj/

roljrsro| jdphv/ sxeolf jrrg jdphv ru doo jdphv lq zklfk sod|huv duh doorzhg

wr xvh pl{hg vwudwhjlhv1 Wr vwxg| vxfk jdphv zlwk dq duelwudulo| fkrvhq

�qlwh dssur{lpdwlrq vhhpv wr eh dq xqqhfhvvdu| ghwrxu jlyhq wkdw wkh gluhfw

zd| lv dydlodeoh dqg riwhq pruh frqyhqlhqw1

Dqrwkhu uhdvrq iru frqvlghulqj lq�qlwh vwudwhj| vsdfhv lv wkdw rqh lv

riwhq lqwhuhvwhg lq zkhwkhu wkh lq�qlwh fdvh lv wkh olplw ri vxffhvvlyho| �qhu

dssur{lpdwlrqv1 Lq wklv fdvh rqh qhhgv wkh lq�qlwh fdvh dv d uhihuhqfh srlqw1

Ixuwkhupruh/ lq vrph fdvhv wkh frqwlqxlw| ri wkh vwudwhj| vhw uhdoo| pdw0

whuv1 Iru h{dpsoh/ Jdoh hw do1 +4<<8, vkrz wkdw qrq�vxejdph shuihfw htxl0

oleuld lq d �qlwh dssur{lpdwlrq ri wkh xowlpdwxp jdph fdqqrw eh uxohg rxw

dv rxwfrphv ri dq hyroxwlrqdu| surfhvv1 Exw Elqpruh dqg Vh|prxu +4<<8,

�qg wkdw rqo| wkh vxejdph shuihfw htxloleulxp lv dv|pswrwlfdoo| vwdeoh zlwk

uhvshfw wr wkh qrlv| uhsolfdwru g|qdplfv zkhq d frqwlqxrxv vwudwhj| vhw

lv frqvlghuhg1 Ehorz zh zloo suhvhqw ixuwkhu h{dpsohv zkhuh g|qdplfv rq

frqwlqxrxv vwudwhj| vhwv |lhog gl�huhqw uhvxowv iurp wkh �qlwh fdvh1

4H{fhswlrqv duh Krsnlqv dqg Vh|prxu +4<<9, zkr vwxg| wkh uhsolfdwru g|qdplfv exw

rqo| rq vsdfhv ri suredelolw| glvwulexwlrqv zlwk d frqwlqxrxv ghqvlw|/ Erp}h +4<<3/ 4<<4,/
Vh|prxu +4<<;,/ dqg Iulhgpdq dqg \hoolq +4<<9,1 Wkh odwwhu vwxg| judglhqw g|qdplfv1

Wkh vshfldo fdvh ri pl{hg vwudwhjlhv kdv ehhq vwxglhg e| Dnlq +4<;5,/ Klqhv +4<;5,/ dqg

]hhpdq +4<;4,1
5Dq h{dpsoh zkhuh rxu dssurdfk kdv douhdg| iuxlwixoo| ehhq dssolhg +ehvlghv wkh rqhv

lq Vhfwlrq 8, lv wkh hyroxwlrq ri suhihuhqfhv +Kxfn/ Nlufkvwhljhu/ dqg Rhfkvvohu/ 4<<:> vhh
dovr Ho| dqg \lodqnd|d/ 4<<:,1
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Lq wkh hyroxwlrqdu| frqwh{w d srsxodwlrq lv lghqwl�hg zlwk wkh djjuhjdwh

sod| ri lwv phpehuv1 Irupdoo|/ d srsxodwlrq lv d suredelolw| phdvxuh rq

wkh vwudwhj| vhw1 Li wkh vwudwhj| vhw lv lq�qlwh/ wkh vhw ri srsxodwlrqv lv

d vxevhw ri wkh lq�qlwh glphqvlrqdo yhfwru vsdfh ri �qlwh vljqhg phdvxuhv1

Zh exlog rq zrun e| Erp}h +4<<3/ 4<<4, iru vwxg|lqj uhsolfdwru g|qdplfv

rq wklv Edqdfk vsdfh1 Erp}h vkrzv wkdw wkh uhsolfdwru g|qdplfv duh zhoo

gh�qhg li wkh phdq sd|r� ixqfwlrq ri vwudwhj| { djdlqvw srsxodwlrq S lv

Olsvfklw} frqwlqxrxv1 Zh vkrz wkdw wklv dvvxpswlrq lv dozd|v vdwlv�hg lq

sdluzlvh hqfrxqwhuv li wkh xqghuo|lqj sdluzlvh sd|r� ixqfwlrq lv erxqghg1

Lq sduwlfxodu/ qr frqwlqxlw| dvvxpswlrq iru sd|r�v lv qhhghg lq rughu iru

wkh uhsolfdwru g|qdplfv wr eh zhoo gh�qhg1 Wklv doorzv wr vwxg| pdq|

hfrqrplfdoo| lqwhuhvwlqj jdphv zlwk glvfrqwlqxrxv sd|r� ixqfwlrqv1

Pxfk zrun lq hyroxwlrqdu| jdph wkhru| +vhh Zhlexoo/ 4<<8/ iru dq ryhu0

ylhz, kdv ehhq grqh rq eulgjlqj wkh jds ehwzhhq vwdwlf vwdelolw| frqfhswv

+olnh HVV, dqg h{solflw g|qdplfv +olnh wkh uhsolfdwru g|qdplfv,1 Lq wkh

�qlwh vwudwhj| fdvh rqh lpsruwdqw idfw lv wkdw dq HVV/ dqg d iruwlrul/ d vwulfw

htxloleulxp/ lv dv|pswrwlfdoo| vwdeoh +Kriedxhu hw do1/ 4<:<,1 D vxusulvlqj

uhvxow ri rxu dqdo|vlv lv wkdw lq wkh lq�qlwh fdvh vxfk uhvxowv fdqqrw eh wdnhq

iru judqwhg1 Zh surylgh dq h{dpsoh vkrzlqj wkdw hyhq vwulfw Qdvk htxloleuld

pd| eh xqvwdeoh zlwk uhvshfw wr wkh uhsolfdwru g|qdplfv/ hyhq zkhq wkh

vwudwhj| vsdfh lv frpsdfw dqg wkh sd|r� ixqfwlrq lv frqwlqxrxv1 Lq jhqhudo/

vwurqjhu vwdwlf frqglwlrqv duh uhtxluhg iru g|qdplf vwdelolw|1 Zh suryh wkdw

rqh vxfk frqglwlrq/ qdpho| xqlqydgdelolw|/ lv vx!flhqw iru g|qdplf vwdelolw|

ri d krprjhqhrxv srsxodwlrq vwdwh1

Diwhu kdylqj vhw xs wkh jhqhudo iudphzrun/ zh vwxg| d qxpehu ri vshfl�f

sureohpv zkhuh d frqwlqxrxv vwudwhj| vsdfh lv sduwlfxoduo| qdwxudo1 Qdpho|/

zh frqvlghu wkh uhsolfdwru g|qdplfv lq wkh frqwh{w ri wkh Qdvk ghpdqg jdph/

wkh Zdu ri Dwwulwlrq/ olqhdu�txdgudwlf jdphv/ d kduyhvw suhhpswlrq jdph/

dqg jdphv zlwk pl{hg vwudwhjlhv1

Lq wkh Qdvk ghpdqg jdph zh �qg wkdw wkh v|pphwulf h!flhqw htxlole0

ulxp lv vwdeoh dqg zhdno| dwwudfwlqj zlwk uhvshfw wr wkh uhsolfdwru g|qdplfv1

Lq wkh Zdu ri Dwwulwlrq wkh uhsolfdwru g|qdplfv frqyhujh wr wkh xqltxh pl{hg

htxloleulxp iurp lqlwldo vwdwhv zklfk duh zlwklq �qlwh Nxooedfn�Ohleohu glv0
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wdqfh iurp wkh htxloleulxp1

Olqhdu�txdgudwlf jdphv duh jdphv lq zklfk wkh sd|r� lv txdgudwlf lq

wkh rzq dfwlrq dqg olqhdu lq wkh rssrqhqw*v dfwlrq1 Wklv fodvv ri jdphv

lqfoxghv vrph vshfl�fdwlrqv ri Frpprq Srro Uhvrxufh sureohpv/ sxeolf

jrrg jdphv/ dqg Frxuqrw gxrsrolhv1 Zh vkrz wkdw wkh uhsolfdwru g|qdplfv

zhdno| frqyhujh wr wkh xqltxh htxloleulxp iurp doo lqlwldo vwdwhv zlwk srvlwlyh

zhljkw rq wkh htxloleulxp vwudwhj|1

Wkh kduyhvw suhhpswlrq jdph kdv wkh vdph vwuxfwxuh dv d Ehuwudqg

gxrsro| zlwk krprjhqhrxv surgxfwv1 Zh vkrz wkdw li wkh vwudwhj| vsdfh lv

voljkwo| uhvwulfwhg/ wkhq wkhuh h{lvwv d xqltxh +dqg yhu| lqh!flhqw, htxlole0

ulxp zklfk lv vwurqjo| dwwudfwlqj zlwk uhvshfw wr wkh uhsolfdwru g|qdplfv1

Wkh xquhvwulfwhg fdvh/ krzhyhu/ uhpdlqv dq rshq txhvwlrq1

Ilqdoo|/ wkh vhw ri pl{hg vwudwhjlhv ri d �qlwh jdph fdq dovr eh vhhq dv

dq lq�qlwh vwudwhj| vsdfh � wkrxjk rqh zlwk wkh sduwlfxoduo| qlfh vwuxfwxuh

lqkhuhqw wr wkh vlpsoh{1 Zh vkrz wkdw pl{hg vwudwhjlhv dovr �w lq rxu

iudphzrun dqg uhylhz uhvxowv rewdlqhg e| Klqhv +4<;5, dqg ]hhpdq +4<;4,1

Wkh dgydqwdjh ri xvlqj uhsolfdwru g|qdplfv rq wkh vsdfh ri pl{hg vwudwhjlhv

lv wkdw � lq frqwudvw wr g|qdplfv rq sxuh vwudwhj| vsdfhv � hyroxwlrqdu|

vwdeoh vwudwhjlhv duh fkdudfwhul}hg e| wkh dv|pswrwlfdoo| vwdeoh uhvw srlqwv

ri wkh uhsolfdwru g|qdplfv1

Wkh sdshu lv rujdql}hg dv iroorzv1 Lq wkh qh{w vhfwlrq zh ghvfuleh wkh

iudphzrun iru dqdo|}lqj g|qdplfv rq lq�qlwh glphqvlrqdo vsdfhv1 Lq Vhfwlrq

6 zh lqwurgxfh wkh uhsolfdwru g|qdplfv dqg vkrz wkdw wkh| duh zhoo gh�qhg

iru lq�qlwh vwudwhj| vsdfhv1 Vhfwlrq 7 lv ghyrwhg wr wkh vshfl�fdwlrq ri

vwdelolw| frqglwlrqv1 Vhfwlrq 8 frqwdlqv wkh dssolfdwlrqv/ Qdvk ghpdqg jdph/

Zdu ri Dwwulwlrq/ olqhdu�txdgudwlf jdph/ wkh kduyhvw suhhpswlrq jdph/ dqg

jdphv zlwk pl{hg vwudwhjlhv1 Ilqdoo|/ Vhfwlrq 9 frqfoxghv1 Vrph xvhixo

idfwv derxw wkh yduldwlrqdo qrup dqg d qxpehu ri surriv duh uhohjdwhg wr dq

dsshqgl{1
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5 Irupxodwlrq ri wkh jdph

Zh frqvlghu d jdph zlwk vwudwhj| vhw V1 Wkh xvxdo dssurdfk lq wkh olwhudwxuh

rq hyroxwlrqdu| g|qdplfv lv wr dvvxph d �qlwh vwudwhj| vhw V @ i4> = = = > qj1

Khuh/ zh jhqhudol}h wklv e| doorzlqj iru duelwudu| +Eruho, vwudwhj| vhwv V �

U
?1 Wkh Eruho ��dojheud rq V lv ghqrwhg e| E1

Zh uhvwulfw rxuvhoyhv wr wkh fdvh ri v|pphwulf wzr�sod|hu jdphv/ wkrxjk

wkh vhwxs fdq eh h{whqghg wr wkh dv|pphwulf fdvh1 Ohw i = V � V $ U eh d

erxqghg/ Eruho phdvxudeoh ixqfwlrq/ zkhuh i+{> |, lv wkh sd|r� iru sod|hu

4 zkhq vkh sod|v { dqg sod|hu 5 sod|v |1

D srsxodwlrq lv lghqwl�hg zlwk wkh djjuhjdwh sod| ri lwv phpehuv dqg

lv ghvfulehg e| d suredelolw| phdvxuh S rq wkh phdvxuh vsdfh +V>E,1 Wkh

vlpsoh{ ri doo srsxodwlrqv lv ghqrwhg e|�1 Wkh dyhudjh sd|r� ri srsxodwlrq

S djdlqvw srsxodwlrq T lv

H+S>T, @

]
7

]
7

i+{> |,T+g|,S +g{, = +4,

Wkh dlp lv wr vwxg| wkh hyroxwlrq ri srsxodwlrqv ryhu wlph1 Iru reylrxv

uhdvrqv lw lv pruh frqyhqlhqw wr zrun zlwk d yhfwru vsdfh1 Vlqfh � lv qrw d

yhfwru vsdfh/ zh zrun zlwk wkh olqhdu vsdq ri �> wkdw lv wkh vsdfhPe+V>E,

ri doo vljqhg phdvxuhv1 Uhfdoo wkdw � lv d vljqhg phdvxuh rq +V>E, li wkhuh duh

wzr �qlwh phdvxuhv �� dqg �
2 vxfk wkdw iru doo vhwv D 5 E> �+D, @ �

�+D,�

�
2+D,1 Zkdw nlqg ri qrup lv dssursuldwh wr ghvfuleh wkh �glvwdqfh� ehwzhhq

wzr srsxodwlrqvB Iroorzlqj Erp}h +4<<3, zh sursrvh wkh vxsuhpxp ru

yduldwlrqdo qrup1

Gh�qlwlrq 4 Wkh yduldwlrqdo qrup rq Pe+V>E, lv jlyhq e|

n�n @ vxs
s

����
]

i g�

���� >
zkhuh wkh vxs lv wdnhq ryhu doo phdvxudeoh ixqfwlrqv i = V $ U erxqghg e|

4> vxsrM7 mi+v,m � 41

Hqgrzhg zlwk wkh yduldwlrqdo qrup/ Pe lv d Edqdfk vsdfh +fi1 Dow/

4<<5,/ wkdw lv/ hyhu| Fdxfk| vhtxhqfh lq Pe frqyhujhv wr dq hohphqw lq
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Pe1 Vrph xvhixo idfwv derxw wkh yduldwlrqdo qrup duh froohfwhg lq wkh

dsshqgl{1 Iru h{dpsoh/ frqyhujhqfh lq wkh yduldwlrqdo qrup lv htxlydohqw wr

frqyhujhqfh lq wkh O��vhqvh ri wkh ghqvlwlhv li wkhvh h{lvw1 Lq wkh �qlwh fdvh

frqyhujhqfh lq wkh yduldwlrqdo qrup lv htxlydohqw wr srlqwzlvh frqyhujhqfh

ri suredelolwlhv1 Wkxv/ wkh fdvh ri �qlwh vwudwhj| vhwv lv frqwdlqhg lq rxu

iudphzrun dv d vshfldo fdvh1

Uhpdun 4 Wkh yduldwlrqdo qrup lv d yhu| vwurqj phdvxuh ri glvwdqfh1 Krz0

hyhu/ zh wklqn wkdw lw pd| eh d sodxvleoh qrup iurp dq hyroxwlrqdu| srlqw

ri ylhz1 Lq hyroxwlrqdu| jdph wkhru|/ rqh iuhtxhqwo| frqvlghuv vrph htxlole0

ulxp srsxodwlrq S dqg vwxglhv lwv shuirupdqfh djdlqvw vrph pxwdwhg srsx0

odwlrq S +%, @ +4�%,S .%T16 Wkhvh wzr srsxodwlrqv duh forvh lq wkh vwurqj

vhqvh wkdw iru doo vhwv ri vwudwhjlhv D 5 E/ rqh kdv mS +D,� S+%,+D,m � %

xqlirupo|1 Wkh| duh wkhuhiruh forvh lq wkh yduldwlrqdo qrup/ dv wkh| vkrxog

eh> lqghhg/ wkhlu glvwdqfh lv dw prvw 5%/ frpsduh +47,1 Rq wkh rwkhu kdqg/

wzr krprjhqhrxv srsxodwlrqv �% dqg �+ kdyh pd{lpdo glvwdqfh lq wkh ydul0

dwlrqdo qrup iru { 9@ |/ hyhq li wkh vwudwhjlhv { dqg | duh forvh lq wkh xvxdo

phwulf1 Wklv pljkw dsshdu vrphkrz lpsodxvleoh dw �uvw vljkw1 Exw wzr glv0

wlqfw krprjhqhrxv vrflhwlhv duh txlwh idu iurp rqh dqrwkhu lq hyroxwlrqdu|

whupv ehfdxvh hyhu|rqh lq d srsxodwlrq kdv wr pxwdwh lq rughu wr frqyhuw

rqh srsxodwlrq lqwr wkh rwkhu/ zklfk lqghhg zrxog eh d yhu| uduh hyhqw1

Uhpdun 5 Dowkrxjk lw lv srvvleoh/ lq sulqflsoh/ wr irupxodwh uhsolfdwru

g|qdplfv zlwk zhdnhu wrsrorjlhv/ wklv zrxog uhtxluh vwurqjhu dvvxpswlrqv

rq wkh sd|r� ixqfwlrq i 17 Wr jlyh dq h{dpsoh/ uhsolfdwru g|qdplfv iru

wkh zhdn wrsrorj| duh rqo| zhoo gh�qhg iru frqwlqxrxv sd|r� ixqfwlrqv1 Lq

jhqhudo/ wkh zhdnhu wkh wrsrorj|/ wkh vpdoohu lv wkh gxdo vsdfh/ dqg/ wkxv/ wkh

fodvv ri dgplvvleoh sd|r�v1 Wkh yduldwlrqdo qrup kdv wkhuhiruh wkh dgydqwdjh

ri doorzlqj iru wkh odujhvw fodvv ri sd|r� ixqfwlrqv1

Vlqfh zh zdqw wr vwxg| wkh g|qdplfv ri srsxodwlrqv dv wlph xqirogv/

zh kdyh wr ghdo zlwk fxuyhv p = Un $ Pe1 Vxfk d ixqfwlrq lv fdoohg

frqwlqxrxvo| gl�huhqwldeoh li wkhuh h{lvwv d frqwlqxrxv ixqfwlrq p
� = Un $

6Lq sduwlfxodu/ wklv ylhz lv hpsor|hg lq wkh HVV dqg uhodwhg frqfhswv1
7Vhh Rhfkvvohu dqg Ulhgho +4<<<, iru wkh frqvhtxhqfhv ri hpsor|lqj wkh zhdn wrsrorj|1
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Pe zlwk

olp
�<f

p+w. k,�p+w,

k
@ p

�+w, >

zkhuh wkh olplw kdv wr eh wdnhq zlwk uhvshfw wr wkh yduldwlrqdo qrup1 Ohw

I = Pe $ Pe eh frqwlqxrxv1 D frqwlqxrxvo| gl�huhqwldeoh ixqfwlrq p

zlwk

p
�+w, @ I +p+w,,> p+3, @ � +5,

lv fdoohg d vroxwlrq wr wkh ruglqdu| gl�huhqwldo htxdwlrq +5,1

D fuxfldo idfw lv wkdw zlwk Olsvfklw}�frqglwlrqv rqh kdv dozd|v d xqltxh

vroxwlrq wr vxfk lqlwldo ydoxh sureohpv1

Wkhruhp 4 Vxssrvh wkdw I lv erxqghg dqg vdwlv�hv d joredo Olsvfklw} frq0

glwlrq=

<N A 3 v1w1 ;�> � 5Pe
> nI +�,�I +�,n � N n�� �n =

Wkhq/ d xqltxh vroxwlrq ri wkh ruglqdu| gl�huhqwldo htxdwlrq +5, h{lvwv rq

^3>4,1

Iru d surri vhh h1j1 ]hlgohu +4<;9/ Fruroodu| 61<,1

6 Wkh Uhsolfdwru G|qdplfv

Wkh g|qdplfv prvw zlgho| vwxglhg lq wkh olwhudwxuh rq hyroxwlrqdu| jdph

wkhru| duh wkh uhsolfdwru g|qdplfv1 Wkh| irupdol}h wkh lghd wkdw lq d g|0

qdplf surfhvv ri hyroxwlrq d vwudwhj| { vkrxog lqfuhdvh lq iuhtxhqf| li lw lv d

vxffhvvixo vwudwhj| lq wkh vhqvh wkdw lqglylgxdov sod|lqj wklv vwudwhj| rewdlq

d kljkhu wkdq dyhudjh sd|r�1 Irupdoo|/ wkh vxffhvv +ru odfn ri vxffhvv, ri d

vwudwhj| { li wkh srsxodwlrq lv T lv jlyhq e| wkh gl�huhqfh

�+{>T, =@

]
7

i+{> |,T+g|,�

]
7

]
7

i+{> |,T+g|,T+g{, @ H+�%>T,�H+T>T, =

Wkh lghd ri uhsolfdwru g|qdplfv lv wkdw wkh uhodwlyh lqfuhphqw ri wkh iuh0

txhqf| ri d vhw ri vwudwhjlhv lv jlyhq h{dfwo| e| wkh dyhudjh vxffhvv ri vwudwh0

jlhv lq wkdw vhw1

9



Gh�qlwlrq 5 Wkh ruglqdu| gl�huhqwldo htxdwlrq

T
�+w,+D, @

]
�

�+{>T+w,,T+w,+g{,> T+3, @ S +6,

iru doo D 5 E/ lv fdoohg uhsolfdwru g|qdplfv1

Qrwh wkdw e| wdnlqj D @ i{j zh jhw wkh xvxdo irupxodwlrq ri wkh uhsolfdwru

g|qdplfv iru wkh �qlwh vwudwhj| fdvh1

Rqh ri wkh pdlq uhvxowv ri wklv sdshu lv wkh iroorzlqj h{whqvlrq ri zrun

e| Erp}h +4<<4, iru wkh suhvhqw iudphzrun ri sdluzlvh hqfrxqwhuv18 Erp}h

dvvxphv wkdw � lv Olsvfklw} frqwlqxrxv lq S dqg vkrzv wkhq wkdw wkh uhsol0

fdwru g|qdplfv duh zhoo gh�qhg1 Lq wkh iroorzlqj wkhruhp zh suryh wkdw iru

sdluzlvh hqfrxqwhuv wklv uhtxluhphqw uhgxfhv wr i ehlqj erxqghg1

Wkhruhp 5 Li wkh sd|r� ixqfwlrq i lv erxqghg/ wkhq wkh uhsolfdwru g|qdp0

lfv duh zhoo gh�qhg1

Wkh lqwxlwlrq iru Wkhruhp 5 lv wkh iroorzlqj= zkhq wkh sd|r� ixqfwlrq i

lv erxqghg/ wkh elolqhdu ixqfwlrqdo H+S>T, jlyhq e| +4, lv frqwlqxrxv lq wkh

yduldwlrqdo wrsrorj|1 Wklv lpsolhv wkdw wkh uljkw0kdqg vlgh ri wkh uhsolfdwru

g|qdplfv/
U
�
�+{>T+w,,T+w,+g{,/ lv d Olsvfklw} frqwlqxrxv ixqfwlrq rq�1 D

vroxwlrq wr wkh RGH wkxv h{lvwv dqg lw uhpdlqv wr vkrz wkdw wkh wudmhfwrulhv

+T+w,, ri dq| vroxwlrq qhyhu ohdyh wkh vhw ri srsxodwlrqv �1 Wklv lv grqh lq

wkh dsshqgl{1

7 Vwdelolw| frqfhswv

Zh vwduw zlwk wkh fodvvlfdo frqfhsw ri hyroxwlrqdu| vwdelolw| lqwurgxfhg e|

Pd|qdug Vplwk +4<:7,1

Gh�qlwlrq 6 D srsxodwlrq S lv fdoohg dq hyroxwlrqdu| vwdeoh vwdwh +HVV,

li iru hyhu| �pxwdwlrq� T/ wkhuh lv dq lqydvlrq eduulhu %+T, A 3 vxfk wkdw

iru doo 3 ? � � %

H+S> +4� �,S . �T, A H+T> +4� �,S . �T, = +7,

8Vhh dovr wkh uhfhqw sdshu e| Vh|prxu +4<<;,/ zkr ghyhorsv d vlplodu iudphzrun wr
rxuv iru wkh dv|pphwulf fdvh1

:



Dv zh zloo vhh ehorz wkh frqfhsw ri HVV lv riwhq wrr zhdn lq wkh frqwh{w

ri lq�qlwh vwudwhj| vsdfhv1 Wkh iroorzlqj vwurqjhu qrwlrq zdv vxjjhvwhg e|

Ylfnhuv dqg Fdqqlqjv +4<;:,19

Gh�qlwlrq 7 D srsxodwlrq S lv fdoohg xqlqydgdeoh li wkhuh lv d xqlirup

lqydvlrq eduulhu/ wkdw lv/ dq % A 3 vxfk wkdw +7, krogv iru doo T dqg doo

3 ? � � %1

Xqlqydgdelolw| uhtxluhv d xqlirup lqydvlrq eduulhu iru doo srvvleoh px0

wdwlrqv T1 Lq jhqhudo/ rqh frxog uhtxluh hyhq pruh1 Xs wr qrz/ zh kdyh

frqvlghuhg wkh fdvh lq zklfk d vpdoo iudfwlrq � ri wkh srsxodwlrqv fkdqjhv

duelwudulo|1 Pruh jhqhudoo|/ rqh frxog orrn dw wkh fdvh zkhuh wkh zkroh srs0

xodwlrq lv doorzhg wr vkliw/ exw rqo| lq d pdqqhu wkdw wkh glvwdqfh ehwzhhq

wkh ruljlqdo dqg wkh pxwdwhg srsxodwlrq uhpdlqv vpdoo1 Wklv |lhogv wkh

iroorzlqj gh�qlwlrq lqwurgxfhg e| Erp}h +4<<3,1

Gh�qlwlrq 8 D srsxodwlrq S lv fdoohg vwurqjo| xqlqydgdeoh li wkhuh lv d

eduulhu % A 3 vxfk wkdw iru doo srsxodwlrqv U 9@ S zlwk nU� Sn � %> zh

kdyh

H+S>U, A H+U>U, =

Zh froohfw vrph xvhixo idfwv derxw wkh ydulrxv vwdelolw| frqfhswv1 Wkh

�uvw dqg wklug srlqw duh nqrzq/ wkh vhfrqg idfw lv qhz1 Wkh surri ri wkh

rwkhuv lv jlyhq iru frpsohwhqhvv1

Ohppd 4 41 Hyhu| vwurqjo| xqlqydgdeoh srsxodwlrq lv xqlqydgdeoh/ dqg

hyhu| xqlqydgdeoh srsxodwlrq lv hyroxwlrqdu| vwdeoh1

51 Li d glvfuhwh phdvxuh S @
S

?

�'� s��%� lv xqlqydgdeoh/ wkhq lw lv dovr

vwurqjo| xqlqydgdeoh1

61 Li wkh vwudwhj| vsdfh V lv �qlwh/ wkhq wkh wkuhh frqfhswv frlqflgh1

9Iru dq lqwurgxfwlrq wr vwdwlf vwdelolw| frqfhswv zlwk lq�qlwh vwudwhj| vsdfhv vhh dovr

Erp}h dqg Sùwvfkhu +4<;<,1

;



Surri1 Wkh �uvw vwdwhphqw lv reylrxv1 Iru wkh vhfrqg/ ohw S @
S

?

�'� s��%�

eh xqlqydgdeoh/ dqg dvvxph zlwkrxw orvv ri jhqhudolw| wkdw s� A 3 iru doo

m1 Ohw % eh d xqlirup lqydvlrq eduulhu dqg vhw �% =@ %plq s� = Qrz dvvxph

nU�Sn � �%= Vhw u� =@ U +i{�j, = Wkhq � =@ pd{ ms� � u� m @s� � %= Gh�qh d

phdvxuh T yld T @ �
#
+U� +4� �,S, = Wkhq lw lv hdv| wr fkhfn wkdw T 5 �=

Khqfh/ U fdq eh zulwwhq dv U @ +4 � �,S . �T iru vrph � � % dqg vrph

srsxodwlrq T1 Vlqfh S lv xqlqydgdeoh/ lw iroorzv wkdw H+S>U, A H+T>U,

dqg khqfh H+S>U, A H+U>U,1

Wkdw hyhu| HVV lv xqlqydgdeoh lq wkh �qlwh fdvh lv zhoo nqrzq +vhh h1j1

Ylfnhuv dqg Fdqqlqjv/ 4<;:,1 Vlqfh zlwk d �qlwh vwudwhj| vsdfh doo srsxod0

wlrqv duh glvfuhwh phdvxuhv/ wkh vhfrqg vwdwhphqw lpsolhv wkdw hyhu| xqlq0

ydgdeoh srsxodwlrq lv dovr vwurqjo| xqlqydgdeoh1

Wkh qh{w gh�qlwlrq vshfl�hv wkh g|qdplf vwdelolw| frqfhswv zh zloo xvh

lq wkh iroorzlqj1

Gh�qlwlrq 9 Ohw T

eh d uhvw srlqw ri wkh uhsolfdwru g|qdplfv/

�+�>T
, @ 3 T

 � d=h=

Wkhq

� T


lv fdoohg O|dsxqry vwdeoh li iru doo % A 3 wkhuh h{lvwv dq � A 3 vxfk

wkdw nT+3,�T

n ? � , nT+w,�T


n ? % iru doo w A 31

� T


lv fdoohg vwurqjo| dwwudfwlqj li wkhuh h{lvwv % A 3 vxfk wkdw

nT+3,�T

n ? %, nT+w,�T


n $ 3=

� T


lv fdoohg zhdno| dwwudfwlqj li wkhuh h{lvwv % A 3 vxfk wkdw

nT+3,�T

n ? %, T+w,$ T

W
lq glvwulexwlrq1

Lq wkh �qlwh fdvh wkh odvw wzr frqfhswv frlqflgh1 Wrjhwkhu zlwk O|dsxqry

vwdelolw| wkh| duh fdoohg dv|pswrwlf vwdelolw|1 Dv lv zhoo nqrzq lq wkh �qlwh

fdvh dq HVV lv vx!flhqw iru dv|pswrwlf vwdelolw| +Kriedxhu hw do1/ 4<:<,1

D iruwlrul/ doo vwulfw htxloleuld duh dv|pswrwlfdoo| vwdeoh1 Rqh pd| zrqghu

zkhwkhu wklv uhvxow vxuylyhv lq wkh lq�qlwh fdvh1 Vrphzkdw vxusulvlqjo| lw

<



grhv qrw dv wkh iroorzlqj h{dpsoh vkrzv1 Lq idfw/ vwulfw htxloleuld qhhg qrw

hyhq eh O|dsxqry vwdeoh1:

H{dpsoh 4 Frqvlghu d jdph zlwk frpsdfw vwudwhj| vhw V @ ^�4> 4` dqg

gl�huhqwldeoh sd|r� ixqfwlrq

i+{> |, @ �{e . 7{|=

Lw fdq hdvlo| eh fkhfnhg wkdw +3> 3, lv d vwulfw Qdvk htxloleulxp1 Krzhyhu/ lw

lv qrw xqlqydgdeoh dqg lw lv qrw O|dsxqry vwdeoh1 Iru doo % A 3/ wkhuh h{lvw

vwudwhjlhv { 5 V vxfk wkdw

�+{> +4� %,�f . %�%, @ 7%{2 � {
e
A 3= +8,

Wkhuhiruh/ �f lv qrw xqlqydgdeoh1 Pruhryhu/ wkh uhsolfdwru g|qdplfv lpso|

wkdw iru T+3, @ +4� %,�f . %�%> zlwk vrph { vxfk wkdw +8, krogv/ wkh zhljkw

rq {/ �+w, =@ T +i{j,/ lqfuhdvhv dffruglqj wr

�
�

+w,

�+w,
@ �+{>T+w,, @ 7�+w,{2 � {

e � 7�+3,{2 � {
e
A 3=

Wkxv/ �+w, lqfuhdvhv wr 4 dqg �f lv qrw O|dsxqry vwdeoh1

Wklv h{dpsoh vkrzv wkdw vwdelolw| uhvxowv zklfk duh wdnhq iru judqwhg lq

wkh �qlwh vwudwhj| fdvh qhhg qrw dsso| lq wkh lq�qlwh fdvh1; Exw udwkhu wkdq

glvfuhglwlqj wkh lq�qlwh fdvh/ zh wklqn wkdw wkh h{dpsoh wkurzv d fulwlfdo

oljkw rq wkh vwdelolw| frqfhswv lq wkh �qlwh fdvh1 Zkloh lw lv wuxh wkdw wkh

vwulfw htxloleulxp +3> 3, lv dv|pswrwlfdoo| vwdeoh li wkh jdph lv sod|hg zlwk

dq| �qlwh julg vl}h/ lwv edvlq ri dwwudfwlrq ydqlvkhv dv wkh julg ehfrphv �qhu1

Lw vhhpv wkdw wkhuh duh vrph vwulfw htxloleuld zklfk duh ohvv urexvw wkdq

rwkhuv/ lq sduwlfxodu/ wkrvh zklfk gr qrw frqyhujh wr d vwdeoh htxloleulxp dv

:Wkhuh h{lvw h{dpsohv lq wkh olwhudwxuh vkrzlqj wkdw vwulfw htxloleuld qhhg qrw eh xq0

lqydgdeoh1 Krzhyhu/ dv idu dv zh nqrz wkh| uholhg rq hlwkhu qrq�frpsdfwqhvv ri 7 ru rq

glvfrqwlqxlwlhv ri s +vhh h1j1 Ylfnhuv dqg Fdqqlqjv/ 4<;:,1
;Lw vkrxog eh srlqwhg rxw wkdw wkh h{dpsoh lv qrw dq duwhidfw ri rxu fkrvhq wrsrorj|1

Lq Rhfkvvohu dqg Ulhgho +4<<<, zh vkrz wkdw zlwk wkh zhdn wrsrorj| vlplodu h{dpsohv fdq

hdvlo| eh frqvwuxfwhg1
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wkh julg vl}h jrhv wr }hur1 Lq wkh lq�qlwh fdvh vwurqjhu frqfhswv wkdq HVV

duh qhfhvvdu|1 Iru wklv zh kdyh wkh iroorzlqj xvhixo uhvxow/ zklfk frqqhfwv

wkh vwdwlf dqg wkh g|qdplf vwdelolw| frqfhswv1

Wkhruhp 6 Li T

 @ �% lv dq xqlqydgdeoh/ krprjhqhrxv srsxodwlrq/ wkhq

� T

 lv O|dsxqry vwdeoh>

� li dgglwlrqdoo| wkh sd|r� ixqfwlrq i lv frqwlqxrxv/ wkhq T

 lv zhdno|

dwwudfwlqj1

Wkh vhfrqg sduw ri wkh Wkhruhp lv dq dgdswdwlrq ri Wkhruhp 5 lq Erp}h

+4<<3, wr rxu vhwwlqj1

Surri1 Vlqfh �% lv xqlqydgdeoh +dqg wkhuhiruh vwurqjo| xqlqydgdeoh e|

Ohppd 4,/ wkhuh h{lvwv dq % A 3 vxfk wkdw iru doo U 5 � zlwk nU� �%n � %

H+�%> U, A H+U>U,=

Iru T+3, @ �% wkhuh lv qrwklqj wr vkrz1 Dvvxph T+3, 9@ �%= Wkh ixqfwlrq

K+w, =@ T+w, +i{j, lv frqwlqxrxvo| gl�huhqwldeoh1 E| Wkhruhp 9/ Dsshqgl{/

zh kdyh

K+w, @ K+3, h{s

�]
|

f

�+{>T+v,,gv

�
> +9,

khqfh
K
�+w,

K+w,
@ �+{>T+w,, =

Zh fodlp wkdwK lv vwulfwo| lqfuhdvlqj1 E| dvvxpswlrq/K �+3, @ �+{>T+3,, A

31 Vxssrvh wkdw K � hyhqwxdoo| ehfdph }hur dqg vhw

wf =@ lqi
�
w � 3>K �+w, @ 3

�
=

Wkhq K
�+wf, @ 3 vlqfh wkh vhw iw � 3>K �+w, @ 3j lv forvhg1 Iru doo v ?

wf zh kdyh K
�+v, A 3 zklfk lpsolhv K+v, A K+3,/ khqfh nT+v,� �%n ?

%1 Frqwlqxlw| ri wkh wudmhfwru| |lhogv nT+wf,� �%n � %/ khqfh K
�+wf, @

�+{>T+wf,, A 3 e| xqlqydgdelolw|/ d frqwudglfwlrq1 Wkhuhiruh/ K lv vwulfwo|

lqfuhdvlqj zklfk lpsolhv wkdw nT+w,� �%n ? %=
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Zh vkrz qh{w wkdw wkh �wqhvv gl�huhqwldo �+{>T+w,, ydqlvkhv1 E| +9,/

wkh frqyhujhqfh ri T+w,+i{j, @ K+w, lpsolhv
U"
f

�+{>T+v,,gv ? 4= Wkh

fodlp iroorzv li zh vkrz wkh htxlfrqwlqxlw| ri wkh pds w :$ �+{>T+w,,1 Vlqfh

wkh frqglwlrqv ri Ohppd 6/ Dsshqgl{/ duh vdwlv�hg/ zh kdyh e| +48,/

m�+{>T+w,,� �+{>T+v,,m � O nT+w,�T+v,n =

Wkh uhsolfdwru g|qdplfv dqg wkh erxqghgqhvv ri � rq �/ vhh +49,/ |lhog iru

hyhu| vhw D

mT+w,+D,�T+v,+D,m @

����
]

|

r

T
�+x,+D,gx

����
@

����
]

|

r

]
�

�+�>T+x,,T+x,+g�,gx

���� � �" mw� vm =

Khqfh/ xvlqj +47,/

m�+{>T+w,,� �+{>T+v,,m � 5O�" nw� vn >

zklfk lpsolhv Olsvfklw} dqg khqfh htxlfrqwlqxlw| ri wkh pds w :$ �+{>T+w,,1

Li wkh sd|r� ixqfwlrq i lv frqwlqxrxv/ wkh h{shfwhg sd|r� gl�huhqfh

H+�%>T, � H+T>T, lv frqwlqxrxv lq T zlwk uhvshfw wr wkh zhdn wrsrorj|1

Wkh vhw � ri doo srsxodwlrqv lv frpsdfw lq wkh zhdn wrsrorj|1 Ohw S eh

d zhdn dffxpxodwlrq srlqw ri wkh wudmhfwru| +T+w,,= E| wkh suhfhglqj/ 3 @

olp �+{>T+w,, @ olp ^H+�%> T+w,,�H+T+w,>T+w,,` @ H+�%> S , � H+S>S,=

E| wkh �uvw sduw ri wkh wkhruhp/ �% lv vwdeoh/ khqfh S lv forvh wr �%= E|

xqlqydgdelolw|/ S @ �%=

Wkh surri ri wkh suhfhglqj wkhruhp vkrzv wkdw wkh uhsolfdwru g|qdplfv

lqfuhdvh wkh zhljkw rq wkh sxuh vwudwhj| { li �% lv xqlqydgdeoh1 Wkhuhiruh/

wkh zhljkw T+w, +i{j, frqyhujhv dqg wkh jurzwk udwh ri wkh vwudwhj| pxvw

ydqlvk1 Zh vwdwh wklv xvhixo idfw dv d fruroodu|1

Fruroodu| 4 Li T
 @ �% lv dq xqlqydgdeoh/ krprjhqhrxv srsxodwlrq/ wkhq

wkh �wqhvv gl�huhqwldo ydqlvkhv=

�+{>T+w,, $ 3=
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8 Dssolfdwlrqv

Iru pdq| jdphv lw lv pruh qdwxudo wr wklqn ri vwudwhjlhv dv ehorqjlqj wr

d frqwlqxxp/ lq sduwlfxodu/ li vwudwhjlhv lqyroyh wkh wlplqj ri dfwlrqv ru

wkh fkrlfh ri sulfhv ru orfdwlrqv1 Hyhq li vpdoohvw phdvxuhphqw xqlwv iru

txdqwlwlhv ru sulfhv h{lvw/ lw lv riwhq pruh frqyhqlhqw wr prgho wkhp dv

frqwlqxrxv1 Lq wklv vhfwlrq zh suhvhqw d qxpehu ri h{dpsohv zkhuh wkh

uhsolfdwru g|qdplfv duh dssolhg wr lq�qlwh vwudwhj| vsdfhv1

814 Qdvk ghpdqg jdph

Rqh vlpsoh h{dpsoh lv wkh Qdvk ghpdqg jdph1 Wzr sod|huv kdyh wr ghflgh

krz wr glylgh d uhvrxufh ri vl}h 41 Erwk sod|huv vlpxowdqhrxvo| vxeplw

ghpdqgv/ { dqg | +l1h1 V @ Un,1 Li wkh ghpdqgv duh ihdvleoh/ erwk jhw zkdw

wkh| ghpdqghg1 Li qrw/ erwk uhfhlyh qrwklqj1 Wkxv wkh sd|r� ixqfwlrq lv

i+{> |, @

�
{ li {. | � 4

3 li {. | A 4
=

Wkh xqltxh h!flhqw v|pphwulf htxloleulxp ri wklv jdph lv +�2 >
�
2,1

< Vlqfh

wklv htxloleulxp lv vwulfw/ lw lv dq HVV1 Wkh qh{w sursrvlwlrq vkrzv wkdw lw lv

xqlqydgdeoh dqg zhdno| dwwudfwlqj1

Sursrvlwlrq 4 Lq wkh Qdvk ghpdqg jdph wkh krprjhqrxv srsxodwlrq ��*2

lv xqlqydgdeoh/ O|dsxqry vwdeoh/ dqg zhdno| dwwudfwlqj1

Surri1 Wr hvwdeolvk xqlqydgdelolw|/ zh qhhg wr vkrz wkdw H+S>S, ?

H+��*2> S ,> iru doo S 9@ ��*2 zlwk
����*2 � S

�� � %1 Doo S lq wkh %�qhljkerukrrg

ri ��*2 fdq eh zulwwhq dv

S @ �T
3 . �T

n . +4� �� �,��*2> +:,

zkhuh T3 dqg T
n duh vrph suredelolw| phdvxuhv zlwk T

3+^�
2
> 4`, @ 3 dqg

T
n+^3> �2 `, @ 3> dqg �.� � %1 Iru suredelolw| phdvxuhv U>U

�

frqfhqwudwhg

rq
�
3> �2

�
/ rqh kdv H+U>U

�

, @p+U, � 4@5/ zkhuh p+U, @
U
{U+g{, ghqrwhv

<Qrwh wkdw wkh dv|pphwulf vwulfw htxloleuld fdqqrw eh uhvwsrlqwv ri rqh�srsxodwlrq
g|qdplfv1
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wkh phdq ydoxh ri srsxodwlrq U= Li � @ 3> rqh kdv wkdw H+S>S , @ p+S, ?
�
2 @ H+��*2> S ,1

Qh{w frqvlghu � A 31 Lq jhqhudo/ H+��*2> S, @ �
2+4 � �,= Qrwh wkdw

H+Tn
> S, @ �H+Tn

>T
3, � �p+Tn, � �= Wkh elolqhdulw| ri H |lhogv

�
�
�
2 > S

�
@ �

2+4� �,�H+S>S,

@ �
2+4� �,� �H+T3

> S ,� +4� �� �,H+��*2> S,� �H+Tn
> S,

� �
2+4� �,� �p

�
T
3
�
� �

2+4� � � �,+4� �,� ��p
�
T
n
�

+;,

� �
2
+4� �,� �

2
�� �

2
+4� � � �,+4� �,� ��

@ �
2
� +4� � � 6�, = +<,

Wkxv/ �+4@5> S, A 3 li � A 3 dqg 6� . � ? 4> zklfk lv vdwlv�hg iru %

vpdoo1 Khqfh ��*2 lv xqlqydgdeoh1 Lw iroorzv iurp Wkhruhp 6 wkdw ��*2 lv

O|dsxqry vwdeoh1

E| Fruroodu| 4 wkh �wqhvv gl�huhqfh �
�
�
2 >T+w,

�
ydqlvkhv1 Gh�qlqj �+w,> �+w,

iru T+w, dv lq htxdwlrq +:,/ zh rewdlq e| +<, wkdw �+w,$ 31 +;, lpsolhv wkhq

wkdw �+w, $ 3 ru p+T+w,3, $ �
2
1 Lq erwk fdvhv/ T+w,3 frqyhujhv lq O�/

khqfh zhdno|/ wr ��*21 Wkhuhiruh/ wkh ��*2 lv dovr zhdno| dwwudfwlqj1

815 Wkh Zdu ri Dwwulwlrq

Dq h{dpsoh iru d jdph lq zklfk wlplqj lv wkh uhohydqw fkrlfh lv wkh zhoo

nqrzq Zdu ri Dwwulwlrq/ zklfk kdv lpsruwdqw dssolfdwlrqv lq hfrqrplfv dqg

elrorj|1 Frqvlghu wzr sod|huv �jkwlqj iru d sul}h zruwk Y wr erwk sod|huv1

D vwudwhj| lv wr fkrrvh d ohqjwk ri wlph { 5 ^3>P ` iru zklfk rqh lv suhsduhg

wr vwd| lq wkh udfh1 Iljkwlqj lv frvwo|1 Wkh sd|r�v duh jlyhq dv iroorzv

i+{> |, @

;?
=

Y � | li { A |

T

2 � { li { @ |

�{ li { ? |

wkdw lv/ d sod|hu jhwv wkh sul}h li kh vwd| orqjhu lq wkh udfh wkdq klv ulydo exw

kdv wr vkduh li wkh| vwd| htxdoo| orqj1 Zh dvvxph wkdwP A Y@5= Rwkhuzlvh

zdlwlqj xqwlo wkh hqg lv dozd|v sur�wdeoh1
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Lw lv reylrxv wkdw qr sxuh vwudwhj| Qdvk htxloleulxp h{lvwv1 Exw dv

vkrzq e| Elvkrs dqg Fdqqlqjv +4<:;, wkhuh lv d xqltxh/ frpsohwho| pl{hg

Qdvk htxloleulxp/ zklfk kdv wkh iroorzlqj htxloleulxp glvwulexwlrq S

1 Ohw

w

 @P � Y@51

S

+^3> {`, @

;?
=

4� h
3%*T li { � w




4� h
3|
*T li w
 ? { ? P

4 li { @P

Elvkrs dqg Fdqqlqjv +4<:;, vkrz wkdw S
 lv dq HVV1 Lq idfw/ wkh| vkrz

+4<:;/ s1 44;, wkdw wkh �wqhvv gl�huhqwldo ehwzhhq wkh htxloleulxp glvwulex0

wlrq S
 dqg dq| pxwdwlrq T lv jlyhq e| wkh vtxduh ri wkh O20glvwdqfh ri wkh

fruuhvsrqglqj glvwulexwlrq ixqfwlrqv=

H+S 

>T,�H+T>T, @ +nS
 �Tn2,

2 +43,

zkhuh

n�n2 =@

�]
�

f

� +^v>P `,2 gv

� �

2

ghqrwhv wkh O20qrup rq wkh vsdfh ri glvwulexwlrq ixqfwlrqv1 Vlqfh wkh uljkw

kdqg vlgh ri +43, lv vwulfwo| srvlwlyh iru doo T 9@ S

/ S
 lv vwurqjo| xqlqydg0

deoh1

Lq oljkw ri +43,/ lw vhhpv qdwxudo wr xvh wkh O20wrsrorj| lq g|qdplf frq0

vlghudwlrqv1 Rq wkh vsdfh ri srsxodwlrqv�/ wklv wrsrorj| lv htxlydohqw wr wkh

zhdn wrsrorj| dv vkrzq e| Klqg|/ Kxdqj/ dqg Nuhsv +4<<5,1 Wkh iroorzlqj

wkhruhp ghprqvwudwhv wkdw wkh uhsolfdwru g|qdplfv frqyhujh joredoo| wr S 


iurp doo lqlwldo vwdwhv T+3, zklfk kdyh �qlwh Nxooedfn�Ohleohu glvwdqfh +ru

furvv�hqwurs|, zlwk uhvshfw wr S 
1

Wkhruhp 7 Dvvxph T+3, grplqdwhv S


dqg

]
orj

gS



gT+3,
gS



?4 = +44,

Wkhq wkh uhsolfdwru g|qdplfv zlwk lqlwldo frqglwlrq T+3, frqyhujh zhdno| wr

wkh htxloleulxp glvwulexwlrq S


1
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Surri1 Ehfdxvh ri Wkhruhp 9/ T+w, dqg T+3, duh xqlirupo| htxlydohqw1

Wkxv/ wkh Nxooedfn�Ohleohu glvwdqfh

N+T+w,> S 
, =@

]
orj

gS



gT+w,
gS




lv zhoo gh�qhg/ �qlwh/ dqg qrqqhjdwlyh1 Zlwk wkh xvh ri wkh uhsuhvhqwdwlrq

iru wkh ghqvlw| ri T+w, zlwk uhvshfw wr T+3, rewdlqhg lq Wkhruhp 9 lw iroorzv

wkdw

3 � N+T+w,> S 
,

@

]
orj

�
gT+3,

gT+w,

gS



gT+3,

�
gS




@ N+T+3,> S
,�

] ]
|

f

�+{>T+v,,gvgS 


@ N+T+3,> S
,�

]
|

f

+H+S 

>T+v,,�H+T+v,>T+v,,,gv =

+43, |lhogv

3 � N+T+3,> S
,�

]
|

f

+nS 
 �T+v,n2,
2
gv =

Khqfh/ wkh lqwhjudo

] "

f

+nS
 �T+v,n2,
2
gv ?4 +45,

h{lvwv1 Lw iroorzv wkdw wkh glvwdqfh nS
 �T+v,n2 whqgv wr }hur dv v $

4 vlqfh wkh pds v :$ nS 
 �T+v,n2 lv htxlfrqwlqxrxv/ zklfk fdq eh vhhq

dv iroorzv1 E| wkh wuldqjxodu lqhtxdolw|/ mnS 
 �T+v,n2 � nS

 �T+w,n2m �

nT+v,�T+w,n2 = Wkh O
20qrup lv grplqdwhg e| wkh yduldwlrqdo qrup/

nT+v,�T+w,n2 @

�]
�

f

+T+v, +^{>4,,�T+w, +^{>4,,,2 g{

��

2

�
P

�

2

5
nT+v,�T+w,n >

dqg wkh wudmhfwru| +T+w,, lv Olsvfklw}/ nT+v,�T+w,n � 5�" mv� wm/ frpsduh

wkh surri ri Fruroodu| 41
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816 Olqhdu�txdgudwlf jdphv

Lq wklv vhfwlrq zh frqvlghu jdphv lq zklfk wkh sd|r� lv txdgudwlf lq wkh

rzq dfwlrq dqg olqhdu lq wkh rssrqhqw*v dfwlrq1 Ohw V @ ^3>P `/ iru vrph

P odujh hqrxjk/ eh wkh vwudwhj| vhw iru erwk sod|huv1 Wkh sd|r� ixqfwlrq

lv jlyhq e|

i+{> |, @ d{
2 . e{| . f{. g|>

zlwk d> e ? 3 dqg f A 31 Jlyhq wklv dvvxpswlrqv wkhuh h{lvwv d xqltxh v|p0

phwulf dqg lqwhulru Qdvk htxloleulxp lq zklfk erwk sod|huv fkrrvh dfwlrqv

{
W @ � S

2@nK
= Wklv fodvv ri jdphv lqfoxghv Frpprq Srro Uhvrxufh sureohpv

dqg Frxuqrw gxrsrolhv zlwk olqhdu ghpdqg dqg txdgudwlf ru olqhdu frvwv

+iru g @ 3,1 Ixuwkhu/ iru g A 3 wkh sd|r�v uhsuhvhqw wkdw ri d sxeolf jrrg

sureohp lq zklfk wkh frqwulexwlrqv duh vwudwhjlf vxevwlwxwhv1

Wr vwxg| wkh vwdelolw| surshuwlhv ri {W zh qhhg wkh iroorzlqj xvhixo idfw/

zklfk lv gxh wr wkh prgho*v olqhdulw| lq |1

Ohppd 5 H+�%W >T, A H+T>T, iru doo T 9@ �%W =

Surri1 Ohw �{ =@
U
�

f
{T+g{, ghqrwh wkh dyhudjh dfwlrq1 Wkh Ohppd iroorzv

iurp wkh iroorzlqj fkdlq ri +lq,htxdolwlhv1

H+�%W >T, @ i+{W> �{, A i+�{> �{, � H+T> �7%, @ H+T>T,=

Wkh �uvw htxdolw| iroorzv iurp wkh olqhdulw| ri wkh sd|r� ixqfwlrq i+{> |, lq |1

Wr yhuli| wkh �uvw lqhtxdolw| vxssrvh �{ ? {
W dqg ohw u+|, =@ dujpd{% i+{> |,

ghqrwh d sod|hu*v ehvw uhso|1 Vlqfh
Y
2
sE%c+�

Y%Y+
? 3/ u+|,� ? 31 Wkxv/ u+�{, A

u+{W, @ {
W1 E| gh�qlwlrq ri u+|, dqg �{ ? {

W

i+u+�{,> �{, A i+�{> �{,=

Frqfdylw| ri i+{> |, lq { lpsolhv wkdw

i+{W> �{, A i+�{> �{,=

D vlplodu dujxphqw krogv iru �{ A {
W
=

4:



Wkh vhfrqg lqhtxdolw| iroorzv gluhfwo| iurp frqfdylw| ri i+{> |, lq { dqg

Mhqvhq*v lqhtxdolw|1

i+�{> �{, �

]
�

f

i+{> �{,T+g{, @ H+T> �7%,=

Ilqdoo|/ wkh odvw htxdolw| iroorzv djdlq iurp olqhdulw| ri i+{> |, lq |1

Ohppd 5 lpsolhv lq sduwlfxodu wkdw �%W lv vwurqjo| xqlqydgdeoh1 Wkhruhp

6/ wkhuhiruh/ |lhogv wkdw wkh htxloleulxp lv O|dsxqry vwdeoh1 Zh vkrz qh{w

wkdw uhsolfdwru g|qdplfv frqyhujh joredoo| wr wkh htxloleulxp iurp doo lqlwldo

vwdwhv zklfk sxw srvlwlyh zhljkw rq wkh htxloleulxp1

Sursrvlwlrq 5 Wkh uhsolfdwru g|qdplfv frqyhujh zhdno| wr wkh htxloleulxp

glvwulexwlrq �%W ri wkh olqhdu�txdgudwlf jdph iurp dq| lqlwldo vwdwh zlwk

T+3,+i{Wj, A 31 Lq sduwlfxodu/ �%W lv zhdno| dwwudfwlqj1

Surri1 Vlqfh wkh sur�w gl�huhqfh �+{W>T, A 3 iru doo srsxodwlrqv T/ wkh

zhljkw rq {
W lqfuhdvhv zlwk wlph iru hyhu| lqlwldo vwdwh T+3,/ zklfk sxwv

srvlwlyh suredelolw| rq {W= E| Fruroodu| 4 wkh �wqhvv gl�huhqwldo �+{W>T+w,,

ydqlvkhv1 Wkh phdq sd|r� lv

H+T>T, @

]
�

f

i+{> �{,T+g{,

@

]
�

f

�
d{

2 . e{�{. f{. g�{
�
T+g{,

@ i+�{> �{, . dY du+T,=

Wkxv

�+{W>T, @ H+�%W > T,�H+T>T,

@ i+{W> �{,� i+�{> �{,� dY du+T,=

Vlqfh i+{W> �{, A i+�{> �{, e| wkh surri ri Ohppd 5/ �+{W>T+w,, $ 3 lpsolhv

wkdw Y du+T+w,, $ 3 dqg �{ $ {
W +uhfdoo wkdw d ? 3,1 Wkxv/ T+w, $ �%W lq

O2/ zklfk lpsolhv zhdn frqyhujhqfh1

4;



817 Kduyhvw suhhpswlrq jdph

Frqvlghu d pxvkurrp/ ru vrph rwkhu sodqw iru wkdw pdwwhu/ wkdw jurzv lq

wkh iruhvw1 Wkh pxvkurrp*v ydoxh wr jdwkhuhuv lv ghwhuplqhg e| d wlph

ghshqghqw/ frqwlqxrxv/ dqg erxqghg ixqfwlrq j+{, � 3/ zkhuh zh dvvxph

wkdw j+{, A 3 li dqg rqo| li { 5 +3> �{,1 Wkdw lv/ wkhuh lv d gdwh �{ diwhu zklfk

wkh pxvkurrp lv vsrlohg1

Wzr jdwkhuhuv kdyh wr ghflgh rq wkh wlph iru kduyhvwlqj wkh pxvkurrp1

Zkloh erwk nqrz wkdw lw zrxog eh ehwwhu wr ohw wkh pxvkurrp jurz wr lwv

rswlpdo vl}h/ erwk wu| wr suhhpsw wkh rwkhu lq rughu wr kdyh wkh pxvkurrp

wr wkhpvhoyhv1 Wkxv/ wkh vwudwhj| lq wkh kduyhvw suhhpswlrq jdph lv wlplqj/

{> | 5 Un> dqg wkh sd|r� ixqfwlrq lv jlyhq e|

i+{> |, @

;?
=

j+{, { ? |

j+{,@5 { @ |

3 { A |>

zkhuh zh dvvxph wkdw erwk sod|huv jhw kdoi ri wkh pxvkurrp li wkh| duulyh

dw wkh vdph wlph1 Qrwh/ wkdw lqflghqwdoo| wkh jdph uhvhpeohv h{dfwo| d

Ehuwudqg gxrsro| zlwk krprjhqrxv surgxfwv dqg }hur pdujlqdo frvw1

Lw lv hdv| wr fkhfn e| wkh xvxdo xqghufxwwlqj dujxphqw wkdw wkh xqltxh

Qdvk htxloleulxp ri wklv jdph lv iru erwk sod|huv wr fkrrvh { @ | @ 31 Qrwh/

krzhyhu/ wkdw wkh jdph grhv qrw srvvhvv dq HVV1 Lq sduwlfxodu/ �f lv qrw dq

HVV vlqfh

H+�f> +4� %,�f . %T, ? H+T> +4� %,�f . %T,

iru doo T zlwk T++3> �{,, @ 41 Iru wkh vdph uhdvrq/ �f lv qrw O|dsxqry vwdeoh1

Iru d glvfuhwh vwudwhj| vsdfh Khkhqndps +4<<:, ghprqvwudwhv wkdw wkh

vpdoohvw julg srlqw deryh 3 lv joredoo| vwdeoh1 Zh fdq ghulyh d vlplodu uhvxow

li zh h{foxgh iurp wkh vwudwhj| vsdfh vrph vpdoo rshq lqwhuydo +3> e,/ e A 3>

iru h{dpsoh ehfdxvh wkhuh lv d plqlpxp uhdfwlrq wlph ehiruh rqh fdq uhdol}h

wkdw wkh pxvkurrp lv rxw ri wkh jurxqg1 Wkh rxwfrph iru wkh xquhvwulfwhg

vwudwhj| vhw/ krzhyhu/ lv vwloo dq rshq txhvwlrq1

Sursrvlwlrq 6 Ohw V @ ^e>4, iru vrph e zlwk �{ A e A 31 Wkhq �K lv

xqlqydgdeoh/ dqg/ wkhuhiruh/ O|dsxqry vwdeoh zlwk uhvshfw wr wkh uhsolfdwru

g|qdplfv1 Pruhryhu/ �K lv vwurqjo| dwwudfwlqj1
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Surri1 Ohw N eh dq xsshu erxqg iru wkh sd|r�v1 Fkrrvh

� ?

�
5N

j+e,
� 4

�3�
= +46,

Zh vkrz �uvw wkdw �+e> U, A 3 iru hyhu| srsxodwlrq U 9@ �K zlwk nU� �Kn �

�1 Hyhu| vxfk U fdq eh zulwwhq dv +4� �,�K . �S
n zlwk S

n +iej, @ 3 dqg

3 ? � � �1 Wkhq H+�K>U, @ +4 . �, j+e,@5 dqg

H+U>U, @ +4� �,H+�K>U, . �
2
H+Sn

> S
n,

� +4� �,H+�K>U, . �
2
N=

Khqfh/

�+e>U, � � +4 . �,
j+e,

5
� �

2
N A 3

e| +46,1Wkxv/ �K lv xqlqydgdeoh dqg/ e| Wkhruhp 6/ O|dsxqry vwdeoh1 Qrz

dvvxph �K 9@ T+3, +iej, � 4� �1 Gh�qh �+w, yld

T+w, @ +4� �+w,, �K . �+w,Sn+w,

dv deryh1 Wkhq/ h{dfwo| dv ehiruh/

�+e>T+w,, � �+w,

�
+4� �,

j+e,

5
� �N

�
A 3=

E| Fruroodu| 4/ �+w, pxvw jr wr }hur1

818 Pl{hg vwudwhjlhv

Uhsolfdwru g|qdplfv duh xvxdoo| gh�qhg rq wkh +�qlwh, vsdfh ri sxuh vwudwh0

jlhv1 Lq frqwudvw/ wkh vwdwlf dqdorj ri dq hyroxwlrqdu| vwdeoh vwudwhj| +HVV,

doorzv iru lqglylgxdov sod|lqj pl{hg vwudwhjlhv1 Wklv lv wkh uhdvrq zk| wkh

vhw ri HVV fdqqrw eh fkdudfwhul}hg e| wkh vwdeoh uhvw srlqwv ri wkh uhsolfdwru

g|qdplfv1 Hyhu| HVV lv dq dv|pswrwlfdoo| vwdeoh vwdwh ri wkh �qlwh uhsolfd0

wru g|qdplfv exw qrw ylfh yhuvd +vhh h1j1 Zhlexoo/ 4<<8,1 Wkh glyhujhqfh

ri wkhvh frqfhswv glvdsshduv li rqh gh�qhv uhsolfdwru g|qdplfv rq wkh vhw ri

pl{hg vwudwhjlhv1
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Ohw ? X> W A ghqrwh wkh xqghuo|lqj v|pphwulf 5�sod|hu qrupdo irup

jdph/ zkhuh X = W � W $ U ghqrwhv wkh sd|r� pdwul{ dqg W lv wkh �qlwh

vhw ri sxuh vwudwhjlhv1 Ohw q eh wkh qxpehu ri sxuh vwudwhjlhv1 Ohw �+W , =@

i{ 5 U? m{� � 3>
S

?

�'� {� @ 4j ghqrwh wkh q� 4 glphqvlrqdo vlpsoh{1

Vlqfh zh duh frqfhuqhg zlwk wkh hyroxwlrq ri pl{hg vwudwhjlhv/ rxu vwudw0

hj| vhw V lv jlyhq e| �+W ,1 Wkh fruuhvsrqglqj sd|r� ixqfwlrq lv vlpso|

i+{> |, @ {X| @

?[
�'�

?[
�'�

{�|�X�� =

Qrwh wkdw d pl{ ryhu pl{hg vwudwhjlhv lqgxfhv mxvw dqrwkhu pl{hg vwudwhj|1

Ohw

� =@

]
{EA �

{T+g{,

ghqrwh wkh phdq pl{hg vwudwhj| lq wkh srsxodwlrq1 Frpsduh qrz wkh �wqhvv

ri vrph vxesrsxodwlrq lq zklfk hyhu|rqh pl{hv kdoi�kdoi ehwzhhq wzr sxuh

vwudwhjlhv l dqg m zlwk vrph rwkhu vxesrsxodwlrq lq zklfk kdoi ri wkh sod|huv

fkrrvh l dqg wkh rwkhuv m1 Vlqfh wkhlu phdq pl{hg vwudwhj| lv wkh vdph/ rqh

fdqqrw h{shfw hyroxwlrq wr vhohfw dprqj wkrvh vxesrsxodwlrqv1 Dw ehvw rqh

fdq krsh wkdw wkh phdq pl{hg vwudwhjlhv srvvhvv vrph nlqg ri vwdelolw|1 Vxfk

d uhvxow zdv suryhg e| Klqhv +4<;5,1 E| Ohppd 8 ri ]hhpdq +4<;4,/ wkh

hyroxwlrq ri wkh phdq vwudwhj| vdwlv�hv

�
�+w, @ F+T+w,,X�+w,>

zkhuh F+T, @
U
+{� �,+{ � �,T+g{, ghqrwhv wkh fryduldqfh pdwul{1

Sursrvlwlrq 7 +Klqhv/ 4<;5, Ohw {
W
AA 3 eh d frpsohwho| pl{hg HVV1

Wkhq �
W
lv dv|pswrwlfdoo| vwdeoh li dqg rqo| li �

W @ {
W
1

9 Frqfoxvlrq

Zh kdyh vkrzq lq wklv sdshu wkdw wkh uhsolfdwru g|qdplfv fdq eh dssolhg

wr frqwlqxrxv vwudwhj| vsdfhv zlwkrxw prgl�fdwlrq1 Wkh rqo| frqglwlrq lv

wkdw wkh xqghuo|lqj sd|r� ixqfwlrq pxvw eh erxqghg/ zklfk fdq riwhq eh

dfklhyhg e| lpsrvlqj duelwudulo| odujh erxqgv rq wkh vwudwhj| vsdfh1
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Lq jdphv lq zklfk d frqwlqxrxv vwudwhj| vsdfh lv pruh qdwxudo/ h1j1 zkhq

txdqwlwlhv/ sulfhv/ wlplqj hwf1 duh vwudwhjlhv/ lw vkrxog eh srvvleoh qrz wr xvh

uhsolfdwru g|qdplfv gluhfwo| rq wkh frqwlqxrxv vwudwhj| vsdfh udwkhu wkdq

rq d pruh ru ohvv vxlwdeoh glvfuhwl}dwlrq1

Zh kdyh dssolhg wkh wkhru| wr d qxpehu ri h{dpsohv1 Lq wkh Qdvk gh0

pdqg jdph/ wkh Zdu ri Dwwulwlrq/ dqg olqhdu�txdgudwlf jdphv/ wkh uhvxowv

iru wkh glvfuhwl}dwlrq duh +urxjko|, uhsurgxfhg1 Krzhyhu/ lq wkh kduyhvw suh0

hpswlrq jdph wkh uhvxowv ri wkh glvfuhwh prgho wxuqhg rxw wr eh vrphzkdw

plvohdglqj1 Zkloh lq wkh glvfuhwh prgho wkh vpdoohvw julg srlqw deryh 3 lv

dv|pswrwlfdoo| vwdeoh/ lq wkh frqwlqxrxv prgho zlwk xqfrqvwudlqhg vwudwhj|

vhw qr vxfk vwdeoh rxwfrph vhhpv wr h{lvw1 Wkh vkdsh ri wkh olplw glvwulex0

wlrq lv vwloo dq rshq txhvwlrq1

D Dsshqgl{

D14 Wkh yduldwlrqdo qrup

Lw lv xvhixo wr kdyh vrph wrrov dw kdqg wkdw pdnh fdofxodwlrqv ri wkh ydul0

dwlrqdo qrup hdvlhu dqg ohdg dw wkh vdph wlph wr d ehwwhu xqghuvwdqglqj

ri wkh lqgxfhg wrsrorj|1 Ohw S>T 5 � ghqrwh suredelolw| phdvxuhv1 Iru
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ri wkh lqwhjudo zlwk uhvshfw wr U����
]

ig�

���� @
����
]

i�gU

���� �
]
mi�m gU �

]
m�m gU>

khqfh n�n �
U
m�mgU1 Wr vkrz htxdolw|/ vhw D @ i� A 3j dqg i @ 4� � 4�S 1

Wkhq i lv erxqghg e| 4/ khqfh

n�n �

����
]

ig�

���� @
����
]
�

�gU�

]
�S

�gU

���� @
]
m�mgU >

ehfdxvh � @ m�m rq D dqg �� @ m�m rq D
S1

Wkh suhfhglqj wkhruhp lpsolhv wkdw wkh frqyhujhqfh ri S? $ S lq wkh
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g|qdplfv1 Wkh surri ri wkh iroorzlqj wkhruhp dsshduv lq Erp}h +4<<4/

Ohppd 5,1

5:



Wkhruhp 9 Ohw +T+w,, eh wkh xqltxh vroxwlrq wr +53, zlwk lqlwldo frqglwlrq
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